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Preface

This work is the result of several years of teaching a one semester course on
numerical analysis and scientific computing, addressed primarily to students in
mathematics, engineering, and the sciences. Our purpose is to provide those
students with fundamental concepts of numerical mathematics and at the
same time stir their interest in the art of implementing and programming
numerical methods.

The learning objectives of this book are mainly to have the students:

1. Understand floating-point number representations, particularly those
pertaining to IEEE simple and double precision standards as being
used in the scientific computer environment such as MATLAB®) version
7. Please note that:

MATLAB ® is a registered trademark of The Math Works, Inc.
For product information, please contact:

The Math Works Inc.

3 Apple Hill Drive

Natick, MA 01 760-20098 USA

Tel: 508 647 7000

Fax: 508 647 7001

E-mail: info@mathworks.com

Web: www.mathworks.com

2. Understand computer arithmetic as a source for generating round-off
errors and be able to avoid the use of algebraic expressions that may
lead to the loss of significant figures.

3. Acquire concepts on iterative methods for obtaining accurate approxi-
mations to roots of nonlinear equations. In particular, students should be
able to distinguish between globally convergent and locally convergent
methods as well as the order of convergence of a method.

4. Understand basic concepts of numerical linear algebra, such as: Gauss
elimination, with or without partial pivoting used to solve systems of
linear equations, and obtain the LU decomposition of a matrix and con-
sequently compute its determinant value and inverse matrix.

5. Learn the basic Lagrange interpolation theorem and acquire the ability
to use local polynomial interpolation through spline functions.

xi
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xii

6. Learn the basic formulae of numerical differentiation and integration
with the ability to obtain error estimates for each of the formulae.

7. Understand the concept of the order of a numerical method to solve an
ordinary differential equation and acquire basic knowledge in using one
step Runge-Kutta methods.

These objectives can be easily achieved in one semester by covering the core
material of this book: the first five chapters, in addition to sections 7.1, 7.3
and 7.4 of Chapter 7.

Additional Topics

In addition to the core material, Chapter 6 provides additional information
on numerical integration, specifically:

- One-dimensional adaptive numerical integration using Simpson’s rule.

- Two-dimensional numerical integration on rectangles and polygons.

- Monte Carlo methods in 1 and 2 dimensions.

Also, in Chapter 7 on ordinary differential equations, specific sections discuss:
- Existence of the solutions that features Picard’s iteration.

- Adaptive numerical integration based either on one Runge-Kutta method or
on a pair of embedded Runge-Kutta methods.

- Multi-step methods of Adams types and backward difference methods.

Algorithms and MATLAB Programs

Special attention is given to algorithms’ implementation through the use of
MATLAB’s syntax. As a matter of fact, each of the numerical methods explained
in any of the seven chapters is directly expressed either using a pseudo-code
or a detailed MATLAB program.

Exercises and Computer Projects

Each chapter ends with a large number of exercises. Answers to those with
odd numbers are provided at the end of the book.

Throughout the seven chapters, several computer projects are proposed. These
aim to test the students’ understanding of both the mathematics of numerical
methods and the art of computer programming.

Recommended sections for teaching a one semester course from the
book: 1.1 to 1.5; 2.1 to 2.5; 3.1 to 3.5; 4.1 to 4.6; 5.1 to 5.7; 7.1, 7.3 and 7.4.

Nabil Nassif and Dolly Fayyad
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Chapter 1
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1.3.2 Conversion of the Integral Part .............. ... ... ..., 10
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1.8  Computer Projects .........ooiiiiiiiiiii 44

1.1 Introduction

The main objective of this chapter is to introduce the students to modes
of storage of users’ numbers in a computer memory and as well providing
the readers with basic concepts of computer arithmetic, referred to also
as Floating Point Arithmetic. Although the principles covered are general
and can apply to any finite precision arithmetic system, we apply those princi-
ples only to Single and Double Precision IEEE (Institute of Electrical and
Electronics Engineers) systems. For additional detailed references, we refer to
[8], [14], [19] and [23].

In this view, we start by describing computer number representation in the
binary system that uses 2 as the base. Since the usual decimal system uses
base 10, we discuss therefore methods of conversion from one base to another.
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2 Introduction to Numerical Analysis and Scientific Computing

The octal and hexadecimal systems (respectively, base 8 and base 16 systems)
are also introduced as they are often needed as intermediate stages between
the binary and decimal systems. Furthermore, the subsequent hexadecimal
notation is used to represent internal contents of stored numbers.

Since all machines have limited resources, not all real numbers can be repre-
sented in the computer memory; only a finite subset F of R is effectively dealt
with. More precisely, F is a proper subset of the rationals, with F C Q C R.
We shall therefore define first in general, normalized floating point systems F
representing numbers in base 8 € N, § > 2 with a fixed precision p, and ana-
lyze particularly the standard IEEE single precision F, and double precision
F4 binary systems.

Moreover, the arithmetic performed in a computer is not exact; F is charac-
terized by properties that are different from those in R. We present therefore
floating point arithmetic operations in the last sections of this chapter.

Note that IEEE stands for “Institute for Electrical and Electronics Engineers.”
The IEEE standard for floating point arithmetic (IEEE 754) is the most widely
used standard for floating point operation and is followed by many hardware
and software implementations; most computer languages allow or require that
some or all arithmetic be carried out using IEEE formats and operations.
For any base § € N, 8 > 2, we associate the set of symbols Sg, which consists
of B distinct symbols. To illustrate, we have the following examples:

S10 =10, 1,..,9},
52 = {Oa l}a
Sis = {0,1,..,9, A, B,C, D, E, F.

The general representation of x € R in base 3 is given by:

T = :I:(aNBN+...+a15+a0+a’1ﬂ*1+...—|—a;ﬂ*p) = :i:(aNaN_l...alao.a’l...a;)ﬁ
(1.1)

where 0 < N < 00, 1 < p < o0 and a;, a} € Sp, with ay # 0 being the most

significant digit in this number representation.

The number x is thus characterized by its sign =+, its integral part E(x) =

Zi]io a;B% and its fractional part F(xz) = > "_ a,87", leading to the following

general expression of x:

x=+(FE(z)+ F(x))
or also equivalently: x = +(E(z).F(x))
Note that in case p = oo, the fractional part of x is said to be infinite.

Example 1.1 The octal representation of 0.36207 is:
(0.36207)s =3x8 1+ 6x8 2 4+2x8 3 +7x8°
The decimal representation of 57.33333... is :
(57.33333...)10 = (57.3)10 =5 x 104+ 7+3x 1071 +3 x 1072 + ...
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Computer Number Systems and Floating Point Arithmetic 3
The hexadecimal representation of 4.A02C is :

(4.402C) 16 =4+ Ax 1671 +2x 16724+ C x 1673

1.2 Conversion from Base 10 to Base 2

Assume that a number z € R is given in base 10, whereby:
x = £(dy10N+..4d110+do+d; 107 +..+d,1077) = £(dndy—1...d1do.d} ...d})1o,

where d;, d; € S10 Vi, dy # 0, and p < co. We seek its conversion to base 2,
in a way that:

x =4 (bp2M 4 0124 b+ 027 027 = (basbas_1..b1bo ... b)),
where b;, b, € Sy Vi, by # 0, 1 < 0.

We convert successively the integral and fractional parts of x.

1.2.1 Conversion of the Integral Part
Starting with the integral part of z, F(x) and writing:
E(z) = dy10N + ...+ d110 4+ do = ba2™ + ... + 512 + by, (1.2)
one has to find the sequence {b;|[i = 0,....,M} in S5, given the sequence
{d;|li =0,..., N} in S19. Both sequences are obviously finite. The conversion is

done using the successive division algorithm of positive integers based on the
Euclidean division theorem stated as follows:

Theorem 1.1 Let D and d be two positive integers. There exist 2 non-
negative integers q (the quotient) and v (the remainder), such that r €
{0,1,2,...,d — 1}, verifying:

D=dxqg+r.
For notation purpose, we write ¢ = D divd and » = D mod d.
Remark 1.1 When D <0 and d > 0, one has:
_ D
D=gxd+r withq= LEJ < 0.

where |r| : R — Z designates the “floor function” of the real number r.
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4 Introduction to Numerical Analysis and Scientific Computing

On the base of (1.2), if E(z) = D, then one seeks:
D = E(LIZ‘) = (b]wQJu_l + ...+ bl) X 2 + bo

where
(ba2M =Y 4. 4+ b)) =Ddiv2 and by = Dmod?2.

Thus if D is divided once by 2, the remainder in this division is by. We can
repeat this argument taking then D = b3,2M~1 4+ ... + b; to find by, then
following a similar pattern, compute successively all remainders bs, ..., bx;.
The process is stopped as soon as the quotient of the division is identical to
Zero.

The corresponding MATLAB function can then be easily implemented as follows:

Algorithm 1.1 Integer Conversion from Base 10 to 2

% Input: D an integer in decimal representation
% Output: string s of binary symbols (0’s and 1’s)
% representing D in base 2
% All arithmetic is based on rules of the decimal system
function s = ConvertInt10to2(D)
s=[ 1;
while D>0
%#Divide D by 2, calculate the quotient q and the remainder r,
% then add r in s from right to left
q=fix(D/2);
r=D - 2xq ;
s=[r s];
D=q;
end

As an application, consider the following example.
Example 1.2 Convert the decimal integer D = 78 to base 2.

Using the above algorithm, we have successively:

78=39%x2+0

39=19x2+1

19=9x2+1

9=4x2+1

4=2x2+40

2=1x2+0

1=0x2+1.

Hence, one concludes that (78);0 = (1001110),. [ |

We can now introduce base 8 in order to shorten this procedure of conver-
sion. The octal system is particularly useful when converting from the decimal
system to the binary system, and vice versa. Indeed, if

E(z) = by2M 4 ..+ 5323 + 5922 + 512 + by, with b; € {0,1},
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Octal symbol | Group of 3 bits
0i = b3it2b3i11b3i
000
001
010
011
100
101
110
111

| O OY x| W DN | O

TABLE 1.1: Table of conversion of octal symbols into base 2

we can group the bits 3 by 3 from right to left (supplying additional zeros if
necessary), then factorize successively the positive powers of 8, i.e., 8, 81,82, ...
to have:

B(z) = ... + (b52° + bg2% + b323) + (0222 + b12 + by)
then equivalently:

E(z) = ... + (bs2% 4+ b72 + bg)8% + (5522 + bs2 + b3)8" + (5222 + b12 + by)8°

1
= Z (b3i422% + b3i+12 + bg;)8'
i=0

Letting 0; = b3;4222 +b3;112+bs; , one writes then the integral part as follows:

!
E(z) = Z 0,8
i=0

Note that for all values of i, 0 < 0; < 7, implying that o; is an octal symbol.
The conversion is set up according to Table 1.1. Thus, to convert from base 2
to base 8, groups of 3 binary digits can be translated directly to octal symbols
according to the above table. Conversion of an octal number to binary can be
done in a similar way but in reverse order; i.e., just replace each octal digit
with the corresponding 3 binary digits. To convert an integer from base 10 to
base 2, we can therefore start by converting it to base 8:

(E(@))10 = (E(2))s = (E(x))2

The algorithm implementing this conversion process is the following:
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6 Introduction to Numerical Analysis and Scientific Computing

Algorithm 1.2 Integer Conversion from Base 10 to Base 8

% Input D=E(x) integer in decimal representation
% Output : string s of octal symbols
% All arithmetic is based on rules of the decimal system
function s=ConvertInt10to8(D)
s=L 1 ;
While D>0
r=rem(D, 8) ;
D=£fix(D/8) ;
s=[r s] ;
end

In the preceding example, using this algorithm we have successively:
78=9x8+6

9=1x8+1

1=0x8+1.

Hence, (78)19 = (116)g through 3 successive divisions by 8.

Referring to Table 1.1 that converts octal symbols to binary, we obviously
deduce that:

(78)10 = (116)s = (001001 110), = (1001110),
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Computer Number Systems and Floating Point Arithmetic 7

1.2.2 Conversion of the Fractional Part

To convert the fractional part F(z) of the decimal z, we introduce the
successive multiplication algorithm. Its principle runs as follows: given
the sequence {d.} € S1g, we seek the sequence {b/} € Sy with:

F(z)=dj107" + ..+ d, 1077 =bj27" + . 4 b2~ (1.3)
Let f = F(z). Note then the following identity:
2f = by + 0527 b2t = by D

Obviously through one multiplication of f by 2, the integral and fractional
parts of 2f are respectively:

E2f) =V, and F(2f) = bh271... + bj2!

We can therefore repeat the same procedure, of multiplication by 2, to find
successively b5, then b5, ... ,b,. The corresponding algorithm is the following:

Algorithm 1.3 Fraction Conversion from Base 10 to Base 2

% Input: F, fractional part of a decimal number O<F<1
% k, maximum number of binary bits required for binary fractional p
% Output: string s (up to k bits) representing F in base 2
function s=ConvertFrac10to2(F,k)
s=[ 1 ;
i=1;
while F>0 & i<=k
G=2xF;
b=fix (G) ;
F=G-b;
s=[sbl];
i=i+1;
end

Note that if f has an infinite representation in base 10, its representation
in base 2 will also be infinite. However, we could have situations where f
is finitely represented in base 10 and infinitely represented in base 2. To
illustrate, consider the following examples.

Example 1.3 Convert (0.25)19 to base 2.

We apply the above algorithm to get successively:

2x025=040.5

2x05=1+0.0

Thus (025)10 = (001)2 |

Example 1.4 Convert (0.1)19 to base 2.
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8 Introduction to Numerical Analysis and Scientific Computing

Applying the same non-terminating procedure, we have:
2x01=0+0.2
2x02=0+04
2x04=0+0.8
2x08=14+0.6
2x06=14+0.2
2x02=0+04
2x04=0+0.8
2x08=140.6
2x06=1+0.2

Thus (0.1);0 = (0.0001100110011...)5 = (0.00011)s. ]
We end up with an example where both representations are infinite.

Example 1.5 Convert % to base 2.

Let us apply the successive multiplication algorithm to this fraction:

1 _ 2
2X§—0+§
2 1
2xs=1+3

Hence: = (0.3)19 = (0.0101...)5 = (0.01)

Of course, base 8 can also be used as an intermediate stage:
(F(x))10 = (F(z))s = (F(2))2

By grouping the bits 3 by 3 from left to right, supplying additional zeros if
necessary, then factorizing successively negative powers of 8: 87!, 872, ... one
establishes through these steps the following identities:

F(z) = (0127 4+ 02272 + 5327°) + (ba2 7" +5527° +5627°) + ..

= (b14 + b2 + b3)871 + (b44 + b52 + b6)872 + ... = 01871 + 02872 =+ ...

We can then have a new version of the successive multiplication by 8 algorithm
converting a fractional decimal to octal, followed by a final conversion to a
binary fractional using the table of conversion.
To illustrate, consider the following examples.

Example 1.6 Convert (0.75)19 to base 2, using base 8 as intermediate.

A straightforward application of the procedure above yields: 8x0.75 = 6+0.00.
Hence:
(0.75)10 = (0.6)s = (0.110)3 = (0.11),

Example 1.7 Convert x = (0.12)1¢ to base 2, using base 8 as intermediate.
Do not exceed 21 bits for the representation of x in base 2.
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Getting 21 bits in base 2 means reaching 7 digits in base 8. Therefore one only
needs to apply 7 successive multiplications by 8. This yields:
8x0.12=0+40.96

8 x 0.96 =7+ 0.68

8% 0.68=540.44

8 x 0.44 =3+ 0.52

8x0.52=440.16

8x0.16=140.28

8x0.28=2+40.24

Hence (0.12)1p = (0.0753412...)s = (0.000 111101 011 100001 010 ...)5. [ ]

1.3 Conversion from Base 2 to Base 10

We consider in this section inverse procedures that convert numbers from
base 2 (or 8) to base 10. For a real number z, this is performed as previously
on the integral part E(x) first, then on the fractional part F'(x). Of course,
the successive division and multiplication algorithms can be applied. However,
this would mean dividing or multiplying successively by 10 and performing the
arithmetic operations in base 2 (or 8). Instead, we follow up a straightforward
polynomial evaluation process, with the arithmetic being performed in base
10. We start by discussing this last issue.

1.3.1 Polynomial Evaluation

Consider the polynomial p,(y) of degree n, with real coefficients {a;|i =
0,1....,n} and a, # 0:

pa(y) =ao+ a1y + ... +an1y"  +ay” ; yeER

A first way to evaluate p,(y) is by using a straightforward sum of products,
as indicated in the following algorithm:

Algorithm 1.4 Direct Polynomial Evaluation

function p=EvaluatePolyStraight(a,y)

% Input a=[a(1),...,a(n+1)] and y

% Output Value of p(y)=a(nt+l)*y n+a(n)*y {n-1}+...+a(2)*y+a(1)$
n=length(a)-1;

t=y;p=a(l);

for i=2:n+1
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10 Introduction to Numerical Analysis and Scientific Computing

p=p+a(i)*t;
t=t*y;
end

This algorithm requires n additions and 2n multiplications.

A more efficient algorithm, called Horner’s algorithm, uses nested eval-
uation. One starts by writing the given polynomial in nested form as shown
below:

Pu(y) = any"+an—1y" " tarytao = (@nytan—1)y" a2y 2+ Far1y+ag

= ((any'ﬂlnfl)y+an72)yn72+m+a1y+a0 = (((any"‘anfl)y+an72)y+an73)yn73~~~+aly+
= (((any + an-1)y + an_2)y + an_3)y + ... + a1)y + ao

This method can be implemented as follows:

Algorithm 1.5 Nested Polynomial Evaluation

% Input a=[a(1),...,a(n+1)] and y
% Output Value of p(y)=a(n+l)*y n+a(n)*y {n-1}+...+a(2)*y+a(1)$
function p=EvaluatePolyNested(a,y)
n=length(a)-1;
p=a(n+1);
for i=n:-1:1
p=p*y+a(i);
end

Such procedure requires n multiplications and n additions, i.e., a total of 2n
operations, that is 2/3 of the number of arithmetic operations in the pre-
vious algorithm. Thus, to minimize the number of arithmetic calculations,
polynomials should always be expressed in nested form before performing an
evaluation.

Example 1.8 Write f(x) = 523 — 622 + 32 + 1 in nested form.

f(x) =52® — 62 + 3z +1= (52 — 6)z +3)z + 1

1.3.2 Conversion of the Integral Part
Rewriting identity (1.2) as:
B(z) = bp2M + .4+ 012+ bo = dy 10V 4 ... + d110 + do,

one seeks now to find the sequence {d;} in Sio given the sequence {b;} in Ss.
Indeed, note that E(x) = pa(2), where pas is the polynomial of degree M
given by:

par(y) = bary™ + ...+ bry + bo.
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Computer Number Systems and Floating Point Arithmetic 11

Hence finding E(z) in base 10 reduces to the evaluation, using decimal arith-
metic of the polynomial pys(y), for y = 2. In case one wants to use the octals as
intermediates, the bits are first grouped 3 by 3 to write F(z) as a polynomial
in powers of 8, based on the table of conversion. That is:

E(I) = 0L8L 4+ ...+ 018 + Og = qL(S)’

where ¢, is a polynomial of degree L given by qr.(y) = ory* + ... + 01y + 0o.
Using decimal arithmetic, one computes then ¢r,(y) for y = 8.

Example 1.9 Convert the binary integer D = (01110101110011)5 to base 10,
using base 8 as intermediate.

We first convert D to base 8 using the table of conversion:
D = (01110101110011)5 = (001110101 110011)3 = (16563)g = 1 x8*+-6x83+5x 82 +6x8+
Thus, using nested polynomial evaluation, one gets:

D = (((8+6)8 + 5)8 + 6)8 + 3 = (7539)10.

1.3.3 Conversion of the Fractional Part

Given the sequence {b}} € S2, we seek now the sequence {d}} € Sig, such
that:
Flx)=f=b2"+. . +p27 =dj107" + ..+ d,1077

Using decimal arithmetic, the evaluation of f is based on the following steps:
f=v27 b2t =27 w2 L b))
that is, using nested polynomial evaluation:
f=2""p1(2),

where obviously:
pi—1(y) = byt + by T+ b

Clearly then, to use base 8 as an intermediate, through grouping the bits 3 by
3, then referring to the table of conversion, one gets a polynomial expression
in negative powers of 8, specifically:

f=08"1 4. 0, 8k 1o 87k
Equivalently,
f=8F0\8 1+ .. +0, 8+0})=8Fq_1(8),

with gr—1(y) = oly* L + ... + 0}, _,y + 0}
To illustrate consider the following example.
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12 Introduction to Numerical Analysis and Scientific Computing

Example 1.10 Convert the fractional octal f = (0.00111000111)s to base 10.
Use base 8 as intermediate.

We start by converting f to base 8, yielding:
f=1(0.1616)g = 1x8 ' 4+6x8 2+1x8 3 4+6x8 % = 87 4(1x8°+6x82+1x8+6)
Through nested evaluation,

83 +6x8 +8+6=((8+6)8+1)8+6=910.

Thus: 910
—4
= 10 = —— =0.2221
f=8"%x%x910 1096 0 679

1.4 Normalized Floating Point Systems
1.4.1 Introductory Concepts

Recall that a standard way to represent a real number in decimal form is
with a sign (4 or —), an integral part, a fractional part and a decimal point
in between, for example: +32.875 or —0.0082.

Another standard computer notation called the normalized floating point
representation, is obtained by shifting the decimal point and supplying ap-
propriate powers of 10. Thus the preceding numbers have an alternate repre-
sentation respectively as +3.2875 x 10!, or —8.2 x 1073,

In general, a non-zero real number x in the base 3 is written in the standard
normalized floating point form:

r==+m x ¢

where m is called the mantissa, with 1 < m < 8 and e the exponent, being
a positive or negative integer. These parameters are obtained from (1.1) by
writing:

x = £(anfV+an_1 8V o 4a,B7P) = (an+an_1 7 . tal, FPHN)) x g
where ay # 0, thus leading to
m=an+an_18" ' +an_oB8 %+ ...+ a’pﬁ_(p“v), and e =N

Remark 1.2 If the number x has a non-terminating fractional part, in some
cases the mantissa m can reach the value 3.

For example, consider the following decimal number z:
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z=0.9999999... =9 x 1071 +9 x 1072 + ...
The normalized floating point representation of x is:
r=(94+9%x1071+9x 1072+ ...) x 107! = 9.99999999... x 10~!
Thus, the mantissa is infinite with
m=9.9=9(1+4 15+ 352 + 155 + ) = 951735 = 10=15

Example 1.11 Base 10, 2 and 8 representations of% in normalized floating
point notations.

1

1. In the normalized floating point notation, z in base 10 is expressed as

'3
follows: .
3 = (0.3)19 = 3.3 x 107
Thus, in such system, the mantissa m = 3.3 and the exponent e = —1.

2. However in base 2 (Example 1.5), it becomes:

1 a7 -2 AT o 9—2
3 = (0.01)2 = (0.0101010101...)3 = 1.01010101... x 272 = 1.01 x 277,
i.e., the mantissa is m = 1.01 and the exponent e = —2.

3. Finally, to convert % to base 8:

1 —
— = (0.010101010101...)3 = (0.2525...)g = 2.52 x 871
3

where m = 2.52 and e = —1.
[ |

Example 1.12 Write the binary number x = (11001.0111)y in the normal-
ized floating point notation.

z = (11001.0111), = 1.10010111 x 2*
| |

Note that every computer system has a finite total capacity and a finite word
length. Numbers used in calculations within a computer system must con-
form to the format imposed in that system; only real numbers with a finite
number of digits can be represented, leading then to a strictly limited degree
of precision. Real numbers representable in a computer are called machine
numbers, and are written in a standard format.

A floating point system F consists of machine numbers and is defined as
follows:
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14 Introduction to Numerical Analysis and Scientific Computing

Definition 1.1 A normalized floating point system F = F(3, p, €min, €max)
is the set of all real numbers written in normalized floating point form
x =+ m x B¢ where m is the mantissa of x and e, the exponent, such that:

1. Ifx #0, thenm = mo—l—mlﬂ_l+...+mp,16_(p_1); with m; € Sg, mo #
0, and emin < € < emax

2. If x =0, then m = 0, while e could take any value or be selected according
to other criteria.

The main parameters of a floating point system F' = F(53, p, €min, €max) are:
1. The base f

2. The number of significant digits p, called the precision of the sys-
tem which is a finite positive integer that could be given a specific
value (IEEE systems) or be defined by the user (MATHEMATICA or
MAPLE)

3. The range of the exponent [emin,€max|, With emin < 0 and epax =
|emin| + 1

4. A convention for representing zero

Note that since there is a complete symmetry with respect to zero, between
the positive and negative elements of ', we will analyze and prove in what
follows properties of the positive elements only.

Theorem 1.2 Letx € F = F(8,p, €min, €max), Withx = + mx 3¢ and x # 0.
1. 1<m< g,

2. Lmin S x S Tmax;, where
Tpmin = S5m0

and
T = (B = (L4 71 + o+ B gm0 < 3 o,

S If t = 4+m x 8¢ € F with Tpmin < < Tymaz, then the successor of x is

given by
succ(z) = x + B P3¢
leading to:
suce(zx) — x < gt
- =
Proof.

1. The first part of the theorem is obtained straightforwardly from the
definition.
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2. It is enough to note that the minimum value of m is reached when
ap=1land a; =0, for 1 <i < p-—1,ie,m =1, while the maximum
is obtained when a; = 8 — 1 for all 0 < 4 < p — 1. In this case m =

(B=D)A+1/B+ ...+ (/8P =1~ (1/8)P) < B.

3. As for the third part, if z = (mg +mi 871 + ... —I—mp_lﬁ_(p_l))ﬁe, then
the successor of = is obtained by adding 1 unit to the least significant
digit of its mantissa, leading to the following identity:

succ(z) = x + BPHBe = (m + pPHBe (1.4)
Thus succ(x) — x = 3P 3¢ and

succ(x) —x  pPrige gt

< prt (1.5)

x m X (3¢ m
since m > 1. |

Definition 1.2 In a floating point system F(B,D, €min, €max ), the system ep-
silon or epsilon machine is defined by the parameter €y :

e =p7P

Clearly €j; is a measure of the precision of the system, since according to
(1.5) it is a maximum bound on the relative distance between two consecutive
numbers in F (83, p, €min, €max). Furthermore, note that equation (1.4) can be
written as:

succ(x) = (m + g7PHHpe

from which one concludes that €;; also represents the difference between the
mantissas of two successive positive numbers in F'.

As a direct application, we consider the following example:

Example 1.13 Display the elements of the floating point system
F = F(10,3,-2,+3).

For non-zero numbers, we shall display only the positive elements; the negative
ones being deduced by symmetry. This is done in Table 1.2.

In this decimal floating point system, the following parameters in F are easily
computed:

Zynin = 1.00 x 102

® Toar = 9.99 x 103
o )y =1072=0.01.

e To represent zero, one might consider +0. For that purpose, we adopt
a convention whereby +0 is represented by a 0 mantissa, regardless of
the exponent. Therefore zero € F'(10,3,—1,2), and it is represented by
=+ 0.00 x 10¢ for any value of e.
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16 Introduction to Numerical Analysis and Scientific Computing

Positive numbers
in F(10,3,-2,3)
1.00 x 1072
1.01 x 1072

9.98 x 1072
0.99 x 1072
1.00 x 10~ T
1.01 x 107!

9.98 x 101
9.99 x 10~ 1
1.00 x 10°
1.01 x 10°

0.98 x 10°
9.99 x 10°
1.00 x 101
1.01 x 10*

9.98 x 10!
9.99 x 10*
1.00 x 102
1.01 x 102

0.98 x 102
9.99 x 102
1.00 x 103
1.01 x 103

9.98 x 10°
9.99 x 103

TABLE 1.2: Display of the elements in F(10,3, —2,3)
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Interval | Neighboring numbers distance
[1072,1071) e x 1072 =104
[10-1,1) ey x 1071 =107
[1,101) e X 100 =10"2 = ¢y,
10%,10%) em x 100 =1071
10%,10%) e x 102 =1
10%,10%) en x 10° =10

TABLE 1.3: Absolute distances between successive numbers in the floating
point system F(10, 3, —2, 3)

Interval | Neighboring numbers distance
iy Eaia
[1/5%,1/8) gt

[1/B,B) pr

[1,B) B =en
18, 57) prt?
152, 8%) P+

TABLE 1.4: Absolute distances between successive numbers in a general
floating point system F(8, p, min, €max)

e The total number of elements in F is

card(F) = 2 x [(9 x 10%) x 6] + 2 = 10802

Moreover, the absolute distances between 2 successive or neighboring floating
point numbers in I, increase and are computed as in Table 1.3. [ |
These results can be generalized and extended to any floating point system
F = F(8,D, emin, €maz)- Absolute distances decrease towards zero, on intervals
that are subset of (0, ) and in contrast these distances increase on intervals
in [B, Tmaz) towards Zpqq, with

max |z —suce(z)| < epr,
ze(—pB,+B8)NF

We note also that the e-machine e;; = 8~ being the smallest upper bound of
relative distances in F coincides with the smallest absolute distance between
successive points only on the interval [1, 3). The following table summarizes
such fact. Thus, when computing in F, criteria for “numerical convergence”
should be preferably established in terms of relative errors and not absolute
ones.
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4 bytes, a total of 32 bits
t sign | biased exponent ¢ | f part of mantissa m
1 bit 8 bits 23 bits

FIGURE 1.1: A word of 4 bytes in IEEE single precision

1.4.2 IEEE Floating Point Systems

A computer operating in binary normalized floating point mode represents
numbers as described earlier except for the limitation imposed by the finite
word length. In this section, we shall describe the internal representation
and storage of numbers for IEEE floating point systems. Addressable words
of 4 bytes (32 bits or digits) and 8 bytes (64 bits) are used respectively in
single and double precision floating point systems referred to as F; and Fy. In
what follows, we analyze some properties of these systems successively.

1. TEEE single precision floating point system
By single-precision IEEE floating point numbers, we mean all ac-
ceptable numbers belonging to the normalized floating point system
F.=F(2,24,—126,+127), where a non-zero number z stored in a word
of 4 bytes is organized as follows:

x=£(1.f)y x 2° = (=1)%(1.f)g x 267127

according to Figure 1.1. Note the following:

(i) In Fy, if x # 0, the first bit in the mantissa is always 1, so that this bit
does not have to be stored. The stored mantissa consists of the rightmost
23 bits and contains the fractional part f with an understood binary
point. So the mantissa actually corresponds to 24 binary digits since
there is a hidden bit. Moreover, the mantissa of each non-zero positive
number is restricted by the mantissas of @i, and Z,q., satisfying the
following inequality:

1.000...000 < (1.f)s < 1.111....11

(ii) In order to store positive numbers only, the biased exponent ¢
is introduced, with e = ¢ — 127. The values of ¢ in F; are bounded as
follows:

(0)10 = (00 000 000)5 < ¢ < (11 111 111)5 = (255)10

The values ¢ = 0 and ¢ = 255 are reserved for special machine numbers
obtained in calculations, that are not elements of Fg.

Thus, the value ¢ = 0 is reserved for +0 and the subnormal or denor-
malized numbers (in case of underflow in the computations), while the
value ¢ = 255 includes +oo (in case of overflow in the computations) and
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“undefined” NaN numbers as for example: 0/0, 00/00, 24/x g, 00— 00, ...
The sign of NaN has no meaning, but it may be predictable in some cir-
cumstances; most applications (as MATLAB for example) ignore its sign ,
and place such elements by “sort functions” at the high end of positive
numbers. Note also that once generated, a NaN propagates through all
subsequent computations.

The value of the biased exponent ¢ in Fy, Vz #£ 0, is thus strictly re-
stricted by the inequality:

(1)10 = (00 000 001)y < ¢ < (11 111 110)3 = (254)19

or equivalently
—126 <e < 127.

We may then extend Definition 1.1 as follows to the IEEE single preci-
sion system.

Definition 1.3 Let x be a machine number in Fy(2,24, —126,+127),
where the biased exponent c = e 4+ 127, then:

a- If 1 < ¢ <254, ie, =126 <e < 127: x = (—1)(1.f) x 2¢7127,
Moreover, if t = 1 then x < 0 and if t = 0 then = > 0.

b- The case ¢ = 0 is reserved for special number representations: 0 and
denormalized numbers:

e The case ¢ = f = 0 is reserved for the zeros, where |z| = 0. By
convention we write x = £0.

e The case ¢ = 0, and f # 0, is used to fill the gap between 0 and =iy,
(or —Z,in and 0), with denormalized numbers. By convention,
we write x = x4 = £0.f x 27126,

c- ¢ = 255 is reserved for representations of 0o and NaN numbers
defined as follows:

e The case ¢ = 255 and f = 0 represents x = +oo.

e The case ¢ = 255 and f # 0 represents “Not a Number” written as
x = NaNN.

Table 1.5 provides all the elements of Fy while Table 1.6 gives some of
its non-negative elements.

Table 1.7 gives the basic parameters of F;. Note that the machine epsilon
e = (2723)y = (2172)5 < (2 x 1077)19 < (101 77)10. This implies that
in a simple computation in base 10, approximately 7 significant decimal
digits of accuracy may be obtained in single precision.

When more precision is needed, then IEEE double precision can be
used. In that case each double precision floating number is stored in 2
computer memory words (8 bytes = 64 bits).
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[¢ f e=c—127 m | Number being represented
0 0 | Not Applicable | 0.0 +0
0 # 0 | Not Applicable | 0.f (—1)%(0.f)2~ 16
0<c<255|any | —12T<e< 128 | 1.f (—1)(1. 2127
255 0 | Not Applicable | 1.0 +oo
255 # 0 | Not Applicable | 1.f NaN (Not a Number)
TABLE 1.5: The IEEE single precision system
c Number Representation
in F(2,24,-126,127)
c=0 0 0.00...00
c=1 Tmin 1.00..00 x 2126
c=127 1 1.00..00 x 29
c=254 Tmax 1.11...11 x 2127
TABLE 1.6: IEEE single precision positive elements
TParameter Expression(base 2) Decimal value

Toin 2126 1.175494 x 10-°°

Tmax (1.1...1)5 x 2127 = 2128(1 — 2724) | 3.402824 x 10°8
1304 2723 1.192093 x 10~ 7
P 24=23+implicit bit ~ 7

TABLE 1.7: Zyin, Tmax, € machine and p in IEEE single precision
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8 bytes, a total of 64 bits
t sign | biased exponent ¢ | f part of mantissa m
1 bit 11 bits 52 bits

FIGURE 1.2: A word of 8 bytes in IEEE double precision

c f e=c—1023 m | Number being represented
0 0 Not Applicable | 0.0 +0
0 #£0| Not Applicable | O0.f (—1)%(0.f)2~ 1022
0<c<2047 | any | —1023 <e < 1024 | 1.f (—1)¥(1.f)2¢71023
2047 0 Not Applicable | 1.0 +oo
2047 # 0| Not Applicable | 1.f NaN (Not a Number)

TABLE 1.8: Values in IEEE - double precision system

2. IEEE double precision floating point system
Definition 1.1 is also used to define the IEEE double precision system
F, = F(2,53,—1022,1023), where a non-zero number in standard float-
ing point representation corresponds to:

x==4(1.f)y x 2¢ = (=1)!(1.f)y x 2671023

with e = ¢ — 1023, and the biased exponent c¢ verifying: 1 < ¢ < 2046.

The system F; uses a word of 8 bytes organized as indicated in Figure
1.2. On the basis of those concepts explained for Fy, the number system
Fg4 is displayed in Table 1.8 and the basic parameters for [F; are displayed
in Table 1.9. Note that the epsilon machine ep; = 2772 ~ 2.2 x 10716 <
101=16_ This implies that in a double precision computation corresponds
to approximately 16 significant decimal digits. Note that in the process
of representing machine numbers in F or Fy, it is convenient to use the
hexadecimal symbols (base 16) to get a “compact” representation of
binary contents of a computer word, whether 4 or 8 bytes. Considering
the symbols A, B, C, D, E, F as representing 10, 11, 12, 13, 14, and 15,

Parameter Expression(base 2) Decimal value
Zrmin 21022 2.2250738507201 x 10~ 3%%
oo (1.1..1)5 x 21028 = 2102(T — 2-59) | 1.79760313486231 x 10°0
EM 2792 2.220446049250313 x 1016
p 53=>52+implicit bit ~ 16

TABLE 1.9: Zin, Zmax, € machine and p in IEEE double precision
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Hexadecimal | Binary
0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

Hi| = D Q) T3 5| o oo| 1| o anf x| wo| ro| —| ©

TABLE 1.10: Binary representations of hexadecimal symbols

Table 1.10 provides the hexadecimal symbols representations in base 2.
Representing then machine binary numbers with hexadecimal symbols
is particularly easy. We need only regroup the binary digits from groups
of 3 (as required in the octal system), to groups of 4. Note that the
reverse procedure can also be used.

Example 1.14 Determine the hexadecimal representation of the deci-
mal number d = —52.234375 in both single precision and double preci-
ston.

We start by converting the given number to binary, then normalize it:

e E(x)=(52)19 = (64)s = (110 100)4
o F(x)=(0.234375)19 = (0.17)s = (0.001 111),
e Therefore:

(52.234375)19 = (110 100.001 111)y = (1.101 000 011 110 ), x 25

In Fs(2,24, —126, +127):

- The normalized mantissa of d is m = 1.101 000 011 110

- The exponent of d is e = (5)19 = ¢ — 127 implying that the biased
exponent is ¢ = (132)19 = (204)s = (10 000 100),

The single precision machine representation of d is then:

[1100 0010 0101 0000 1111 0000 0000 0000]2 = [C250F000]16
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In Fy(2,53,—1022,+1023):

- The normalized mantissa of d is m = 1.101 000 011 110

- The exponent of d is e = (5)19 = ¢ — 1023, and the biased exponent is
therefore ¢ = (1028)19 = (2004)s = (10 000 000 100),

The double precision machine representation of d is:

[1100 0000 0100 1010 0001 1110 0000 ... 00 00]2 = [C'04A1E0000000000]16

Example 1.15 Determine the binary number x in Fy that corresponds
to [45DFE4000]16, then find its decimal representation.

The 32 bits string representation (or machine number representation) of
T is:
[01000101110111100100000000000000]2

The biased exponent is ¢ = (10 001 011)s = (213)s = (139)10, s0 € =
139 — 127 = 12. Therefore:

(z)2 = +(1.101 111 001) x 22

Example 1.16 Determine the machine number representation of the binary
number b = 27128 in IEEE single precision.

b=2"128 < 27126 — 5 . meaning that b is a denormalized number in single
precision. Moreover, as b = 272 x 27126 = (.01 x 27126 its corresponding
machine number is:

[00000000001000000000000000000000]5

1.4.3 Denormalized Numbers in MATLAB

The default format for numbers in MATLAB is IEEE double precision. One
can easily check out the denormalized numbers in the system, as indicated
through the following set of commands.

realmin %2°(-1022)
ans =

2.2251e-308
>> 0.5%27(-1022)
ans =

1.1125e-308
>> 0.25%x27(-1022)
ans =

5.5627e-309
>> 0.125%27(-1022)
ans =

2.7813e-309
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1.4.4 Rounding Errors in Floating Point Representation of
Numbers

Consider a general floating point system F = F(8,p, emin, €max), with
B > 2. For all z € R with  Zpmin < |2] < Zmaz, and = € F, we seek for a
procedure leading to the representation of x in F. For such z, there exist z;
and zo = succ(xy), with x1,20 € F, such that 1 < z < x2. The process
of replacing = by its nearest representative element in F is called correctly
rounding, and the error involved in this approximation is called round-off
error. We want to estimate how large it can be.

Definition 1.4 The floating point representation of x in F is an application
fl: R = F, such that fl(z) = x1 or fl(x) = x4 following one of the rounding
procedures defined below.

1. Rounding by Chopping:
flo(z) = x1, if > 0, (and flo(x) = 2, if z < 0)
(i.e., flp(z) is obtained by simply dropping the excess of digits in x)

2. Rounding to the closest:

(a) flp(z) =1 if | — 1] < |z — 22
(b) fly(x) = a2 if | — x2| < |2 — 1]
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Remark 1.3

Note that to round z < 0, we could apply the above procedures to |z| first,
then multiply the result obtained by —1.

Remark 1.4 Let x = (1.by..bagbogbos...)s. Rounding z in Fy to the closest
stands as follows:

o Ifbyy =0, then fly(z) = x1.
o Ifbay =1 then fly(z) = 2.
Proof. To obtain this result, based on the definition above, simply note that
if
w1 = (1-biby...by3)2% and xy = succ(xy) = x1 + (2723)2¢
then the midpoint of the line segment [z1, zo] is

T+
Ty = 5 2=y 4 (2720)2° =1 by bosl; (za ¢ F)

|
. . —ptl . . .
Consequently, since in the general case x5, = (4 2 ; X [3¢) is the midpoint

of the line segment [z, succ(z)], one easily verifies the following result graphi-
cally:

Theorem 1.3 Let x € R and x € F = F(B,p, €mins €maz), With Tpmin < |z| <

Tomas- LhEn: -
—p

2

Flo(@) = flole + 22 x po)

Example 1.17 Let x = (13.14)1¢. Find the internal representation of x using
IEEF single precision notation (rounding to the closest if needed). Find then
the hexadecimal representation of x.

As a first step we convert x to a binary number:
2 = (1101.001000111101011100001010001111...)9
We next normalize the number obtained:
x = (1.101001000111101011100001010001111...)5 x 23
Hence, the 2 successive numbers x; and x5 of F, are:
21 = (1.10100100011110101110000)5 x 23

x5 = (1.10100100011110101110001), x 23

Obviously, rounding « to the closest gives fl,(z) = 2.
Note also that e = 3 and ¢ = (130)10 = (10000010)5
is as follows:
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4 bytes = 32 bits

t c f
0 | 10000010 | 10100100011110101110001

or also equivalently:

[ 01000001010100100011110101110001 |

with hexadecimal representation:
[41523D71]

We turn now to the error that can occur when we attempt to represent a
given real number x in F. As for relative error estimates we have the following.

Proposition 1.1 Let ¢ € R with x ¢ F = F(5,D, €min, €max) and Tmin <
|x| < Tmax. Then, the representations of x in F verify the following relative
error estimates:

1l g,
le=flp(@)] 1.
TR S

where eyr = B7PTL is the epsilon machine of the system.

Proof. Without loss of generality, we shall prove the above properties for
positive numbers. Let x1 and x5 be in F( 8, p, €min, €max ), such that

1 < T < x93 = succ(xy).

Then,
T2 — 1
|z — flo(z)] < (x2 — 1) and |z — fly(z)]| < %
Furthermore, given that 1 < x, the estimates of the proposition are obviously
verified since in both cases “;1”“ < eum. [ |

Remark 1.5 Note that Proposition 1.1 can be summarized by the following
estimate:

|lz—fi(2)| _ em, if fl= flo
El <uwhereu_{ ext/2, if {1 = flp

This inequality can also be expressed in the more useful form:

fl(z) = x(1 4 6) where |§] <u (1.6)

To see that, simply let § = fl(w —=. Obviously |8 < u, with fl(z) yielding the
required result.
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Remark 1.6 When computing a mathematical entity E € R (for example
E=r, v2,1n2,. ) up to r decimal figures, one secks an approximation E
to E such that E € F(10, 7, emin, Emax), @ user floating point system with a
base of 10 and r significant digits. A rounding procedure to the closest would
yield E satisfying the following error estimate:

To illustrate, we give some examples.

Example 1.18 1. Consider E = = 3.14159265358979... € R. In seeking
for the representative E of m € F = F(10,6, €min, €max), we first look for
2 successive numbers x1 and xo in F such that

1 < F < x9.

Obvi0u§ly x1 = 3.14159 and xo = 3.14160. Rounding to the closest would
select E = 3.14159, with

|zo — 21

E-E| _1
2 X

|E|

—_

= 1.59155077526x107% < =10'~% = 5%x10°

IN
Do

2. Simialarly, E = 1.4142136 approzimates E = /2 up to 8 significant
figures. Since

x1 = 1.4142135 < /2 = 1.414213562373095... < x5 = 1.4142136

and
— .071 2
22 —@1| _ TOTIO6T628 s 35 % 107 < 0.5 x 1015 = M.
23’31
1.5 Floating Point Operations
For a given arithmetic operation - = {+,—, x, +} in R, we define respec-

tively in F the floating point operations: © = {®, 0, ®, 0}, i.e.,
©:FxF—TF

Each of these operations is called a flop and, according to IEEE standards,
is designed as follows.
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Definition 1.5 In the standards of floating point operations in IEEE conven-
tion:
Ve andy €eF, z 0y = fl(z - y).

This definition together with (1.6) leads to the following estimate:
xOy=(x-y)(1+496), with|§] < u,

where u = €py or u = -, depending on the chosen rounding procedure.
Practically, Definition 1.5 means that = @ y is computed according to the
following steps:

e First: correctly in Rasz - y
e Second: normalizing in F
e Third: rounding in F
Under this procedure, the relative error will not exceed wu.
Remark 1.7 Let x,y € F = F(B,p, emin, €maz)-
c®y=fllzr+y)=(+y)(1+§) =214+ +y(1+9)

meaning that x @ y is not precisely (x + y), but is the sum of (1 + 0) and
y(1+0), or also that it is the exact sum of a slightly perturbed x and a slightly
perturbed y.

Example 1.19 If z, y, and z are numbers in Fs, what upper bound can be
given for the relative round-off error in computing z ® (x ® y), with rounding
to the closest (fl = fl,).

In the computer, the innermost calculation of (x +y) will be done first:

Flla+y) = (@ +y)(1+38) ,|6:] < 272
Therefore:
fllz fllz +y)] = 2z fl(z +y) (1 + 52) , |62 < 272
Putting both equations together, we have:
flUz fl(z4y)] = 2(z4y)(14+61) (1+62) = z(@+y) (1+61+02+6102) = z(z+y) (1+01462) = 2
where § = 61 + 5.

In this calculation, we neglect |d;1d2] < 2748, Moreover, |§| = |61 + da] <
|61|+|(52|S2_24+2_24:2_23 ]

Although rounding errors are usually small, their accumulation in long and
complex computations may give rise to unexpected wrong results, as shown
in the following example:
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n I, el

128 [ 5.0003052 x 10~ | 6.1035156 x 10>

256 | 5.0000769 x 101 | 1.5377998 x 10~>

512 | 5.0000197 x 10! | 3.9339066 x 10~°

1024 | 5.0000048 x 10—t | 9.5367432 x 107

2048 | 4.9999997 x 10~ ! | 5.9604645 x 10~8

4096 | 5.0000036 x 10~ | 7.1525574 x 10~

8192 | 4.9999988 x 10! | 2.3841858 x 10~

16384 | 5.0000036 x 10~1 | 7.1525574 x 10~

TABLE 1.11: Effects of round-off error propagation on the convergence of
the sequence I,, defined in (1.7)

Example 1.20 Consider the following sequence of numbers:

Sl T IS I G P N S O 0

n-n n n 2

11:17 In

It can be proved that lim,, ., I,, = 0.5.

However, when we compute I, in single precision MATLAB, we obtain the
results displayed in Table 1.11, which clearly shows that the relative errors for
n=2P p=7178,910,11,12,13,14. One can check that such relative errors
decrease for p < 11 and stop following a decreasing pattern for p > 11, vastly
because of round-off errors propagation.

A similar case regarding (non-)convergence due to rounding errors can be also
found in [26], p. 7.

We look now for specific problems caused by rounding errors propagation.

1.5.1 Algebraic Properties in Floating Point Operations

Since F is a proper subset of R, elementary algebraic operations on floating
point numbers do not satisfy all the properties of analogous operations in R.
To illustrate, let x, y, z € F. The floating point arithmetic operations verify
the following properties:

1. Floating point addition is commutative in FF
r@y=fllr+y =flly+x)=ydz
2. Floating point multiplication is commutative in F
TRQY=YQT

3. Floating point addition is not associative in [F

(oY) @zZ£rd(yo2)
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4. Floating point multiplication is not associative in F

(zRyY)RzZzTR (Yo 2)

5. Floating point multiplication is not distributive with respect to floating
point addition in F

TR YD2)#(rRY) ® (@ 2)

Example 1.21 Let x = 3.417 x 10°, y = 8.513 x 10%, z = 4.181 x 10° ¢
F(10,4, —2,2). Verify that addition is not associative in F.

r®y=1193 x 10! and (z Dy) ® z = 1.611 x 10!,

while: y @ z = 1.269 x 10! and 2 @ (y © 2) = 1.610 x 10%. [ |
Particularly, associativity is violated whenever a situation of overflow occurs
as in the following example.

Example 1.22 Let a = 15103 | b = 1.01 x 103°® and ¢ = —1.001 * 103°% be
8 floating point numbers in Fp expressed in their decimal form.

a®(b®c)=1%10%"% 3 0.009 x 103 = 1.009 % 103

while
(a®b)Pec=o0

since (a @© b) = 2.01 % 10398 = 00 > Ty40 ~ 1.798 x 103%% in Fp [ |

1.5.2 The Problem of Absorption

Let x, y be two non-zero numbers € Fg, with
T =mg X 2%,y =m, x 2%
Assume y < z, so that:
T +y=(my+my, x 2607 %) x 2%,
Clearly, since m, < 2, if also e, — e, < —25, then
T4y < (mgy + 2724 x 2% = (z + suce(z)) /2.

Hence using fl = fl,, one gets:

vy = flp(z+y) ==z,
although y # 0. In such a situation, we say that y is absorbed by =z.

Definition 1.6 (Absorption Phenomena) Let x and y be 2 non-zero elements
in F(B,D, emin, €max)- Y is said to be absorbed by z, if t Dy = x.
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Example 1.23 Consider the sum of n decreasing positive numbers {x;|i =
1,.n}, with x1 > @2 > ... > 2 > Tig1 > ... > Ty, and let S, = >0 @;.
There are two obvious ways to program this finite series; by increasing or

decreasing index. The corresponding algorithms are as follows:

Algorithm 1.6 Harmonic Series Evaluation by Increasing Indices

% Input : x=[x(1),...,x(n)]
% Output : sum of all components of x by Increasing index
function S=suml(x)
S=0 ;
n=length(x) ;
for i=1:n
S=8+x (1)
end

which leads then for example for n = 4 to the floating point number

S = (((561 @$2) (&) .173) (&%) 1‘4).

Algorithm 1.7 Harmonic Series Evaluation by Decreasing Indices

function S=sum2(x)
% Input x=[x(1),...,x(@)]
% Output : sum of all components of x by Decreasing index
S=0 ;
n=length(x) ;
for i=n:-1:1
S=S+x(1i)
end

which gives for n = 4, the floating point number
Sz = (((z4 ® x3) © 22) ® 11)

Obviously, S1 # S and S3 is more accurate than S; that favors the absorption
phenomena.

Example 1.24 Consider the following sequence of numbers in T (10,4, —3,3),
71 =9.999x10°, 19 = 9.999 x 1071, 23 = 9.999 x 102 and x4 = 9.999 x 1073,

The exact value of Z?Zl x; is 11.108899 = 1.1108899 x 10!. Using rounding
by chopping, for example, the first algorithm would give 1.108 x 10! while the
second provides 1.110 x 10! ]
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Example 1.25 Consider Euler’s number e = 2.718217....... It is given by the
Taylor’s series expansion of €* for x = 1:

_1 1 1 1
e= +ﬂ+§+...m+...
Computing e up to 8 significant figures with rounding to the closest and using
11 terms, one gets, summing up by increasing n:

1 1 1

1+ i + 1 + 01 = 2.7182820,

while summing by decreasing n, one obtains:

1 1 1
— 4+ =+ ...+ = +1=27182817.
10!+9!+ +1!+ 7182817

1.5.3 The Problem of Cancellation or Loss of Precision

A loss of significance can occur when computing in normalised floating
point systems. This problem of cancellation occurs when subtracting two pos-
itive floating point numbers of almost equal amplitude. The closer the num-
bers are, the more pronounced is the problem. To start, consider the following
example.

Example 1.26 Let xq, 5 € F(10,5,-3,3). To subtract xo = 8.5478 x 103
from x, = 8.5489 x 103, the operation is done in two steps:

T 8.5489 x 103

To 8.5478 x 103

T =1 — I 0.0011 x 10°
Normalized result | 1.1000 x 10°

Hence the result appears to belong to a new floating point system
F( 10,2, —3, 3) that is less precise (p = 2) than the original one (p = 5). Three
zeros have been supplied in the last three least significant fractional places.
We are experiencing the phenomenon of Cancellation that causes loss of
significant figures in floating point computation. This can be summarized
by the following proposition.

Proposition 1.2 Letx,y € F = F(8,p, €min; €max)- Assume x and y are two
numbers of the same sign and the same order, (|z|,|y| = O(8°)). Then there
exrists k > 0, such that x — y is represented in a less precise floating point
system F(B,p — k, €min, €max)-

Proof. Assume the two numbers x and y are expressed as follows.

z=(ap+ar1f . Fapf . Fa, BT x B
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and
y=(ap+adi B+ . +ap B+ +a,_ BT x B

with a; = a} for i <k —1 < p— 1. It is obvious that:

v —y = ((ar = ap)B™" + ..+ (ap1 — a,_)B7PHY) x B¢ = (™" + ... +
cp-1 BT x Be

Hence: z —y = (c + ... + cp_1 8~ P7F=D) x B¢~k with ¢; # 0

Consequently, x — y is represented in a system in which precision is p — k. B

Example 1.27 Let z; = 1.00000000000000000000011 x 27126 gnd zo =
1.00000000000000000000010 x 27126 be 2 numbers € Fg (2,24, —126,+127).
To subtract xo from xq:

T 1.00000000000000000000011 x 2~ 126 |
To 1.00000000000000000000010 x 2126
T =x1— T2 0.00000000000000000000001 x 2~ 126
Normalized result 271

In that extreme case, rounding the result to the closest gives fl,(x) = 0,
although xy # x5 !

Example 1.28 Alternate series and the phenomenon of cancellation.

Consider the example of computing exp(—a), @ > 0. For that purpose, we
choose one of the following alternatives:

1. A straightforward application of the Taylor’s series representation of

exp(x), giving for = —a, an alternating series:
a> @ at na”
exp(—a):1—a+a—§+ﬂ+...+(—l) H—%—..., (1.8)

2. On the other hand, computing first exp(a) for a > 0, using the same
series representation, which however has all its terms positive,

2 a3 CL4 an

a
exp()—l—l-a—l—f—l—?—i-f-&- —I- —I— - (1.9)

followed up by an inverse operation:
exp(—a) = 1/ exp(a). (1.10)
would yield more accurate results.

Computing with the first power series for large negative values of a, leads to
drastic cancellation phenomena, while the second alternative provides accurate
results as the following example indicates.
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Example 1.29 Consider the computation of exp(—20), which exact value
is 2.061153622438558 x 1077,

The implementation of the following 2 algorithms is done in MATLAB, which
uses double precision IEEE formats:

x

Algorithm 1.8 Implementing e¢*: Alternative 1

function y=myexp(x)
t01=0.5%10"(-16);

y=1;

k=1;

T=x;

while abs(T)/y>tol;

y=y+T;k=k+1;T=T*x/k;

end

x

Algorithm 1.9 Implementing e”: Alternative 2

function y=myexp(x)
t01=0.5%10"(-16) ;

while abs(T)/y>tol;
y=y+T;k=k+1;T=T*v/k;

end

if x<0
y=1/y;

end

The results came as follows.

First alternative (1.8) Value

—19

Second alternative (1.10) Value
2.061153622438558 x 107

Another example deals with the computation of the roots of a quadratic equa-
tion.

Example 1.30 Consider the computation of the roots of x> + 2bx 4+ ¢ = 0,
where ¢ is a positive number “much smaller” than b?.

There are 2 ways for handling the numerical computation of the solutions to
this obvious problem.
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1. A straightforward application of the well-known formulae:

1 =-b—Vb —cx~ —-2b; zo=-b+ Vb —c=0. (1.11)

There is obviously, in this way, loss of significant figures when computing
)

2. However, computing first x; then using

C
S 1.12
T2 = - (1.12)

would not result in loss of digits.

1.6 Computing in a Floating Point System

Clearly in normalized floating point systems F = F(8,p, €min; €maz), DO
irrational nor rational numbers that do not fit the finite format imposed by
the computer can be represented, neither too large nor too small real numbers
are. Thus the effective number system for a computer is not a continuum, but
rather a non-uniformly distributed finite subset of the rational numbers, i.e.,
a “strange” set of rational numbers with irregular gaps. The total number of
elements in F is easily computed and is given by:

card(F) = 2(8 — 1)(B)* *(emaz — €min +1) +2 (1.13)

Note that this count excludes the denormalized numbers, but includes +0.
In what follows, we analyze particularly some cardinality and distribution
properties of floating point systems F, where the exponents are such that
€max = |€min| + 1, as for example the cases of the IEEE single and double
precision systems Fy and Fjy.

1.6.1 Cardinality and Distribution of Special Floating Point
System

Let F = F(2, p, Emins Emax), with Fpax = [Emin| + 1, and Eni, < 0. Note
that
card(F) = 2 % card(F4) + 2,

where F is the set of all non-zero positive elements of F. Based on (1.13), it
can be easily shown that:

card(]F‘+) = 2p_1(Emax + |Emin‘ + 1)
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Hence:

Np = card(F) = 2P (Enax + |Emin| + 1) + 2
Since also Fmax = |Emin| + 1, then:

Np = 2p(2Emax) +2= 2p+1(EmaX) +2.

On the other hand, if we consider now Fy, the subset of non-zero elements of
F defined as follows:

FO = {.TEFlI:ile 26, Emin SeSO}

one finds that:
Npg, = card(Fy) = 2P (Emax)

since in that case the number of different values taken by the exponent in F
is
|Emzn| +1= Emaw

Note now that Np, represents half of the total of the non-zero elements of IF,
since:

NF() _ QP(EmaX) _ 1 (1 14)
Np -2 277 (Epay) 2 '

This leads to the following proposition:

Proposition 1.3 In a floating point system F(2,p, Emin, Fmax), With Emax =
| Emin|+1, half of the non-zero floating point numbers are located in the interval
(—2,2) with the other half located in [—Zmax, —2] U [2, Tmax]-

Proof. This follows from formula (1.14). [ |

It is also worth noting that all floating point numbers +1.f x 2¢ become
integers for e > p— 1. These facts are visualized in the simulation that follows
in the next section.

1.6.2 A MATLAB Simulation of a Floating Point System

The following function generates the non-negative numbers of a floating
point system F(b, p, emin, emax).

Algorithm 1.10 Simulation of a Floating Point System

function x=float_v(b,p,emin,emax)
x=[1;
epsm=b~ (-p+1) ;
M=1:epsm:b-epsm;
E=1;
for e=0:emax
x=[x Mx*E];
E=bx*E;
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FIGURE 1.3: Distribution of numbers in F(2,4, -6, 7)

end

E=1/b;

for e=-1:-1:emin

x=[M*E x];
E=E/b;

end

x=[0 x];

As a result, we plot respectively in Figures 1.3 and 1.4 the distribution of
non-negative numbers of F(2,4, —6,7) and F(2,3,—3,4).

1.6.3 Tips for Floating Point Computation

To conclude, we may set an ensemble of rules that could avoid situations
where accuracy can be jeopardized by the propagation of rounding errors
through all type of floating point operations and more particularly through
absorption and cancellation. When programming in finite precision arithmetic
requests, some safeguarding habits are useful whenever possible. For exam-
ple:

1. Seek always algorithms that would solve numerically a problem with the
least number of flops.

2. Use Taylor’s series expansions to avoid loss of significant figures.

3. Avoid using alternating series in case the solution to the problem can
be obtained using a series of positive (or negative) numbers.

4. Sum up positive elements of a series by adding from the smallest to the
largest.
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1
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FIGURE 1.4: Distribution of numbers in F(2,3, -3, 4)

1.7 Exercises

1. Find the binary representation of the following decimal numbers.
(a) e

(b) §

(c) (792)10

2. Convert the following decimal numbers to octal numbers.

(2.718)10

3. Convert the following binary numbers to octals and then to decimal
numbers.

(a) (110 111 001.101 011 101),
(b) (1001 100 101.011 01),

4. Convert the following numbers as required.

(a) (100 101 101)y = ( )8 = ( )10
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(b) (0.782)10 = ( )s = ( )2
(c) (47)10 = ( )s = ( )2
(d) (0.47)10 = ( )s = ( )2

51)10 = )s = ( )2

0. 694)10 = ( )s = ( )2

110 011.111 010 110 110 1) = ( )s = ( )10
351.4)s = ( )2 = ( )10

45753.127664)s = ( Ja=( o

)
)
)
(e)
(f)
()
(h)
(i)

5. Convert z = (0.6)19 first to octal and then to binary. Check your result
by converting directly to binary.

A~ Y~ o~ N

6. Prove that the decimal number % does not have a finite expansion in
the binary system.

7. Prove or disprove - by giving a counter example - the following state-
ments:

(a) Any real number that has a finite representation in the binary
number system is of the form £m/2", where n and m are positive
integers.

(b) Any real number of the form +m/2™ has a finite representation in
the binary number system

(¢) Any number that has a finite representation in the binary system
must have a finite representation in the decimal system.

(d) Any number that has a finite representation in the decimal system
must have a finite representation in the binary system.

(e) A number has a finite representation in the octal system if and only
if it has a finite representation in the binary system.

8. Display the positive elements of the floating point system F =
F(2,3,—2,+3). Determine the cardinality of |F.

9. Determine the IEEE single precision representation of the decimal number
64.015625.

10. Determine the |IEEE single and double precision representations of the
following decimal numbers:
(a) 0.5, —0.5
(b) 0.125, —0.125
(c) 0.03125, —0.03125
)

(d) 1.0, 1.0
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11. Identify the decimal floating point numbers corresponding to the follow-
ing bit strings in the IEEE single precision system:
(a) 0 00000000 00000000000000000000000
(b) 1 00000000 00000000000000000000000
(¢c) 011111111 11111111111111111111111
(d) 111111111 11111111111111111111111
)
f) 0 10000001 11110000000000000000000
(g) 001111111 00000000000000000000000
(h) 001111011 11111001100110011001101

(e) 0 00000001 00000000000000000000000
(

12. In the IEEE single precision system, what are the bit-string representation
for the following sub-normal numbers?
(a) 27128 4 2-139
(b) 2182 4 9~ 145
(c) 27129 4 9-130
(d) Silier27"
13. Determine the decimal numbers that have the following IEEE single pre-
cision system representations:
(a) [3F27E520]16
(b) [CA3F2900]:6
(c) [CT05A700]16
(d) [494F96A0]16
(e) [4B187ABC]s4
(f) [45223000]16
) [45607000]16
) [C553E100]16
[437F0001]46

(g
(h
(i

14. Convert the greatest positive element in single precision to an octal num-
ber “o” and write it in normalized floating point notation. Convert then

the resulting “0” to a decimal number “d” and write it in normalized
floating point notation.
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15. (a) Identify the binary number x whose 32 bit-string representation in
single precision is as follows:

1 00000001 00000000000000000000000

(b) Find the next largest and smallest machine numbers in single pre-
cision for the number x given above, then write their hexadecimal
representation.

16. Consider the binary number b = 1.01 x 2+128,

(a) Write the machine number representing b in IEEE double precision,
then write its corresponding hexadecimal representation.

(b) Write the machine number representing b in IEEE single precision,
then write its corresponding hexadecimal representation.

(¢) Let xpr be the midpoint of the interval [0,b]. Write the machine
number representing xjy; in IEEE single precision, then write its
hexadecimal representation.

17. Consider the binary number b = 27127 4 27130,

(a) Write the machine number representing b in IEEE single precision,
then write its corresponding Hexadecimal representation.

(b) Find the successor of b (y = succ(b)) in IEEE single precision, then
write its corresponding machine number and Hexadecimal repre-
sentation.

(c) Write the machine number representing b in IEEE double precision,
then write its corresponding hexadecimal representation.

(d) Find the predecessor of b (x = pre(b)) in IEEE double precision,
then write its corresponding machine number and hexadecimal rep-
resentation.

18. For some values of z, the following functions cannot be accurately com-
puted by using the given formula. Explain and find a way around the
difficulty.

(a) flz)=va*+1-=z
(b) f(z)=vVz*+4-2
(€) fla)=vr+2-Vx
(d) fz) = (Vo +4)"?— (Va)'/?

19. For some values of x, the following functions cannot be accurately com-

puted by using the given formula. Explain and find a way around the
difficulty.

(a) f(z) =1-—sinz

—

T

X
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1—cosz
2cos?z — 1

) =
)=
x) = (cosz —e %) /sinx
)=e® —sinz — cosx

20. For some values of z, the following functions cannot be accurately com-
puted by using the given formula. Explain and find a way around the
difficulty.

—x

(a) f(z)=tanhz = e —e

et+e T

(b) f(z) = Z(sinhz — tanhz)

21. For some values of z, the following functions cannot be accurately com-
puted by using the given formula. Explain and find a way around the
difficulty.

=Inz—In(1/x)

22. Let f(x) = In(z + V22 + 1). Show how to avoid loss of significance in
computing f(x) when x is negative. Hint: Compute first f(—zx).

23. For some values of z, the function f(x) =z + Va2 — 1 cannot be accu-
rately computed by using the given formula.

(a) What values of x are involved? What remedy do you propose?

(b) Carry 3 decimal significant figures, for example in F/(10, 3, —24, +25)
with rounding to the closest, and compute f(—10?%) directly,
then using the suggested remedy. (The exact value of f(—10?) is
—0.005000125006250).

24. Let f(z) = (&=l sine

2

(a) For some values of = the function f(z) cannot be accurately com-
puted by using the given formula. What are the non-negative values
of = that cause the problem? What remedy do you propose?

(b) Use the first 2 terms only of the Taylor’s series derived in (a), to
approximate f(107%) in F(10,5, —15,4+15), rounding to the closest.

(¢) Find the absolute relative error in this approximation if the exact
value of f(107%) is 0.50003333807.....
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25. Let

(a) For which value of , the given function cannot be accurately com-
puted. Explain and find a way around the difficulty.

(b) Carry 3 significant digits with rounding to the closest to evaluate
£(0.1) directly.

(c) Repeat part (b) using the suggested remedy.

(d) The actual value is f(0.1) = 2.003335000. Find the relative error
for the values obtained in parts (b) and (c).

26. Use the Taylor polynomial of degree 4 to find an approximation to e~ by
each of the following methods, carrying 3 significant digits with rounding
to the closest:

(a) e8 =30 CUE

(b) 673 = e% = 51 3t
i=0 41

(c) An approximate value of e~ is 6.74 x 1073, Compare this value
with the results obtained in (a) and (b). Explain your answer.
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1.8 Computer Projects

Exercise 1 : Conversion: Decimal - Binary

1. Write a MATLAB
function [Ibase2, Fbase2, b] = Converti1Oto2(d, k)
that takes as input a non-zero decimal number d and a positive integer
k and converts d to a binary number b up to k fractional digits. Your
function should output the 2 vectors Ibase2 and Fbase2 that represent
respectively the integral and fractional parts of b, and the binary number
b displayed with its sign and its integral and fractional parts.

2. Write a MATLAB
function [Ibasel0, Fbasel0, d] = Convert2tol0(Ibase2, Fbase2)
that takes as input two vectors Ibase2 and Fbase2 that represent re-
spectively the integral and fractional parts of a binary number, converts
to base 10 and outputs the results as 2 numbers Ibasel0 and Fbasel0
that are respectively the integral and fractional parts of the correspond-
ing decimal number d and the decimal number d displayed with its sign
and its integral and fractional parts.
Hint: Use nested polynomial evaluation.

3. Write a MATLAB
function [B, I] = ConvertFractionlOto2Pattern(D,m) that takes
as input a decimal integer D consisting of k digits where m = 10%.
This function converts the decimal fractional f = % into a binary frac-
tional number represented by the vector B, and identifies the repeating
pattern in B (if there is any), starting at component I and ending at
n=length(B). In case the converted fractional part is finite, then no re-
peating pattern occurs and the value of I should be zero.
For example:

(a) To convert f = 0.1: input D = 1 and m = 10. This function outputs
B =[00011] and I = 2, since (0.1)30 = (0.0 0011 0011 0011 ......),

(b) To convert f = 0.25: input D = 25 and m = 100. This function
outputs B = 01 and I = 0, since (0.25)19 = (0.01)s.

Remark: To minimize rounding errors in case I is a “large” number, it
is more efficient to express fractional numbers as a ratio of 2 integers
(for example f=D/m ... ).

4. Test each one of the 3 functions above for 3 different cases and save the
results in a Word document.

Exercise 2 : Conversion from Double to Single Precision
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1. Write a MATLAB
function [t e f] = GetVectorD(v) which takes as input a binary
vector v of 64 bits or components representing a machine number in
IEEE double precision, and extracts the values of the sign (t), the
exponent (e) and the fractional part of the mantissa (f).

2. Write a MATLAB

function x = ConvertDoubletoSingle(v) which takes as input a bi-
nary vector v of 64 bits representing a machine number in the IEEE
double precision system. Your function should convert v to a single pre-
cision machine number and should output the result as a vector x of
32 bits, unless x represents a “denormalized number” or “Not a Num-
ber.” In these 2 cases, your function should only display a message: ¢ x
represents NaN ’ or ¢ x represents a denormalized number ° .
At the end, if x represents an element of Fg(2,24,—126,4127), your
function should also display the corresponding number in normalized
floating point form, i.e., zs = +1.f x 2° or xs = £0. Note the following
remarks:

(a) Use rounding by chopping when needed: (fl).

(b) The smallest single precision denormalized number is: 27149

(c) For any exponent e < —149, the corresponding number in single
precision is rounded to zero.

3. In Exercise 2, test function 1 for 3 different test cases, then function 2
for 5 different test cases including: “NaN’; denormalized numbers, £0
and Fo00. Save the results in a Word document.

Call for previous functions when needed.

Exercise 3 : Conversion: Decimal - Octal - Binary

1. Write a MATLAB function [E8 , F8] = Convert2to8(E2, F2) that
takes as input two binary vectors E2 and F2 that are respectively the
integral and fractional parts of a positive binary number b, converts
them to octals and outputs the results as 2 vectors E8 and F8 that are
respectively the integral and fractional parts of a positive octal number
0.

2. Write a MATLAB function [E10, F10, d] = Convert8tol0(E8, F8)
which takes as input two octal vectors E8 and F8 that represent respec-
tively the integral and fractional parts of a positive octal number o,
converts to base 10 and outputs the results as 2 decimal numbers, E10
and F10 that represent respectively the integral and fractional parts of
the positive decimal number d using Nested Polynomial Evaluation. As
a last step, this function should also display d as a decimal number.
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3. Test each one of the 2 functions above for 3 different test cases and save
the results in a Word document.(Consider different lengths for all input
vectors.)

Exercise 4 : Successors and Rounding Procedures
Let x = +ma x 10°® be a positive decimal number in F(10, p, —20, +20),
written in normalized floating point form, with —20 < ex < +20, and p < 15.

1. Write a MATLAB
function [my, ey] = GetSuccessor(mx, ex, p)
which takes as inputs:

e mx: the mantissa of z in standard normalized floating point notation
e ex: the exponent of z

e p: the precision of the floating point system to which x belongs

Let y be the successor of = in F(10, p, —20, +20). This function should
output:

e my: the mantissa of y displayed with a precision p (the non-
significant digits of the fractional part need not be displayed).
Hint: First compute my, then use num2str (my,p) for output of my
in the required format.

e ey: the exponent of y.

2. Let m = +my.mams...m, be a positive decimal number which integral
part is my, and fractional part is 0.mgms...m,.
Write a MATLAB
function [m] = ConvertVectortoDecimal (M)
that takes as input a vector M of length p which i*” component is the
decimal digit m;, for ¢ = 1,...,p, and output is the decimal number m
represented by M.
Use format long g to display m in double precision, discarding the non-
significant zeros of the fractional part.

3. Write a MATLAB function [mz, ez] = Round(Mx, ex, n, t) which
takes as inputs:
e Mx: a vector of length p which components represent the mantissa
mz of the decimal number 2 € F(10, p, —20, +20).
e ex: the exponent of z.

e n: a positive integer less than or equal to p (n < p), representing
the precision to be reached.

e t: a parameter taking the values 1 or 2.

This function should compute z, the representative of x in
F(10,n,—20,420) by rounding z to the closest if ¢ = 1 or by chopping
if t = 2, and output:
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e mz: the mantissa of z displayed with a precision n.
Hint: First compute mz, then use num2str (my,n) to output mz in
the required format (the non-significant zeros of the fractional part
should be discarded).

e ez: the exponent of z

As a result, your function should also display z in normalized floating
point representation in F'(10,n, —20, +20).

4. Test each one of the 2 functions above for 3 different test cases and save
the results in a Word document.

Remark: Call for previous functions when needed.
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In this chapter we consider one of the most encountered problems in scientific
computing, which is the problem of computing the root or zero of a real-
valued function f of one variable. We focus on what we consider to be three
basic methods: the bisection, Newton’s and the secant methods. In short, any
of these methods compute a solution of a nonlinear equation starting from one
initial data, then adopting some iterative method that - under favorable
conditions - will converge to a zero of the function f.

To study other methods, we refer to other textbooks such as [1], [4] [7], [9],
[15], [21], [26] and [29].

2.1 Introduction

Let f be a real-valued function of a real variable admitting a specific
regularity on its domain D, i.e., let f be k-times continuously differentiable,
with k > 1 (f € C¥(D)). We seek to find the roots of this function f, defined
as follows:

Definition 2.1 The set R of roots of the function f(x) is defined as:
R={reR: f(r)=0}.

Given some computational tolerance €;,; = %101_””7 m = 1,2, ..., our objective
is to compute one or more roots of f, within such €. Specifically, for any
r € R, we seek an approximation r, to r, (r, & r), such that:

r—r
|T|“| < €tol- (2.1)

49
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(We say then, that r, approximates r up to m decimal places)

The search for a specific root of a function requires two steps.

1. Step 1: Locate the root, i.c., seck an interval (a,b), with O(|b—al) =
O(Jr]), such that:

f(z) € C([a,b]), (i-e., f(x) is at least continuous) (2.2)
r € (a,b) (2.3)

fla) x fb) <0 (2.4)

Vo e (a,b),x#r = f(x)#0 (2.5)

2. Step 2: Generate a sequential process leading to a sequence {r,},>0
the terms of which are in (a,b) for all values of n, and that converges to
r, i.e., satisfying:

rn € (a,b)¥Vn and lim 7, =r. (2.6)

n—oo

The generation of such a sequence is usually done through an iterative
procedure (or method) where r,, = g(rn—1,...,"n—g), k > 1.

We start by introducing some general properties verified by such methods.

Definition 2.2 A numerical method is said to be a one-step method in case
k =1, the initial state of the sequence being determined by the only choice of
ro; otherwise, it is a multi-step method of order k, and its initial state is
then determined by the choice of To, .., Tk—1-

The order of convergence of a method measures the rate at which the
sequence {r,} generated by the numerical process converges to the root r. It
is defined as follows:

Definition 2.3 Order of Convergence of a Method
A method is of order a > 0, if there exists a sequence of positive numbers
{tn}n>0, such that Vn > 1:

|r —rp| < tn, with ¢, < Cto_, (2.7)
Equivalently, in the special case where t, = |r — r,|:
|T - Tn| S C|T - Tn—lla (28)

The constants C' and « are independent from n, with C < 1 for n = 1.

If @ = 1 the convergence is said to be linear, while if o > 1 the convergence
is super-linear. In particular, if & = 2 the convergence of the method is
quadratic. (Note also that the greater « is, the faster is the method.)
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Definition 2.4 Global Convergence vs. Local Convergence

A method is said to be globally convergent if the generated sequence {r,},
converges to v for any choice of the initial state; otherwise it is locally con-
vergent.

When implemented, the process generating the elements of {r,} will be
stopped as soon as the 15! computed element r,, satisfies some predefined
“stopping criteria.”

Definition 2.5 Stopping Criteria
Given some tolerance €01, a standard stopping criterion is defined by the fol-
lowing relative estimates:

|Tn - Tn—l‘

|7 ]

|T7Lo _ Tno—1|

< €tol and
|7 |

> €101 if M < My. (2.9)

The “remainder” f(r,) can also be used to set a stopping criterion since
f(r) = limy, o0 f(rn) = 0. Thus, one may use a relative evaluation of the
remainder. Specifically, find the first element r,, of the sequence {r,} satis-

ine () 7))
o)l =™ )

| f(r0)]
Note also that by using the Mean-Value Theorem one has:

> €101 if M < ng. (2.10)

0=f(r)=f(ra) + (r —rn)f (cn), where ¢, =7 +0(r, —7), 0 € (0,1).

Thus if f’ is available (referring also to (2.9)), a more sophisticated stopping
criterion would be:

PAG] £ ()l
7o £ (7o) [Pno £ (7o)

In this chapter, we shall analyze successively three root finding iterative meth-
ods: the bisection method, Newton’s method and the secant method

< €401 and > €01 f 1 < . (2.11)

2.2 How to Locate the Roots of a Function

There are basically two approaches to locate the roots of a function f.
The first one seeks to analyze the behavior of f analytically or through
plotting its graph, while the second one transforms the problem of root finding
into an equivalent fixed point problem. We illustrate this concept on some
specific examples.
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FIGURE 2.1: Roots of e7* —sin(z), z > 0

Example 2.1 Locate the roots of the function f(x) =e™® — sin(x).

Analyzing the behavior of the function
A first analysis for z < 0 indicates, since the exponential e~ > 1 and sin(z) <
1, one concludes that f(z) > 0 for x < 0. Furthermore as f(0) = 1, this implies
that all the roots of the function lie in the interval (0, c0). For 2 > 0, we put
the problem in a fixed point problem.

For that purpose, we let g1 (x) = e~ and go(x) = sin(z). Solving the problem
f(r) = 0 can be made equivalent to solving the equation g1(r) = g2(r), in
which r becomes a “fixed-point” for ¢g; and go. Hence plotting these 2 functions
on the same graph, one concludes straightforwardly that g; and g intersect

at an infinite number of points with positive abscissa, that constitute the set
of all roots of f. This is shown in Figure 2.1

Example 2.2 Locate the roots of the  quadratic  polynomial
px) =2t —23 -z —1.

To use the fixed point method, let g;(z) = 2* — 2 and go(x) = 2 + 1. It
is easy to verify in this case that these 2 functions intersect twice, implying

consequently that f has 2 roots located respectively in the intervals (—1,0)
and (1,2) as indicated in Figure 2.2.
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FIGURE 2.2: Roots of p(z) = 2% — 23 -2 — 1

2.3 The Bisection Method

The bisection method is a procedure that repeatedly “halves” the
interval in which a root r has been located. This “halving” process is reiterated
until the desired accuracy is reached. Specifically, after locating the root in

(a, b) we proceed as follows:
e Compute r; = %t the midpoint of (a,b) and y = f(ry). If it happens
fortuitously that f(r;) = 0 then the root has been found, i.e., r = ry.
Otherwise y # 0 and 2 cases may occur:
— either y x f(a) < 0, implying that r € (a,r1)
— or y X f(a) > 0, in which case r € (r,b).

Let the initial interval (a,b) = (ao, bo)-
Either way, and as a consequence of this first halving of (ag,bp), one

obtains a new interval (a1,b1) = (ag,71) or (a1,b1) = (r1,bo), such that
one obviously has:

1
r € (a1,b1), with by —ay = §(b0 —ag) and |r —r] < (b —aq). (2.12)

e Evidently this process can be repeated, generating a sequence of intervals

{(an,bn)|n > 1} such that:

1
r € (an,by) with b, —a, = §(bn_1 —ap_1) (2.13)
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and a sequence of iterates {r,, |n > 1}, with r,, € (a,b) Vn, and where

1
Tn = i(anfl + bnfl) Wlth "I" - T‘n| S (bn - a’n)' (214)

e The process is achieved when the interval (a.,, b,,) is relatively small with
respect to the initial interval, specifically when the least value of n is

reached, for which:
b, — an,
bo —ag — €tol ( )

where €, is a given computational tolerance.

At the end of this process, the best estimate of the root r would be the last
computed value of 7, as in (2.14).
The bisection method is implemented through the following algorithm:

Algorithm 2.1 Bisection Method

function r=myBisection(f,a,b,tol,kmax)
% Inputs: £, a, b, kmax, tol
% kmax: maximum acceptable number of iterations; tol=0.5%10"(-p+1)
% S: stopping criteria = [length last (a,b)] / [length initial (a, b)]
% Outputs: r : sequence of midpoints converging to the root within tol.
fa=f(a);
% length of initial interval (a,b)
ab=abs (b-a) ;
% Initialize n and S
n=1;S=1;
while S>tol & n<kmax
r(n)=(a+b)/2;y=£f(r(n));
if y*fa<0
b=r(n);
elseif y*fa>0
a=r(n) ;fa=y;
elseif y*xfa=0
disp(‘r(n) is the root’ )
break
end
S=(abs(b-a)/ab);
n=n+1;
end
%If n>=kmax, reconsider the values allocated to the parameters: a, b, S, k
if n>=kmax
disp (‘error mno convergence’ );
else
n=n-1;
end
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The parameter kmax is used as a programming safeguard. This eliminates the
possibility of entering an infinite loop in case the sequence diverges, or also
when the program is incorrectly coded. If k exceeds kmax with % > tol,
the written algorithm would then signal an error.

Thus, (2.12), (2.13) and (2.14) lead to the following result.

Theorem 2.1 Under assumptions (2.2)-(2.5), the bisection algorithm gener-
ates 2 sequences {an}n>0 and {by}n>0 from which one “extracts” a sequence
of iterates {ry}n>1, with r, = a, or ry, = by, such that:

1. ap = a, bozb,
2. 17 € (an,by) with a, <r < by, ¥Yn>0,

3. The sequences {a,} and {b,} are respectively monotone increasing and
decreasing,

4. by, —a, = b’ﬁ% =22Yn > 1, and limy, 00 an, = limy, o0 by, =1,
5. r—ry| <bp—ap, Yn > 1.

Proof. 1. and 2. are obtained by construction.

To prove 3., given (an—1,bp—1) with € (ap—1, br—1), then by definition of the
method, r, = %(an_1 + by—1) will either be a, or b,. Therefore, in the case
the process is reiterated, this implies that either a,, = a,,_1 and b,, < b,,_1 or
ap > ap—1 and b, = b,_1 which proves the required result. (Note that neither
of these sequences can “stagnate.” For example, the existence of an ng such
that an, = an, Vn > ng, would imply that r» = a,,, i.e., the process is finite
and the root has been found after ng steps!)

4. follows from the “halving” procedure. It can be easily shown by induction,
that b, —a, = 62]“ and therefore lim,,_, », b, — a,, = 0, meaning that the se-
quences of lengths {(b, —ay)} of the intervals {(a,, b,)} converge to 0. Hence,
the sequences {a, } and {b,} have the same limit point 7.

Finally, to obtain 5., just note again that r, = a,, or by, with 7 € (a,,b,). R

A consequence of these properties is the linearity of the convergence and an
estimate on the minimum number of iterations needed to achieve a given
computational tolerance €;,;. Specifically, we have the following result.

Corollary 2.1 Under the assumptions of the previous theorem, one obtains
the following properties:

1. The bisection method converges linearly, in the sense of definition (2.3),
i.e.,

1
|r — rp| <t, = by — ay, with t, < itn_l

© 2014by Taylor & FrancisGroup,LLC



56 Introduction to Numerical Analysis and Scientific Computing

2. The minimum number of iterations needed to reach a tolerance of €;op =
0.5 x 10177 is given by

In(10)

In(2)

k=T[(p—-1) + 1

Proof. The first part of the corollary is a direct result from the previous the-
orem. As for the second part, it is achieved by noting that the method reaches
the desired accuracy, according to the selected stopping criteria, whenever n
reaches the value k such that:

b — ag, br—1 — ar—1 by —a1

< < 1<b0—a0
b—a = ol b—a T b—a 2 b—a

=1.  (2.16)

From equation (2.16) and since b’;)%i" = % V n > 0, we can estimate the

least number of iterations required (theoretically) to reach the relative
precision €, = %101_”, p being the number of significant decimal figures
fixed by the user. Such integer k satisfies then:

1
1—

1

2’CS

| —

Equivalently:
—kIn(2) < (1 —p)In(10) — In(2) < —(k — 1) In(2),
from which one concludes that:

kIn(2) > (p — 1) In(10) + In(2) > (k — 1) In(2),

leading to:
In(10)
k -1 1>k-1 2.1
> (p- Dy 1>k (2.18)
The integer k is computed then as:
In(10)
k= -1 1].
-1 + 1]
|
Note that such k is independent of @ and b, since it estimates the ratio b’;):i’“ ,a

measure of the relative reduction of the size of the interval (a, by) containing
r. Table 2.1 provides the estimated number of iterations k with respect to a
precision p required by the user. Obviously the method is slowly convergent!
Nevertheless, since at each step the length of the interval is reduced by a factor
of 2, it is advantageous to choose the initial interval as small as possible.

In applying the bisection method algorithm for the above 2 examples, one gets
the following results:
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Precision p | Iterations £
3 8
5 15
7 21
10 31
15 48

TABLE 2.1: Estimated number of iterations with respect to a requested
precision in the bisection method

Iteration Iterate
1 | 5.000000 101

10 | 5.888672 101
11 | 5.885009 10~!
12 | 5.886230 101
13 | 5.885010 107!
14 | 5.885620 101
15 | 5.885315 107!
16 | 5.885468 101
17 | 5.885391 107!
18 | 5.885353 101
19 | 5.885334 107!
20 | 5.885324 107!
21 | 5.885329 101

TABLE 2.2: Bisection iterates for the first root of f(z) = e™* — sin(x)
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I Iteration Iterate
1 | 1.500000 10°
2 | 2.250000 10°

10 | 1.620118 10°
11 | 1.618653 109
12 | 1.617921 10°
13| 1.618287 10°
14 | 1.618104 10°
15| 1.618013 10°
16 | 1.618059 109

TABLE 2.3: Bisection iterates for one root of f(z) = 2% — 23 — 2 —1

1. Let f(x) = e=® — sin(z). Results of bisection iterates in finding the
first root of f in the interval [0,1], with a tolerance e = 0.5 x 107> (6
significant figures rounded) are given in Table 2.2. The bisection method
took 20 iterations to reach a precision of 6. The 21st was needed to meet
the termination condition.

2. Let f(z) = 2* — 23 —x — 1. Search for the root of f in the interval [0, 3]
with € = 0.5 x 10~ (5 significant figures rounded). The results of the
bisection iterates are given in Table 2.3.

Table 2.4 illustrates the convergence of the sequence of intervals
{(an,bn)|ln = 1,2,...,10}, generated by the bisection method for the func-
tion f(z) = In(1 4+ z) — H%’ as proved in Theorem 2.1. Computations are
carried out up to 3 significant figures. To conclude, the bisection is a multi-
step method that, although conceptually clear and simple, has significant
drawbacks since, as theory and practice indicate, it is a slowly convergent
method. However it globally converges to the searched solution and can be
used as a starter to more efficient locally convergent methods, notably both
the Newton’s and secant methods.

2.4 Newton’s Method

Newton’s (or Newton-Raphson’s) method is one of the most power-
ful numerical methods for solving non-linear equations. It is also referred to
as the tangent method, as it consists in constructing a sequence of num-
bers {rp|rn, € (a,b)¥n > 1}, obtained by intersecting tangents to the curve
y = f(x) at the sequence of points {(r,_1, f(rn—1))|n > 1} with the X-Axis.
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G, bn Tn f(an) X f(bn)

0 1 0.5 +

0.5 1| 0.75 +

0.75 1] 0.875 -

0.75 | 0.875 | 0.813 -

0.75 | 0.813 | 0.782 -
0.75 | 0.782 | 0.766 -
0.75 | 0.766 | 0.758 +
0.758 | 0.766 | 0.762 +
0.762 | 0.766 | 0.764 -
0.762 | 0.764 | 0.763 +
0.763 | 0.764 | 0.763

=

—
SOOI UR WN - O

TABLE 2.4: Convergence of the intervals (ay,b,) to the positive root of
f@) =In(l+z) — =

Constructing such tangents and such sequences requires additional assump-
tions to (2.2)-(2.5) as derived hereafter.

To start, let g € (a,b) in which the root is located, and let My = (ro, f(r0))
be the point on the curve

{©ly = f(z), a <z < b}

Let also (7o) be the tangent to (C) at My with equation given by:

y = f'(ro)(x —ro) + f(ro)-

The intersection of (7o) with the X-Axis is obtained for y = 0 and is given by:

f(ro)
F(ro) (2.19)

To insure that 1 € (a, b), ro should be chosen “close enough” to r. Specifically,
since f(r) =0, (2.19) is equivalent to:

rn =To —

f(ro) — f(r)
7f’(7”0) (2.20)

Using Taylor’s expansion of f(r) about rg up to first order, one has:

M —Tr=7T9—T7T—

Fr) = f(ro)+f (To)(rfro)ﬂL%f” (co)(r—ro)?, co = ro+8o(r—rp), 0 < 6y < 1,
thus leading to:

f(r) = f(ro)
f(ro)

(r —10)?, withco € (a,b).
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Hence, imposing on f and on the interval (a,b) the following additional as-
sumptions:

f(x) € C(a,b),ie., f(x), f (z), f (x) are continuous on (a,b) (2.21)
f(x)#0Vz e (a,b) (2.22)

one concludes from (2.20):
Iry—r| = ;M(r—rof (2.23)

Based on these additional assumptions, we define also the positive constant:

C - 1 mMaXge(a,b) |f” (.’[7)|
2 minxe(a,b) ‘f,(.’L')|

(2.24)

which will then lead to:

lr — 71| < Clr —1o)? (2.25)
This gives a preliminary “closeness” result of r; with respect to the root r,
in terms of the “closeness” of ry, without however insuring yet the required
location of r1 in (a,b). In this view, letting now:

Io = {a||r — 2| < %}ﬂ(a,b) (2.26)
and selecting initially g in Iy, leads to the required result as shown hereafter.
Lemma 2.1 Ifrg € Iy as defined in (2.26), then r € Iy with

|r — 71| < |r— 10| (2.27)

Proof. Let e; = C|r —r;], i = 0, 1, where C verifies (2.24). Multiplying (2.25)
by C one obviously has:
e1 < eg

moreover, since ey < 1 and C > 0, the required result is reached. [ ]
Thus selecting rg € Iy and reaching ry satisfying (2.27), the process can be
continued beyond that step. In fact one generates a sequence of Newton’s
iterates {rp|n > 2} with r, € (a,b)Vn, given by a formula generalizing
(2.19). Specifically, one has:

f(rn)

Tn41 = Tn — f’(?" )7n_
n

(2.28)

with (r,41,0) being the intersection with the X-Axis of the tangent to the
curve (C) at the point (7, f(ry)), as indicated in Figure 2.3. Clearly, Newton’s
method is a one-step iteration r,1 = g(r,), with the iteration function g(z)

given by:
f(z)

f=)
We turn now to the analysis of the convergence of Newton’s method, i.e., the
convergence of Newton’s iterates {ry, }n>o-

g(z) =z — (2.29)
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FIGURE 2.3: Intersection with the X-Axis of the tangent to (C) at (1, f(rs))

Theorem 2.2 Let f(x) satisfy assumptions (2.2)-(2.5), in addition to (2.21)
and (2.22), then for ro € Iy, with C' as defined in (2.24), the sequence of
Newton’s iterates:

Tn+1=7“n—j:/(rn)7 n >0,
is such that:
1. rp, € Ip,Vn >0
2. limy, sootn =7
3. |r —rps1| < Clr —ru|?, meaning that Newton’s method is quadratic with
a=2.

Proof. The proof of this theorem follows from arguments used to obtain
Lemma 2.1. In fact, one derives as for (2.25) that:

eni1 < €2, ¥n>0. (2.30)

where e; = C|r — 7|, i =n,n+ 1.
Moreover, it can be easily proved by induction on n, that (2.30) in turn implies
that:

en < (e0)?" ¥V >1. (2.31)

As eg < 1 then r, € Iy with lim, .., e, = 0, proving parts 1 and 2 of the
lemma. In addition to these results, and as derived in (2.23) and (2.25), one
concludes that :

f (cn)]
oo

1
[Tt — 7| = 317 ()] (r—rp)? < Clr —r)?, (2.32)
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with ¢, = r, +6,(r—ry), 0 < 6, < 1. Referring to (2.8) that result obviously
implies that a = 2. [ |

Note also that inequality (2.31) allows obtaining an estimate on the mini-
mum number of iterations needed to reach a computational tolerance €;,; =
0.5 x 10'~P . Specifically, we prove now:

Corollary 2.2 Ifrg € Iy, the minimum number of iterations needed to reach

€01 = 0.5 x 101 7P is given by:

(p —1)In(10) + In(2)
| In(eo)|

Proof. Note that €;,; is reached whenever n = ng satisfies the following in-
equalities:

no = [In(1 + )/1n(2)].

m <0.5x 1017 < M

Vn < ng.
|r — ro| |r —rol’ ="

Since also [2=rzl = =, ¥n > 1, then from (2.31):

|r—ro| —

The sought for minimum number of iterations ng would thus verify:
(e0)?" 71 < 0.5 x 10177 < (e0)2" 7L, Vi < my.
Since ey < 1, this is equivalent to:

(p— 1) In(10) + In(2)
[ In(eo)|

20 > 1 + > 2", n < ng.

This leads to ng satifying:

In(1 + =D n00)+In(2),

[In(eo)]
> -1
"o = m(2) = o
and therefore:
(p—1)In(10) 4+ In(2)
ng = | In(1 + In(2)],
o= n( T/ @)
which is the desired result. [ |

To illustrate, assume ey = %, then it results from this lemma that:

In(10)
In(2)

Table 2.5 provides values of ng relative to a precision p. Thus, one can assert

no = [In(2+(p—1) )/ n(2)].
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Precision p | Iterations ng
7 4
10 5
16 6

TABLE 2.5: Estimate of the number of iterations as a function of the preci-
sion in Newton’s method

that Newton’s method is a locally and quadratically convergent method.
When a root r of a function f(x) is located in an interval (a, b), the first step is
to insure finding a sub-interval Iy C (a,b) containing r, in which |[r —ro| < &,
with the constant C given in (2.24).

A rule of thumb would be to select rqy after 1 or 2 applications of the bisection
method. Such a step would make sure the initial condition rg is close “enough”
to r.

In the following algorithm, the initial choice is being selected after one bisec-
tion iteration. Note that Newton’s method requires the availability of the first
derivative f'(x) of f(z). This is the “price” to pay in order to get a quadratic
convergence.

Algorithm 2.2 Newton’s Method

% Input f, df, a, b,Tol=0.5%10"(-p+1), kMAX
% Output: r is the sequence of approximations to the root up to Tol
% Find the first approximation by the Bisection rule
% The chosen stopping criteria is S=| r(n+1)-r(n) | / lr(n) |<= Tol
function r=myNewton(f,df,a,b,Tol,kmax)
r(1)=(atb)/2;n=1; S =1;
while S >Tol & n< nMAX
F=f(r(n)); DF=df(r(n));
r(n+1)=r(n)-F/DF;
S = abs[r(n+1)-r(n)]1/ absl[r(n)];
n=n+1;
end
if n>=kmax
disp (‘error mno convergence’ );
else
n=n-1;
end

The following example illustrates the general behavior of Newton’s method.

Example 2.3 Find the roots of f(z) = sin(z) — e~ in the interval (0,2),
using Newton’s method.
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0.5 /

0 0.5 1 15 2

FIGURE 2.4: Finding a root of f(z) = sin(z) —e™* using Newton’s method

Iteration | Iterate

0 1.75
1 1.8291987x 102
2 1.8206468 x 102
3 1.8221346x 102
4 1.8221237x102

TABLE 2.6: A case of a diverging Newton’s iteration

The graph of the function on that interval is shown in Figure 2.4.

Obviously, Newton’s method is not applicable when the initial choice of
the iteration r¢ is selected randomly in the interval (0,2). For example if rg
is chosen in the interval (1.5,2), the generated sequence {r,} may not fall
in the interval (0,2) and thus the method fails to converge, as is shown in
Table 2.6 resulting from the application of Newton’s algorithm with rq = 1.75.
Obviously, the convergence is taking place to a root that is not in the interval
(0,2). On the other hand, one application of the bisection method would start
the iteration with ro = 1, leading to an efficiently convergent process as shown
in Table 2.7. Obviously, about 4 iterations would provide 10 significant figures,
a fifth one leading to 16 figures, i.e., a more than double precision answer.
However, there are cases, as in the first example below, where the convergence
of the method is not affected by the choice of the initial condition, whereby
Newton’s method converges unconditionally.

Example 2.4 The Square Root Function
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Iteration | Iterate

1.0

4.785277889803116x 101
5.841570194114709%x 10~}
5.885251122073911x 10!
5.885327439585476x 10!
5.885327439818611x 101
5.885327439818611x 101

DU W= O

TABLE 2.7: A case of a converging Newton’s iteration

Using Newton’s method, we seek an approximation to r = y/a, where a > 0.
Clearly, such r is the unique positive root of f(z) = x? — a, with Newton’s
iterates satisfying the following identity:

f(ra) —

Tn+l = Th — f/(’l“ ) =
n

%(anL%), Vn >0 (2.33)

(It is easy to check graphically that the sequence converges to /a for any
initial choice of 79 > 0).
Based on the equation above:

1 a
Tp41 — T = 5(%—27“—}—5)

Equivalently, since a = r2 :

Tpyl — 7 = >0 (2.34)

The following results can therefore be deduced:
1.r,>r,Vn>1

2. The generated iterative sequence {r,} is a decreasing sequence, since:

) (A=)

n —Tn = — = - > 0
T G, 2r,

based on the property 1 above.

3. The sequence {r,} converges to the root of f, i.e., lim, o, r,, = r, since
rewriting (2.34) as:

Ty —T r
= 1
Tn+1 — T 9 ( Tn)
in turn by induction leads to:
1 1
Tt — T < 5(7“” —r) <. < 30D (ry—1)
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4. The convergence is notably quadratic, since from (2.34) and for all n > 0:

2
n — 1
u| < C|ry, —r|* where C = >

[Tn1 — 7] = | o, ’

As for IEEE standard notations, note that since
a=mx2° withl <m <2
then the square root function is such that:
Vi (mye) = (m',e’) with Va=m'x 2¢
The normalized mantissa and exponent of 1/a are computed as follows:
1. If e = 2k, then m' = /m with 1 <m/ < /2 < 2, and ¢ =k, i.e.,
Vi (mye=2k) = (m' = /m,e’ = k)
2. Ife=2k+1, then a = 2m x 22¢ and m/ = V2m with 1 < V2 < m’ < 2,
and e’ =k, i.e.,
Vi (mie=2k+1) = (m/ = v2m,e = k)
In either case, Newton’s iteration in binary mode may start with ro =1. =

The local character of convergence of Newton’s method is well illustrated
in the interesting case of the reciprocal function.

Example 2.5 The Reciprocal of a Positive Number

Assume a > 0. We seek an approximation to r = %, where r is the unique
positive root of f(z) = a — . Obviously, Newton’s iterations satisfy the
following identity:

Trt1 =Tn(2—ary), Yn>0 (2.35)

Choosing restrictively the initial condition ro € (0,2/a) leads to an iterative
sequence {r,} where:

Tni1 > 0, whenever r,, € (0,2/a) (2.36)

In such case, for all n > 1, it is left as an exercise to prove that:

(rn _T)Z

Lorppr —r=—"2

2. The generated sequence is an increasing sequence
3. The sequence {r,} converges to the root of f, i.e., lim, oo 7y =1

4. Convergence of the sequence is quadratic.
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Considering IEEE standard notations as for the square root function example,
if
a=mx2% withl <m<2

then the inverse function is such that:
1 /
inv : (m,e) — (m',e), with — =m’ x 2°
a
The normalized mantissa and exponent of 1/a are respectively:
m' =2/mand e =—e—1
since = = -L x 27¢ or more adequately:

1 2 2
- =" x21 with 1< =<2
a m m

2.5 The Secant Method

Recall that Newton’s iteration satisfies formula (2.28):

Tn4+l = Tn — JJ:,((::)) where f’(rn) = }1113% frn + h}i — f(ra)

One drawback of Newton’s method is the necessary availability of the deriva-
tive. In case such function is difficult to program, an alternative would be
to avoid the calculation of f’(r,), and replace it by the backward divided
difference approximation to the derivative:

frn) = f(rn-1)

"(rn) & [rn—1,mn] =
f(n) [n 1 n] o — o1

As indicated in Figure 2.5, obtaining 7,41 uses the secant to the curve y =
f(z) passing through the points (r,_1, f(rn—1)) and (ry, f(r,)), the equation
of which is: ) — £ )
Tn) — Tn—1
y=————""(@—=ra) + f(rn)

Tn —Thn-1

The intersection of this secant line with the X-Axis would provide the (n+1)-
iterate secant method formula:

f(rn) f(rn)(rn —rn-1)

Tp4l = Tn — o] =r, — ) — Frm 1) ,n>2 (2.37)

The secant method is a two-step method of the form 7,11 = g(rp,rn—1),
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FIGURE 2.5: Intersection with the X-Axis of the secant passing by the points
(Tna f(rn)) and (Tn—lv f(rn—l)) on (C)

its processing requiring selection of 7o and r;. Of course, if the method is
succeeding, the points r, will be approaching a zero of f, so f(r,) will be
converging to zero.

Practically, if a root r of the function f is located in the interval (a,b), one
would suggest applying twice the bisection method in order to implement
(2.37) as shown in the following algorithm.

Algorithm 2.3 Secant Method

% Input f, a, b,TOL, kMAX
% Find the first 2 approximations by the Bisection rule
function r=mySecant(f,a,b,TOL,kmax)
r(1)=(a+b)/2 ;
if f(a)*f(r(1)) <0
r(2)=(r(1)+a)/2 ;

else
r(2)=(b+r(1))/2 ;

end

k=2; S = 1;

while S >TOL & k<=kMAX
d=(f(r (k) -f(r(k-1))/r(k)-r(k-1));
r(k+1)=r(k)-f(r(k))/d;
S = abs (r(k+1)-r(k)]) abs (rk)) ;
k=k+1;

end

if n>=kmax
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disp (‘error mno convergence’ );
else

n=n-1;
end

The advantages of the secant method relative to the tangent method are that
(after the first step) only one function evaluation is required per step (in con-
trast to Newton’s iteration which requires two) and that it is almost as rapidly
convergent. It can be shown that under the same assumptions as those of
Theorem 2.2, the basic secant method is superlinear and has a local char-
acter of convergence.

Theorem 2.3 Under the hypothesis of Theorem 2.2 and for ro and r1 € Iy
(defined in (2.26)), then one has:

1. lim, soorpn =1,

2. There exists a sequence {t,|, n > 0} such that:

=

1+

= o] <ty with ty = O(tn—1)" and y = —

(2.38)

i.e the order of convergence of the secant method is the Golden
Number v ~ 1.618034 in the sense of (2.7).

Proof. Starting with the following identity (Theorem 4.5):

"

f(r)= f(rn)—l—[rn_l,rn](r—rn)—k%(r—m)(r—r”_l)f (¢); c=rp4+0(r—ry), 0< 0 <1

where f(r) = 0, one deduces:

frn) 1 ()
Tn [Tn—lg V"n] =r+ B (T Tn)(r Tn—l) [7"an7 rn]
Since [rn_1,7,] = f'(c1), then under the assumptions of Theorem 2.2, one
concludes that:
|r —rp| < Clr—rp_q]r —rp_2|, Yn >2 (2.39)

with C' as defined in (2.24). Again, let e; = C|r — ry|, i = n —2,n — 1, then
(2.39) is equivalent to:

en < €n_1.n_s, Vn > 2. (2.40)
With the assumption that the initial conditions rq, r; are selected so that:

0 = max(eg,e1) < 1 (2.41)
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one obviously concludes that e; < ege; < 62 and that ez < ejes < 6. Let
{fn|n > 0} be a Fibonacci sequence defined by:

fo=fi=1,fun=fo1+ fn2,n>2

It is well known that the solution of this second order difference equation is
given by:

1 1+v5,, 1-=v56 ., 1 1+V5
ﬁ(( 5 )= )*)—ﬁ(( 5

Let v = 1+T\/g be the Golden Number, then:

\/S — 1)n+1).

P (S

fn:

1 1
n+1 n+1
—=(" +(=2)
VB ( gl )
As n — o0, the first term of f, tends to +o0o while the second tends to 0 so
that f, = O(y"*1).
Based on the choice of rg and 71 in I, ey < 6/ and e; < §/1. By induction,
assuming that e;, < 7%, ¥k < n — 1, then using (2.40), one has:

fn:

en < en_16n_g < Ofm-1tfn—2 — 5fn yp > 9, (2.42)
As § < 1, this last inequality proves the first part of the theorem, i.e., that
lim e, = 0.
n—oo

As for the second part of the theorem, given that:

1 1
—rp| < = n<tn:*5f"7
|r —rp| < Oe c
then:
tn — C"Y_l(sfn_’)’fn—1.
A
Note that
1 1 1 2 1
fao= a1 = (" H ()T =" — (o)) = = (=o)L
\/5( ( 7) ( 7) ) \/3( 7)

Hence f,, — vfn—1 — 0 and therefore there exists a constant K such that:

tn S K(tnfl)’y'

To illustrate the secant method, we consider the following example.

—x

Example 2.6 Approzimate the root of f(x) = sin(x) — e
figures, in the interval (0, 2) using the secant method.

up to 10 decimal
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Iteration | Iterate

1.0
1.5000000000
0.21271008648
0.77325832517
0.61403684201
0.58643504642
0.58855440366
0.58853274398
0.58853274398

OO WO

TABLE 2.8: Application of the secant method for the first root of f(z) =
sin(z) —e™®

Results of this process are given in Table 2.8. Besides computing the initial
conditions, the secant method requires about 6 iterations to reach a precision
p = 10, that is 2 more than Newton’s method.

Comparisons between the convergence of both the Newton and secant methods
can be further made, using the inequalities (2.31) and (2.42), as e, = C|r—1r,|
satisfies respectively:

1. e, < 62" in Newton’s method and
2. e, < 6/ in the secant method.
with § = eg = C|r — rg|. Thus

|r — 7] _en

— —_< 62"’71
|r — 7ol ey
for Newton’s method and
|7"—Tn| :67HZ< (anil
|r — 70| eo

for the secant method.

In the same way that this was done for the preceding methods (Corollaries
2.1 and 2.2), one can also derive the minimum number of iterations needed
theoretically to reach requested precisions using the secant method. How-
ever, in this chapter, in order to confirm that Newton’s method is faster, we
will only consider for example the specific case of § = %, seeking the mini-
< 27P (i.e a precision p in a floating-point system

|r—7n]
[r—rol

F(2,p, Emin, Pmax))- Straightforwardly, it can be shown that such ng satisfies:

mum ng for which

2ngl) >1 Yp> 2n((’1)_1
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P ORI
10

24 (IEEE-single)
53 (IEEE-double)

O U |2
| 0| e

TABLE 2.9: Comparing Newton’s and secant methods for precisions p =
10, 24, 53
for Newton’s method and
fo 214p> fe
for the secant method. Comparisons of these estimates to p = 10, 24, 53 are

shown in Table 2.9. Thus although Newton’s method is faster, it takes at most
about 2 to 3 more iterations for the secant method to reach the same precision.
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2.6 Exercises
The Bisection Method

1. Locate all the roots of f, then approximate each one of them up to 3
decimal figures using the bisection method.

(a) f(z) =z —2sinx

(b) f(x) = 2% —2sinx

(c) f(z)=e®—a?+ 4z +3
(d) f(x) = 2% -5z — 22

2. Show that the following equations have infinitely many roots by graphi-
cal methods. Use the bisection method to determine the smallest positive
value up to 4 decimal figures.

(a) tanx = x

(b) sinx =e™*

(c) cosz=e""

() In(z +1) = tan(2z)

3. The following functions have a unique root in the interval [1,2]. Use
the Bisection method to approximate that root up to 4 decimal figures.
Compare the number of iterations used with the “theoretical” estimate.

(e) f(w)=2®—2%+3
(f) f(z) =e* —cosz
(8) f(x) = (1+$) P

4. The following functions have a unique root in the interval [0,1]. Use
the bisection method to approximate that root up to 5 decimal figures.
Compare the number of iterations needed to reach that precision with
the predictable “theoretical” value.

(a) f(z)=e* -3z
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(d) f(x) =cosz —=x

(e) f(z) =cosz—+/x

(f) f(z) =€ =32

(g) flx) =z —27"

(h) f(x) =2x+3cosz —e*

5. Prove that the function f(x) = In(1 — x) — e® has a unique negative
root. Use the bisection method to calculate the first four iterations.

6. Prove that the function f(x) = e* — 3z has a unique positive root. Use
the bisection method to calculate the first four iterations.

7. The bisection method generates a sequence of intervals {[ag, bo], [a1,b1], ...}

Prove or disprove the following estimates.

) |1 —an| < 2|r — by,
) |’I‘ - bn| < 2in(b0 - ao)
(c) Tpil = AntTn
(d) rp1 = bn;m
Newton’s and the Secant Methods

8. Use three iterations of Newton’s method to compute the root of the
function f(z) = e™® — cosx that is nearest to 7/2.

9. Use three iterations of Newton’s method to compute the root of the
function f(x) = 2° — 23 — 3 that is nearest to 1.

10. The polynomial p(z) = z* + 22% — 722 + 3 has 2 positive roots. Find
them by Newton’s method, correct to four significant figures.

11. Use Newton’s method to compute In 3 up to five decimal figures.
12. Approximate ++/e up to 7 decimal figures using Newton’s method.

13. Compute the first four iterations using Newton’s method to find the
negative root of the function f(x) =z —e/x.

14. Use Newton’s method to approximate the root of the following func-
tions up to 5 decimal figures, located in the interval [0, 1]. Compare the
number of iterations used to reach that precision with the predictable
“theoretical” value.

15. To approximate the reciprocal of 3, i.e., r = %7 using Newton’s method:
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(a) Define some appropriate non-polynomial function that leads to an
iterative formula not dividing by the iterate. Specify the restrictions
on the initial condition if there are any.

(b) Choose two different values for the initial condition to illustrate the
local character of convergence of the method.

16. Based on Newton’s method, approximate the reciprocal of the square

root of a positive number R, i.e., ﬁ, using first a polynomial func-
tion, and secondly a non polynomial function. Determine the necessary
restrictions on the initial conditions, if there are any.

17. To approximate the negative reciprocal of the square root of 7, i.e
r= ﬁ’ using Newton’s method:

(a) Define some appropriate non-polynomial function that leads to an
iterative formula not dividing by the iterate. Specify the restrictions
on the initial condition if there are any.

(b) Use Newton’s method to approximate r = =% up to 4 decimal

figures.

S|

18. Approximate v/2 up to 7 decimal figures using Newton’s method.

19. The number VR (R > 0) is a zero of the functions listed below. Based
on Newton’s method, determine the iterative formulae for each of the
functions that compute v/R. Specify any necessary restriction on the
choice of the initial condition, if there is any.

(a) a(z) =22 - R

(b) b(x) =1/2% —1/R
(¢) c(z) =z —R/x
(d) d(z) =1—- R/x?
(e) e(z)=1/x —x/R
(f) f@) =1-2°/R

20. Based on Newton’s method , determine an iterative sequence that con-
verges to m. Compute 7 up to 3 decimal figures.

21. Let f(z) = 2® — 5 + 3.

(a) Locate all the roots of f.

(b) Use successively the bisection and Newton’s methods to approxi-
mate the largest root of f correct to 3 decimal places.

22. To approximate the cubic root of a positive number a, ie., r = a%,
where 1 < a < 2, using Newton’s method:
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(a) Define some appropriate polynomial function f(z) with unique root
r = a3, then write the formula of Newton’s iterative sequence {ry, }.

(b) Assume that, for 1o = 2, the sequence {r,} is decreasing and sat-
isfies: a3 =7 < ... < Tt <Tp <Tpop <...<1rp <71p=2.
Prove then that: |r,41 — 7| < (r, —7)? for all n > 0.

Prove by recurrence that: |r —r,| < |r —ro|?", for all n >0

(d) Assuming |rg — r| < L. Estimate the least integer ng such that

2
[rng — 7| < (3)%

—~
o
~

23. Let p(z) = cox? + 12 + ¢y be a quadratic polynomial with one of its
roots r located in an interval (a,b), with:

! 2d
i >d d — < (b—a).
Jin, lp (z)] =2 d >0 an ol = (b—a)
Using Newton’s method with 7y sufficiently close to r:

(a) Show that if r, € (a,b) then |r,41 — 7] < Clrn — r|?
where C' = ‘iTQl.

(b) Let e, = C|r — ry|. Show that if ,, € (a,b) then e,11 < €2. Give
also the condition on |rg — 7| that makes ey < 1, and therefore
e, < 1 for all n.

¢) Assume |rg —r| = 5. Show by recurrence that e, < (eg)®"), then
2C
estimate the smallest value n, of n, so that:
— T‘ B
—r— <277
Iro — 7]

|rnp

24. Calculate an approximate value for 4%/ using 3 steps of the secant
method.

25. Use three iterations of the secant method to approximate the unique
root of f(x) = a3 — 2z + 2.

26. Show that the iterative formula for the secant method can also be written

x L= xn—lf(xn) - xnf(xn—l)
" F(@n) = flan-1)

Compare it with the standard formula. Which one is more appropriate
to use in the algorithm of the secant method?

27. Use the secant method to approximate the root of the following func-
tions up to 5 decimal figures, located in the interval [0, 1]. Compare the
number of iterations used to reach that precision with the number of
iterations obtained in exercise 14.
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2.7 Computer Projects

Exercise 1: Newton’s Method
The aim of this exercise is to approximate 7 by computing the root of f(z) =
sin(x) in the interval (3,4), based on Newton’s method. For that purpose:

1. Write two MATLAB functions:
function[sinx]=mysin(x,p)
function[cosx]=mycos(x,p)
With inputs:

e a variable x representing some angle in radians

e a precision p

Then using Taylor’s series expansion, these functions should compute re-
spectively the sin and cos of 2, up to a tolerance T'ol = 0.5%10(—?+1) and
output respectively the values of sin(z) or cos(z) in F(10, p, —20, 4+20).
Hint: First compute sin(z) and cos(z), then use num2str(. , p)

Note that: ,
sin(z) =r — % +

cos(z) :1—%?—1—

PS. Do not use the MATLAB built-in function for the factorials.
Test each of the functions above for x = 7/3,7/4 and 7/6 with p = 14
and save your results in a Word document.

2. Write a MATLAB
function [root,k]= myNewton(f,df,a,b,p,kmax)
That takes as inputs:
e a function f and its derivative df (as function handles)

e 2 real numbers a and b, where (a, b) is the interval locating the root
of f,
® a precision p
e a maximum number of iterations kmax
Then, based on Newton’s method, this function should output:
e root: the approximation to the root of f up to p decimal figures
Hint: first compute root, then use num2str(root , p)

e k: the number of iterations used to reach the required precision p,
whereas:
Tol = 0.5 x 1007+ ig the relative error to be reached when com-
puting the root.
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Test your function for 2 different functions f and save your results in a
word document.

3. Write a MATLAB
function [mypi, errpi, k]= mypiNewton(p, kmax)
That takes as inputs p and kmax as defined in the previous question.
Applying Newton’s method on the interval (3,4) and using the func-
tions mysin and mycos programmed in part 1, this function should out-
put:

e mypi: the approximation to 7 up to p decimal figures

e errpi: the absolute error |mypi — 7| where 7 is considered in double
precision

e k: the number of iterations used in Newton’s method to reach the
precision p

Hint: Note that after calling the functions myNewton, mysin, mycos,
their outputs should be converted back to numbers using the command
str2num(.)

Test this function for kmaz = 20 and successively for p = 2,3,7, 10, 15.
Save your numerical results in a Word document.

Exercise 2 : Newton’s Method on Polynomials

Let p = pp(2) = api12™ +ap,a™ 1+ ...+ a2z + a1, be a polynomial of degree n
and let a = [a1, ag, ..., an11] be the corresponding coefficients row vector. The
objective of this exercise is to approximate the roots of p included in some
interval [—int, +int], using Newton’s method. For this purpose, starting with
a set of equally-spaced points on [—int, +int|, given by the MATLAB instruction:

X = —int : incr: +int;

and selecting incr appropriately (incr=0.5 in this exercise), use the following
function:

function [S] = SignPoly(a,x)
N=length(a); m=length(x); S=[ 1;
for j=1:m

p=a(l);

for i=N-1:-1:1

p=p*x(j) + a(i);
end

S(j)=sign(p);
end

This function takes as inputs the vector a = [a1, ag, ..., an+1] of coefficients
of p, and the vector x, then computes p(z;) at all components of the vector z,
using nested polynomial evaluation. The required output is a vector S whose
components represent the signs of p(x;) Vi =1: length(z)
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1. Write a MATLAB
function [A,B]l=LocateRoots(a, x)
With the same inputs as SignPoly and outputs 2 vectors A and B of
equal length m < length(x), such that for each k, 1 < k < m, there
exists a root r of p, with A(k) <r < B(k) .
Hint: LocateRoots should call the function SignPoly.
A pseudo-code for LocateRoots is as follows.

A=[1;B=[1;

for k=1: length(x)-1
if S(k) * S(k+1) <0
J%then there exists a root r with a=x(k) < r < x(k+1)=b,
% where a and b are components of A and B respectively
end

end

2. Write a MATLAB
function R=PolyEvaluate(a,r)
That takes as inputs the vector a of coeflicients of p and a real number
r and computes the ratio R = 5,((7;)).

Hint: Use one “for loop” only and nested polynomial evaluation to com-

pute first the ratio R1 = -2
r.p'(r)

3. Write a MATLAB
function [roots]=PolyNewton(a,A,B,pr,kmax)
That takes as inputs the vectors a, A and B as introduced in parts 1
and 2, an integer pr representing some precision and kmax a maximum
number of iterations as a safeguard. Based on Newton’s method, this
function should output the vector “roots,” whose components are the
roots of p computed up to “pr” decimal figures.
Hint: Compute first the vector “roots,” then use the MATLAB function
num2str(roots, pr) to round all roots of p(.) up to pr decimals. (tol =
0.5 % 101=77).

4. Test each one of the 3 functions above on the following Hermite poly-
nomials of degree n > 3 and save the results in a separate document.
(Compare the computed roots with those listed in the table.)

Note the following properties of all Hermite polynomials:

e The roots are irrational numbers that are symmetric with respect
to the origin.

e The value “zero” is a root of all odd orders Hermite polynomials.

e To obtain higher order Hermite polynomials, use the relation:

Hy,y1(x) =2xH,(x) — 2nH,_1(x)
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n | Hy(x) Approximate
non-negative roots
0|1
1|2z 0
2 | 422 -2 0.707
3 | 823 — 12z 0; 1.224
4 | 162* — 4822 + 12 0.524 ; 1.650
5 | 322° — 16023 + 120« 0; 0.958 ;2.020
6 | 642° — 4802t + 7202 — 120 0.436 ; 1.335 ; 2.350
7 | 12827 — 1344x® + 336023 — 1680z 0; 0.816 ; 1.673; 2.651
8 | 2562% — 3584x° + 134402 — 1344022 + 1680 0.381; 1.157 ; 1.9812.930
9 [ 51227 — 921627 + 48384x° — 80640z° + 30240x | 0 ; 0.723 ; 1.468 ; 2.266 ;:
10 | 102421 — 2304028 + 1612802° — 40320021 0.342 ; 1.036 ; 1.756 ;2.532
+30240022 — 30240

Exercise 3 : Testing the Order of Convergence of Root-Finding
methods
The order of convergence of a “root finding” method is «, if:

|rn, — 7| = Cplrp—1 —r|* for n > 2

the constants C,, being bounded. To experiment numerically the value of «,
the above equality is transformed to

In|r, —rl~InC, +aln|r,_; —r|
Letting A,, = In|r,, —r| and C;, = InC,, then

An ~ Cl,n + aAnfl

Equivalently:
An ~ Cl,n +a
An—l An—l
Since lim, o0 [rn, — 7| = 0, then lim, o 4, = —o0, implying that for “rela-
tively large” values of n
Ay,
oy = ~
" An—l
meaning that the sequence {a, = AAj 1} provides an approximation to «,

with the values of «,, obtained through this numerical process oscillating
about the theroetical value of a.

(Note that respectively for the secant, bisection and Newton’s methods, o =
1.6, 1 and 2.)

1. Write a MATLAB
function [k,R, AbsErr,alphan]=SecantConverge(f,a,b,Tol,Kmax,r)
That takes as inputs:
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e a function f having a known root r, located in some interval (a,b)

e a tolerance Tol = %101’p that is the relative error bound, with
p=5

e the maximum number kmax of iterations to be used
and returns:

e the number k of iterations needed to reach the precision p

e a column vector R whose components are the successive iterates
{rn} approximating the root of f(.) by the secant method.

e a column vector AbsErr= |R — r| whose components are the abso-
lute errors |r,, — 7|

In |(rn—7)|

e a column vector alphan, whose components are o, = (=]
-

2. Write a MATLAB
function[k,R,AbsErr,alphan]=BisectConverge(f,a,b,Tol,Kmax,r)
Which inputs and outputs are similar to those defined for the secant
method in part 1.

3. Write a MATLAB
function [k,R,AbsErr,alphan]=NewtonConverge(f,df,a,b,Tol,Kmax,r)
Which inputs and outputs are similar to those defined in part 1. (df is
the derivative function of £.)

4. Test each of the 3 functions above for 2 different test cases and display
your results in a table of the form:

R(n) AbsErr (n) alphan(n)

5. Use the MATLAB plot function for plotting alphan(n) as a function n
(the n'” iteration). Plot also on the same graph (with a different color),
a horizontal line representing the theoretical value .
Save your numerical results obtained in part 3 and your graphs in a
Word document.
Suggested interesting functions:

(a) f(z) =Ilnz — 1, whose root is the irrational number e
(b

(c
(d
(e

f(z): Polynomial functions of degree >= 4
Approximate square or cubic roots

Approximate reciprocals of square or cubic roots

)
)
)
)

f(x) = 22 — 2 — 1, whose positive root is the “golden number”
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Chapter 3

Solving Systems of Linear Equations
by Gaussian Elimination

3.1 Mathematical Preliminaries ...............cco i,
3.2 Computer Storage and Data Structures for Matrices

3.3 Back Substitution for Upper Triangular Systems ........................
3.4 Gauss Reduction ...
3.4.1 Naive Gauss Elimination ................coiiiiiiiiiiiiiiin...
3.4.2 Partial Pivoting Strategies: Unscaled (Simple) and Scaled Partial
Pivoting ...
3.5 LU Decomposition ..........c.oiuiiiiiiiii i
3.5.1 Computing the Determinant of a Matrix .........................
3.5.2  Computing the Inverse of A ...... ... . ...
3.5.3 Solving Linear Systems Using LU Factorization

3.6 Exercises .............oiiiiiiiiiie
3.7 Computer Projects

3.1 Mathematical Preliminaries

This chapter assumes basic knowledge of linear algebra, in particular FEle-
mentary Matriz Algebra as one can find these notions in a multitude of text-
books such as [32]. Thus, we consider the problem of computing the solution
of a system of n linear equations in n unknowns. The scalar form of that

system is as follows:

a11x1 +ai2x2 +... +... Fa1pTn = b1

as1T1 +asexs  +... +... “daspx, = b
(S) e e e . e

ap1x1  +apors +... +... +apnx, =b,

Written in matrix form, (S) is equivalent to:

Az = b, (3.1)

where the coefficient square matrix A € R™", and the column vectors x,b €

R™! >~ R™, Specifically,

ai1 ai2 A1n,
A= a1 a2 e e Qop
an1 QAp2 ... ... Qpnp
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T b1
T = 2 and b = b2
Tn by,

We assume that the basic linear algebra property for systems of linear equa-
tions like (3.1) are satisfied. Specifically:

Proposition 3.1 The following statements are equivalent:
1. System (3.1) has a unique solution.
2. det(A) #0.
3. A is invertible.

Our objective is to present the basic ideas of a linear system solver which
consists of two main procedures allowing to solve (3.1) with the least number
of floating point arithmetic operations (flops).

1. The first, referred to as Gauss elimination (or reduction) reduces
(3.1) into an equivalent system of linear equations, which matrix is up-
per triangular. Specifically one shows in section 4 that

Ar =b<=Uzx = ¢,

where ¢ € R™ and U € R™" is given by:

U1 U122 ... Uln
0 U922 U2n
U g
0 0 voo Un—1mn—1 Un—1mn
0 0o .. 0 Unn,

Thus, u;; = 0 for ¢ > j. Consequently, one observes that A is invertible
if and only if

H?Zlui,‘ = UI1U22...Upn 7’5 O, i.e., Ui 7é 0 Vi.
2. The second procedure consists in solving by back substitution the
upper triangular system

Uz =c. (3.2)

A picture that describes the two steps of the linear solver is:

Input A,b — | Gauss Reduction |— Output U, ¢ — | Back Substitution | - Output 2
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kln=2 N=nx(n+1) ~in Megabytes
IEEE single precision | IEEE double precision
3 8 72 2.7x 1071 5.5 x 10~%
6 64 4160 1.6 x 1072 3.2x 1072
8 256 65792 0.25 0.5
10| 1024 1049600 4 8

TABLE 3.1: Computer memory requirements for matrix storage

Our plan in this chapter is as follows. We start in Section 3.2 by discussing
issues related to computer storage. This is followed in Section 3.3 by discussing
the back substitution procedure that solves upper triangular systems, such as
(3.2). Finally in Section 3.4 we present various versions of Gauss reduction,
the simplest of which is Naive Gaussian elimination.

Extensive details regarding Numerical Solutions of Linear Equations can be
found at a basic level in [31] and at a higher level in [16].

3.2 Computer Storage and Data Structures for Matrices

The data storage for A and b is through one data structure: the aug-
mented matrix AG € R™"*! given by:

a1 ai2 cee e Q1p b1

a a U b
AG _ 21 22 2n 2

Apl Ap2 oo oo Qpp bp

We generally assume that the matrix A is a full matrix, that is, “most of its
elements are non-zero.” Storing the augmented matrix AG for a full matrix
in its standard form, would then require N = n x (n + 1) words of computer
memory. If one uses single precision, 4N bytes would be necessary, while using
double precision would necessitate 8N bytes for that storage.

For instance, when the matrix size is n = 2*, the computer memory for double
precision computation should exceed N = 8 x 2F(2F 4 1) ~ O(22#+3) bytes.
Table 3.1 illustrates some magnitudes of memory requirements.

Practically, computer storage is usually one-dimensional. As a result, matrix
elements are either stored column-wise (as in MATLAB), or row-wise. In the
case where the elements of the augmented matrix AG are contiguously stored
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by columns, this storage would obey the following sequential pattern:

|ai11ag1 ...an1 | ara..cana | .| @1n oo @ppn| b1ba ..., by |
—_—— ———— —_———— —— —

column 1 column 2 column n column n+1

while if stored by rows, the storage pattern for the augmented matrix elements
becomes:

‘ a11 A12 ... A1p b1 | az1 ... A2n b2 | | anl - Apn bn |

line 1 line 2 line n

Once Gauss reduction has been applied to the original system Ax = b, the
resulting upper triangular system Uz = ¢ would necessitate the storage of the
upper triangular matrix U and the right hand side vector c¢. Obviously, the
augmented matrix for this system is given by:

U1 U2 Uln C1
0 U292 U (&)

UG = "
0 e e 0 Upn cp

Since by default, the lower part of the matrix U consists of zeros, this part
of the storage shall not be waisted but used for other purposes, particularly
that of storing the multiplying factors, which are essential parameters to
carry out Gauss elimination procedure. Hence, at this stage we may consider
the data structure UG whether stored by rows or by columns as consisting of
the elements of U and ¢ and unused storage space:

U1 U2 ... Uln C1

unused | us2 ... .. Us Co
UG = "
unused v . |unused| Upn cCn

We turn now to the back substitution procedure.

3.3 Back Substitution for Upper Triangular Systems

Although this procedure comes after the completion of the Gauss reduction
step, we shall deal with it from the start. It indeed provides the importance
of this global approach.

Considering (3.2) in its scalar form, with all diagonal elements wu;; # 0, gives:
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Uil ul2 ... Uln I C1
0 U292 ... U2n, xT9 Co
0 0 coo Up—1n—1 Un—1n Tn—1 Cp—1
0 0o .. 0 Unn Ty Cn

Solving this system by the back substitution procedure reduces such pro-
cedure to solving n equations, each one in one unknown only.

We give two versions of the back substitution process: the first one is col-
umn oriented, while the second one is row oriented. We then evaluate and
compare the computational complexity of each version.

1. Column-version: The two main steps are as follows:

(a) Starting with j = n : —1 : 1, solve the last equation for z;, where
T = ¢/ uj,j-

(b) In all rows above, that is from row ¢ = 1 : (j — 1), compute the new
right hand side vector that results by “shifting” the last column of
the matrix (terms in x;) to the right hand side. For example when
Jj = n, the new system to solve at this step is as follows:

Uir U2 .o . Ul,n—1 T C1 — UinTn
0 U22  .ev e U2 n—1 ) o Co — UanTn
0 0 .. 0 Un—1,n—1 Tn—1 Cn—1 — Un—-1,nTn

This process is repeated till the first row is reached, where:

U111 = C1 — U1 nTp — ULl n—-1Tn—-1 — ... — U12T2
leading thus to x1 = (€1 — U1 T — UL —1Tp—1 — ... — U12T2)/U11-
The corresponding algorithm is implemented as follows:

Algorithm 3.1 Column Back Substitution

function x = ColBackSubstitution(U,c)

% Input: U an upper-triangular invertible matrix, and
h c a column vector

% Output: solution vector x of system Ux = c

% Storage is column oriented

n=length(c) ;

for j=n:-1:1
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x($)=c(1) /U, §);
for i=1: j-1
c(i)=c(i) - U(i,]j) * x(J);
end
end

The number of floating point operations used in this algorithm is n?2,

and is computed as follows:

e For every j,(j =1 :n): 1 division is needed to compute z(j) adding
up therefore to a total of n flops.

e For every j,(j =1:n) and for every i, (¢ = 1: j — 1), to compute
each modified right hand side term c¢(¢): 1 addition + 1 multiplica-
tion are used, that sum up to a total of:

zn:]z_p = Zn:2[(j —1)—1+1=2(142+4..4+(n—1)) =n(n—1)

As for the 2nd version, the rows are successively and completely solved
for one unknown, starting with the last one (i = n).

2. Row-version:

Algorithm 3.2 Row Back Substitution

% Input and Output as in "ColBackSubstitution" above
% Storage is row oriented
function x = RowBackSubstitution(U,c)
n=length(c);
x(n)=c(n)/U(n,n);
for i=n-1:-1:1
for j=i+l:n
c(i)=c(1)-U(1,3) * x(j);
end
x(1)=c(i)/U(i,1);
end

It is easy to verify in that case that the total number of flops used remains
equal to n? .
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3.4 Gauss Reduction

Our starting point is to assume “ideal mathematical conditions” allowing
one to carry the reduction without any safeguard. Before setting formally
these assumptions, we work out the following example:

Example 3.1 Consider the reduction of the following system into upper tri-
angular form :

X1 —ry +2r3 x4 =1

3r1 +2x9 +x3 4414 =1 (3 3)
5ZE1 &EQ +6£E3 +3£C4 =1 ’
4r1 +2z9 +dx3 4314 = -1

The corresponding augmented matrix being:

-1

= Ot W o=
N GO DN
UL =N
W W =
=

-1

We proceed by applying successively 3 Gauss reductions. In each one of these,
the following linear algebra elementary operation is being used: at the
k" reduction, k =1,2,3, and for i = k + 1,...,4

(New) Equ i « (Previous) Equ ¢ — (multiplier) x Pivot Equ k (3.4)
More explicitly:

1. Reduction 1. The pivot equation is the first equation (k = 1), the
pivot element is a;; = 1. The respective multipliers for i successively
2,3,4 are {#4£ = 3,5,4}. Thus, performing (3.4) repeatedly:

ail

Equation 2 +— Equation 2 — 3 x Pivot Equation 1,

Equation 3 <~ Equation 3 — 5 x Pivot Equation 1,

Equation 4 +— Equation 4 — 4 x Pivot Equation 1,

At this stage, the modified augmented matrix is:

-1 2 1 1
5 -5 1 =2
13 -4 -2 —4
6 -3 -1 -5

o O o
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In order not to waste the implicitly zero storage locations, we use them to
place the multipliers of the first reduction. Hence, at the accomplishment
of reduction 1, the augmented matrix takes the form:

1 -1 2 1 1
5 -5 1 -2
13 -4 -2 —4
6 -3 -1 -5
with the understanding that “boxed” elements are the corresponding
multipliers.

2. Reduction 2. Perform repeatedly operation (3.4) with the second

pivot equation (k = 2), the pivot element being here ass = 5, and

i successively 3,4. The multipliers are respectively {% = %, g .

13
Equation 3 + Equation 3 — = x Equation 2,

6
Equation 4 < Equation 4 — 5 X Equation 2,
The second reduction yields the following augmented matrix:

1 -1 2 1 1
0 5 -5 1 —2
0 0 9 -23/5 6/5
0 0 3 -—11/5 —13/5

Adding the multipliers of the second reduction, the contents of the aug-
mented matrix updated data structure are as follows:

1 -1 2 1 1
5 -5 1 —2
9 -23/5 6/5
3 —11/5 —13/5

Finally, we come to the last reduction.

3. Reduction 3. Perform operation (3.4) with the third pivot equation
(k = 3), the pivot element being ass = 9, and the sole multiplier being
{3 = 1}, for i = 4. Specifically:

1
Equation 4 <~ Equation 4 — 3 x Equation 3,

yields the augmented matrix:

1 -1 2 1 1
0 5 -5 1 =2
0 0 9 —23/5 6/5
0 0 0 -2/3 -3
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Placing the multipliers, the updated augmented matrix is then:

1 -1 2 1 1
5 -5 1 -2
9  -23/5 6/5

g5

The back substitution applied on the upper triangular system yields:
(r1 = —217/30, 20 = 17/15, 25 = 73/30, 24 = 9/2)

We may now discuss the assumptions leading to the naive Gauss elimination.

3.4.1 Naive Gauss Elimination

The adjective naive applies because this form is the simplest form of
Gaussian elimination. It is not usually suitable for automatic computation
unless essential modifications are made. We give first the condition that allows
theoretically the procedure to work out successfully.

Definition 3.1 A square matriz A, has the principal minor property, if
all its principal sub-matrices A;, i = 1,...,n are invertible, where

ai; aiz ... ... Q14
a a R ¢ o7
Az _ 21 22 21
a;l a;2 (077

If a matrix A verifies Definition 3.1, the pivot element at each reduction is
well defined and is located on the main diagonal. Thus, Vb € R™!, the follow-
ing algorithms can be applied on the augmented matrix [A|b]. The first one
assumes that the matrix A is stored column-wise.

Algorithm 3.3 Column Naive Gauss

% The algorithm is column oriented

% The matrix A is assumed to have the principal minor property

% At reduction k, the kth equation is the pivot equation, A(k,k)

% is the pivot element, and equations 1,..,k remained unchanged

function[U, c]=NaiveGauss(A,b)

n=length(b) ;

for k=1:n-1

% Get the pivot element and the multipliers proceeding by columns
piv=A(k,k);
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for i=k+1:n
A(i,k)=A(i,k)/piv;

end
% Modify the body of matrix A proceeding by columns
for j=k+l:n

for i=k+1l:n
A(i,j)=A(1,j)-A,k)*A(k,j);
end
end
% Modify the right hand side b
for i=k+1:n
b(i)=b(i)-A(i,k)*b(k);
end
end
% Extract c and U proceeding by columns
c=b;
U=triu(A);

The flop count for this algorithm can be easily evaluated:

1. To find the multipliers:

221*2”*’“1+2+ 4+ (n-1)= n(n 1)divisions

k=1i1=k+1

2. To modify the body of the matrix:

5 > =YY 2k —2zn— 1227 (1)
k=1 j=k+ +1 k=1 j=k+1

operations.

_ n(n—1)(2n—1)
=2 [tz

3. To modify the right hand side vector:

ni i ni 2[1+2+4...+(n-1)] = 2{71(712—1)} operations
k=11i=k k=1

In terms of flops, these would total to:

nn—1) n(n—-1)2n—-1)

nin—1) 2n3
_|_ R —— R
2 3

—(T+4n) = O(=

+nn—-1)= )-

The next version requires the same number of flops but is row oriented.
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Algorithm 3.4 Row Naive Gauss

% The algorithm is row oriented
% The matrix A is assumed to have the principal minor property
% At reduction k, the kth equation is the pivot equation and A(k,k)
% is the pivot element, and equations 1,..,k remained unchanged
function[c,U]=naiveGauss(A,b)
n=length(b) ;
for k=1:n-1
% Get the pivot element

piv=A(k,k);
% Proceed by row: get the multiplier for equation i

for i=k+1:n

A(i,k)=A(i,k)/piv;
% and modify its remaining coefficients, then its right hand side
for j=k+1:n
A(i,j)=A(1,j)-A,k)*A(k,j);
end

b(i)=b(i)-A(i,k)*b(k);

end
end
% Extract ¢ and U
c=b;
U=triu(Ad);

The above 2 versions, that are the simplest expressions of Gaussian elimi-
nation, do not take into account the eventual sensitivity of the system to
propagate round-off errors.

3.4.2 Partial Pivoting Strategies: Unscaled (Simple) and
Scaled Partial Pivoting

When computing in floating point systems F, there are several situations
where the application of the naive Gaussian elimination algorithms fails al-
though the matrix A may verify the principal minor property.

As an illustration consider first the case where the pivot element is relatively
small in F. This would lead to large multipliers that worsen the round-off
errors, as shown in the following example.

Example 3.2 Consider the following 2 x 2 system of equations, where € is a
small non-zero number:

{ €x]+ 20 =2 (35)

3r14+x2=1
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The exact solution to this problem in R is z1 ~ 5! and x5 ~ 2.
Naive Gauss elimination where the pivot is € leads to:

€ex1+x0=1
(1-2)zy,=1-¢

and the back substitution procedure would give:

_ 1-6/€
T2 = —3/e
Tl = —T2

€

o

If these calculations are performed in a floating point system F, as 1/¢ is large,
then
1-68
{1
€

The computed solutions in that case are incorrect, with:

Q

6
5

r9 ~ 2 and z1 ~ 0.

However, if we perform a permutation of the equations before the reduction
process, then the equivalent system becomes:

3$1+£L'2:1
€x]+x0 =2

Carried out, naive Gauss reduction would lead to:

{ 3:171+I‘2:1
(1—%)%2:2—5

Back substitution in this case would clearly give: o ~ 2 and 21 ~ —1/3. =

This example leads us to conclude that some type of strategy is essential for
selecting new pivot equations and new pivots at each Gaussian reduction.
Theoretically complete pivoting would be the best approach. This process
requires at each stage, first searching over all entries of adequate submatrices
- in all rows and all columns - for the largest entry in absolute value and
then permuting rows and columns to move that entry into the required pivot
position. This would be quite expensive as a great amount of searching and
data movement would be involved. However, scanning just the first column in
the submatrix at each reduction and selecting as pivot the greatest absolute
value entry accomplishes our goal, thus avoiding too small or zero pivots.
This is unscaled (or simple) partial pivoting. It would solve the posed
problem, but compared to Complete Pivoting strategy, it does not involve an
examination of the entries in the rows of the matrix.

Moreover, rather than interchanging rows through the partial pivoting proce-
dure, that is to avoid the data movement, we use an indexing array. Thus,
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the order in which the equations are used is denoted by the row vector I'V
called the index vector. At first, IV is set to [1,2,...,n], then at each reduc-
tion, if there would be a permutation in the rows, it is performed only on IV
which acts as a vector of pointers to the memory location of the rows. In fact,
at each reduction, IV =[iy, i, ..., i,] which is a permutation of the initial vector
IV. This definitely eliminates the time consuming and unnecessary process of
moving around the coefficients of equations in the computer memory.

We formalize now the unscaled partial pivoting procedure.

1. Gaussian Elimination with Unscaled Partial Pivoting
This strategy consists in first finding at reduction k, the “best” pivot
equation. This is achieved by identifying the maximum absolute value
element in the k** column, located in some row ranging from the k"
row to the last. More explicitly:
- At reduction k =1 , seek iy in the set {1,2,...,n} such that:

|ai, 1| = max. lai1| = max {|ai1|, [az1], ..., [an1[}
then perform a permutation of row 1 and row 41 in IV only. Row #; is the
first pivot equation, and a;1 1 is the pivot element. We write IV ([1,41]) =
IV ([i1,1]), meaning that at this stage,

IV = [il, ceey 1, ,n] = [il,ig, ceey Zn]
- At reduction k, seek i in {IV(k),...,IV(n)}, such that:

ai, k| = max a;x] = max{|a ,la -
| k| Iv(k)gigv(n)| ik| {larv) .kl 1arv ey kls - larvm) el
repositioning i in IV will set iy, = ix + (K — 1), so that row IV (ix) is
the pivot equation and ajy (k) is the pivot element. Perform then a
permutation of rows IV (k) and IV (ix)) in the last IV. Therefore one
writes:

IV ([k,ix)) = IV ([ix, k])

As such, in case of effective row permutation, the Naive Gauss Elimina-
tion algorithm is modified as follows:

% The algorithm is column oriented
% At reduction k, a search is made in the kth column (in rows k to n)
% to find the maximum absolute value column element (p=max)
n=length(b);
for k=1:n-1

[p,ik]=max(abs(A(k:n,k)));

% Permutation of rows k and ik is then performed

A(lk ik])=A([ik k1);

piv=A(k,k);
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If an index vector is referred to, the algorithm proceeds as follows.

Algorithm 3.5 Column Unscaled Partial Pivoting Gauss

function[U,c]=PartialPivotingGauss(A,b)
% An index vector is used to keep track of the location of the rows
n=length(b);
IV=1:n
%At reduction k, find the absolute value maximum column element
%and its position in IV starting from kth component
for k=1:n-1
[p, ikl=max(abs(A(IV(k:n),k));
% find the position of ik in last IV
ik=ik + k - 1 ;
% Permutation of rows k and ik is then performed through IV
IV([k ik1)=IV([ik k1);
% Identify the pivots
piv=A(IV(k),k);
% Find the multipliers
for i=k+1l:n
A(IV() ,k)=A(IV(i) ,k) /piv;
end
% Modify the body of matrix A and right hand side b
for j=k+1:n
for i=k+1:n
A(IV(i),j)=A(IV(i),3j)-ACIV(i),k)*A(IV(k),j);
end
end
for i=k+l:n
b(IV(i))=b(IV(i))-A(IV(i),k)*b(IV(k));
end
%Extract U,c
c=b(IV);
U=triu(A(IV,:));

Example 3.3 Solve the following system using unscaled partial pivoting
Gaussian reduction.

3z —13z2 4+9z3 434 =-19
—6x1 +4xo +x3 —18xy = -34 (3 6)
6x1 —2x9  42x3 4414 =16 ’

121‘1 —81‘2 +6$3 +101‘4 =26

We first initialize the index vector of the system:

[(TV]1 2 3 4]
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The augmented matrix for the system above is:

3 =13 9 3 -19
-6 4 1 —-18 -34
6 -2 2 4 16
12 -8 6 10 26

(a) Reduction 1 Seek the pivot equation:
max{3,| — 6],6,12} = 12.

First occurrence of the maximum is at the fourth position, i.e., at
IV (4)=4 (meaning that at this stage, the fourth component of IV
is equation 4). So, one needs to perform the permutation of rows 1
and 4 through the index vector IV, the pivot equation becoming
effectively equation 4 and the pivot element being 12. Updating the
index vector, computing the multipliers ary;y,1/12, i = 2,3,4 and
simultaneouslly modifying the body of matrix and right hand side
leads to:

[TV]4 2 3 1]

~11 15/2 1/2 —51/2
0 4 -13 -21
2 -1 -1 3

2 -8 6 10 26

(b) Reduction 2 Similarly, one starts with a search for the pivot equa-
tion:

IV(2),II?/E(1§(),IV(4) {|a1v(2),2|, |aIV(3),2> |CLIV(4),2\}

= max {| — 11],0,2} = 11
The maximum 11 occurs at IV (4) = 1. Hence we perform the per-
mutation of Equations IV (2) = 2 and IV(4) = 1. Thus, the pivot
equation is row 1 and the pivot element is —11. Computing the
multipliers and proceeding into the modifications of the remaining
part of the augmented matrix leads to the following profile of the
index vector and of the matrix data:

[ IV ][4 1 3 2]

11 15/2  1/2  —51)2
[0] 4 ~13 —21
4/11 —10/11 —18/11

12 -8 6 10 26
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(¢) Reduction 3 In this last stage, seek the pivot equation:

= 4,4/11} = 4.
Ivg)lf%[@@) {larv) sl larv () st = max{4,4/11}
The maximum 4 occurs at IV (4) = 2. Hence we perform the permu-
tation of Equations IV (4) = 2 and IV (3) = 3. It is easily verified
at the end of the process the contents of the data structure are as
follows:

[ IV ][4 1 2 3]

1/4]  —11  15/2 1/2 —51/2
-1/2| [o] 4 -13 -21
(/2] [-2/1] |11 31 3/m
12 —8 6 10 26

Obviously, back substitution yields:
Ty = 1,:1;‘3 = —271'2 = 171'1 =3

Consider now the special case of a system of equations where the co-
efficients in a same row have a relatively large variation in magnitude.
Gaussian elimination with simple partial pivoting is not sufficient and
could lead to incorrect solutions as shown in the following example.

Example 3.4 Consider the following 2 x 2 system of equations, where
C is a large positive number.

{ 31+ Cxy =C (3.7)

1+ 10 =3

The exact solution to this problem in R is 27 ~ 2 and x5 ~ 1.
Applying the simple partial pivoting Gauss elimination, and since

max{3,1} =3

the first row is the pivot equation, the pivot is 3 and the sole multiplier
is % This leads to:

321+ Cxo =C
( —%C)xgz —%C

where the back substitution procedure gives:
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If these calculation are performed in a floating point system F with finite
fixed precision, and since C' is large, then

3-lor-1C
{1218z 08

Therefore, the computed solutions would be:
o~ 1and z; = 0.

However scaling the rows first then selecting as pivot the scaled absolute
value entry, improves the situation. The row scales vector being S =
[C, 1], to select the pivot equation, one would compute

ma =1

b c” 1}

Consequently, in this example, the second row is selected as pivot equa-
tion. Now the pivot is 1 and the multiplier is 3. Carried out, the scaled
partial pivoting Gauss reduction would lead to:

{<0—3>x2:<o—9>

r1+x0 =3

Back substitution in this case would clearly give: zo ~ 1 and z;1 =~ 2. &

In view of this example, a more elaborate version than the simple partial
pivoting would be the scaled partial pivoting, where we set up a
strategy that simulates a scaling of the row vectors and then selects as
a pivot element the relatively largest scaled absolute value entry in a
column. This process would, in some way, load balance the entries of
the matrix.

We formalize now this variation of simple pivoting strategies.

2. Gaussian Elimination with Scaled Partial Pivoting
In this strategy, scaled values are used to determine the best partial piv-
oting possible, particularly if there are large variations in magnitude of
the elements within a row. Besides the index vector IV that is created
to keep track of the equation-permutations of the system, a scale fac-
tor must be computed for each equation. We define the absolute value
maximum element of each row s; by:

8; = 1r<nax {lai;|} ;1 <i<n

The column scale vector is therefore: s = [s1, s, ..., 8,]".

For example in starting the forward elimination process, we do not arbi-
trarily use the first equation as the pivot equation as in the naive Gauss
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elimination, nor do we select the row with maximum absolute value in
the entries of the first column, as in the simple partial pivoting strategy.
Instead we scan first in column 1 the ratios

{'all zzln}
Si

and select the equation (or row) for which this ratio is greatest. Let i,
be the first index for which the ratio is greatest, then:

|ai1,1 - { |ai,1| }
—— = max { ——

Siy 1<i<n Si
Interchange 4; and 1 in the index vector only, which is now
IV=liy,is,...in]. In a similar way, proceed next to further reduction
steps. Notice that through this procedure, the scale factors are com-
puted once. They are not changed after each pivot step as the additional
amount of computations are not worthwhile.
We give now a version of the newly devised algorithm.

Algorithm 3.6 Column Scaled Partial Pivoting Gauss

% Initialize IV and seek the scales
IV=1:n ;
for i=1:n
s(i)=max(abs(A(i,1:n))
end
% Alternatively: s=(max(abs(A’)))’
% At reduction k, find the absolute value of maximum scaled column el
for k=1:n-1
[p, ik]=max(abs(A(IV(k:n),k) ./ s(IV(k:n)) ) ;
ik=ik+k-1;
IV([k ik])= IV([ik k1) ;
......... Same as Partial Pivoting..............

As an illustration to the method, let us apply the scaled partial pivoting
Gaussian reduction on the system of equations of the preceding example.

Example 3.5

We first set the index vector and evaluate the scales of the system:

[IV]1 2 3 4]

Augmented matrix Scales

3 —-13 9 3 -19| 13
-6 4 1 —-18 —-34| 18
6 -2 2 4 16 6
12 -8 6 10 26 12

© 2014by Taylor & FrancisGroup,LLC



Solving Systems of Linear Equations by Gaussian Elimination 101

(a) Reduction 1 Seek the pivot equation:
max {3/13,6/18,1,1}.

First occurrence of the maximum is the 3rd one, i.e., at TV (3)=3
(meaning that the third component of IV is equation 3). So, one
needs to perform the permutation of rows 1 and 3 through the
index vector IV, the pivot equation becoming equation 3 and the
pivot element being 6. Updating the index vector and computing
the multipliers ary (;),1/6,i = 2, 3,4 would yield:

[IV[3 2 1 4]

Augmented matrix Scales
/21 =13 9 3 —-19| 13
4 1 —18 34| 18
6 -2 2 4 16 6
-8 6 10 26 | 12

Modifying the body of matrix and right hand side leads to:

Augmented matrix Scales
1/2 -12 8 1 —=27| 13

2 3 —14 18| 18
6 -2 2 4 16| 6

2] -4 2 2 6| 12

(b) Reduction 2 Similarly to reduction 1, one starts with a search for
the pivot equation:

a a
max larv )2l larvay 2|}

, , max {2/18,12/13,4/12
IV(2),IV(3),IV(4) = S1v(2) STV (3) STV (4) 2/ / /12)-

The maximum 12/13 occurs at IV (3) = 1. Hence we perform the
permutation of Equations IV (2) = 2 and IV(3) = 1. Thus, the
pivot equation is row 1 and the pivot element is —12. Computing
the multipliers and proceeding into the modifications of the remain-
ing part of the augmented matrix leads to the following profile of
the index vector and of the matrix data:

[TV]3 1 2 4]

Augmented matrix Scales
/2] -12 8 1 —27 | 13
13/3 ~83/6 —45/2| 18
6 4 16 6
m —2 /3 5/3 3 12
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(¢) Reduction 3 This last step keeps the index vector unchanged since

max {|

3x18
process the contents of the data structure are as follows:

. 2 _ _13
|7|3><12|} — 3x18°

[IV[3 1 2 4]

It is easily verified at the end of the

Augmented matrix Scales
12| —12 8 1 —27 | 13
13/3 —83/6 —45/2| 18
6 -2 2 4 16 6
11/3] [-2/13] —6/13 —6/13 | 12

Obviously, back substitution yields:

1134:1,333:72,3']2:1,331:3.

3.5 LU Decomposition

A major by-product of Gauss elimination is the decomposition or fac-
torization of a matrix A into the product of a unit lower triangular ma-
trix L by an upper triangular one U. We will base our arguments on the

systems of equations (3.3) and (3.6).

1. First case : Naive Gauss

Going back to (3.3) and on the basis of the multipliers of naive Gauss
elimination, let L and U be respectively the unit lower and the upper
triangular matrices of the process:

1 0 0 0 1 -1 2 1

3 1 00 0 5 =5 1
L=15 % 10 U=l o0 0 9 -

1
4 2 11 0 0 0 -—2/3
Note that the product LU verifies:
1 0 0 0 1 -1 2 1 1 -1 2 1
31 00 0 5 -5 1 | 12 -8 6 10
5 ? 1 0 0 0 9 —? 3 2 1 4
4 2 11 o 0 0 -2 4 2 5 3
(3.8)
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which is precisely:
LU = A.

This identity obeys the following theorem ([10], [16]):

Theorem 3.1 Let A € R™" be a square matrix verifying the principal
minor property. If A is processed through naive Gauss reduction, then A
1s factorized uniquely into the product of a unit lower triangular matriz
L and an upper triangular matriz U associated to the reduction process,
with

A=LU

2. Second case: Partial Pivoting
Consider now the scaled partial pivoting reduction applied on (3.6).
Based on the last status of IV = [3,1,2, 4], we extract successively the
unit lower and the upper triangular matrices of the process:

1 0 0 0 6 -2 2 4
I— 1/2 1 0 0 U= 0 —12 8 1
a -1 -1/6 1 0 ’ |l 0o 0 13/3 -83/6
2 1/3  —=2/13 1 0 O 0 —6/13
Computing the product LU gives:
1 0 0 0 6 -2 2 4 6 -2
1/2 1 0 0 0 —-12 8 1 _ 3 13
-1 -1/6 1 0 0 0 13/3 -83/6 | | -6 4
2 1/3  —-2/13 1 0 0 0 —6/13 12 -8

The product matrix is the matrix A up to a permutation matrix
P = P(IV), associated to the final status of the index vector. We write
then

LU = P(IV)A

where P is defined as follows:

Definition 3.2 Let I € R™"™, be the identity matrix defined by its rows,
i.e.,

Let IV = [i1,12,...,i,) be the last status of the index wvector through
the partial pivoting procedures. The permutation matriz P associated to
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1V is a permutation of the identity matriz I, and is given by the row
matrix:

61‘1

€iqy

P=P(V)=

ein

In example 3.5, the final status of IV = [3, 1, 2, 4]. Thus,

es 0 010
_ | e _ 1 0 0 O
P=P(V)= e 1010 0
ea 0 0 0 1
Note then that the product:
0 010 3 —-13 9 3
1 0 0 O -6 4 1 -18
PA= 01 00 6 -2 2 4
0 0 01 12 -8 6 10

is precisely the product LU found above. Hence the LU decomposition theo-
rem which generalizes Theorem 3.1 stands as follows:

Theorem 3.2 Let a square matrix A € R™™ be processed through partial
pivoting Gauss reduction. If the unit lower triangular matriz L , the upper
triangular matriz U and the index vector IV are extracted from the final status
of the process then:

P(IV)A=LU

where P(IV') is the permutation matriz associated to the reduction process.

Note also that this decomposition of A is unique.
The LU decomposition or factorization of A is particularly helpful in comput-
ing the determinant of A, in solving different systems of equations Ax = b,

where the coefficient matrix A is held constant, or also in computing the
inverse of A.

3.5.1 Computing the Determinant of a Matrix

Clearly from Theorems 3.1 and 3.2, we conclude respectively that in the
first case
det(A) = det(L) x det(U)

while in the second case

det(A) = (—1)® x det(L) x det(U)
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as det(P) = (—1)*%, s being the number of permutations performed on IV
through the partial pivoting procedures.
These results are stated hereafter:

Theorem 3.3 (a) Under the hypothesis of Theorem 3.1,
det(A) = Huii,
i=1
(b) Under the hypothesis of Theorem 3.2,
det(4) = (~1)" [T e
i=1

where u;;, ,i=1,...,n are the diagonal elements of the upper triangular matriz
U associated to the reduction process.

One easily verifies that in example 3.4
2
det(A):1><5><9><§:30
while in example 3.5:
det(A) =6 x (—12) x 13/3 x (—6/13) = 144

since s = 2 .

3.5.2 Computing the Inverse of A

The LU decomposition of a matrix A is also useful in computing its inverse
denoted by A~! and verifying the property

AA L =T

where I is the identity matrix. Let ¢; and e; represent respectively the j"
column of A~1 and that of I, then one writes:

Alcica...ep) = [er1ea... €] (3.9)

1. First case : Naive Gauss
Under the hypothesis of Theorem 1 and since LU = A, then (3.9) is
equivalent to:
LU[cica...cn) =[e1ea...e4]

To obtain A~ it is therefore enough to solve for ¢;, in turn:

LUcj =¢j, for j=1,..,n
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By letting Uc; = y, one has then to solve successively the following 2
triangular systems:

(i) The lower triangular system Ly = e;, and get the vector y by for-
ward substitution.

(ii) The upper triangular system Uc; = y, and get the jth column c¢;
by backward substitution.

Example 3.6 Use the LU decomposition of A based on the naive Gauss
reduction applied to (3.3), to find the first column of A=1

Referring to Example 3.1, solving:

(i) The lower triangular system Ly = ey, gives y = [1,—3,14/5,4/3]" by

forward substitution.

(ii) The upper triangular system Uc; = y, gives ¢; = [158/45, —41/45,—32/45, —2]'
by backward substitution.

2. Second case : Partial Pivoting
Under the hypothesis of Theorem 2 and since LU = PA, then (3.9) is
equivalent to:
PAA™' =P

or equivalently:
LU[C1 C3 ... Cn] = [Pl b2 -'-pn]

where p; is the j'* column of P.
To obtain A~ it is therefore enough to solve for ¢;, in turn:

LUcj =pj,forj=1,..,n
using the same 2 steps as in the first case above.

Remark 3.1 Note that in Definition 2, the permutation matriz P is defined
in terms of its rows, while in the process of computing A=, one has first to
identify the columns of P.

Example 3.7 Use the LU decomposition of A based on the scaled partial
pivoting reduction applied to (3.6), to find the last column of A1

Referring to Example 3.3, solving:

(i) The lower triangular system Ly = py4, gives y = [0, 0,0, 1]’ by forward sub-
stitution.

(ii) The upper triangular system Uey = y, gives ¢4 = [155/72,—115/24, —83/12, —13/6]’
by backward substitution.

Remark 3.2 Forward Substitution

In finding the inverse of the matrix A using its LU decomposition, one has
to solve lower triangular systems of the form Ly = v, for some well defined
vector v. For that purpose the forward substitution algorithm is needed prior
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to back substitution. We give successively the column then the row oriented
Version.

Algorithm 3.7 Column Forward Substitution

function x = ColForwardSubstitution(L,c)

% Input: L a lower-triangular invertible matrix, and
) c a column vector

% Output: solution vector x of system Lx = ¢

% Storage is column oriented

n=length(c) ;

for j=n:-1:1
x(3)=c(32/U(§,3);
for i=1: j-1

c(i)=c(i) - UE,j) * x(3);
end
end

As for the row version, it is implemented as follows:

Algorithm 3.8 Row Forward Substitution

function x = RowForwardSubstitution(L,c)

% Input: L a lower-triangular invertible matrix, and
) c a column vector

% Output: solution vector x of system Lx = c

% Storage is row oriented

n=length(c) ;

for j=n:-1:1
x(3)=c(3) /U, 3);
for i=1: j-1

c(i)=c(i) - UE,]j) * x(§);
end
end

3.5.3 Solving Linear Systems Using LU Factorization

Generalizing the method above, if the LU factorization of A is available,
one can as well solve systems Ax = v varying the right hand side vector v
only. That is, one solves consecutively 2 triangular systems:

(i) A lower triangular system by forward substitution.
(ii) An upper triangular system by backward substitution.

Straightforward illustrations to this procedure are left as exercises.

© 2014by Taylor & FrancisGroup,LLC



108 Introduction to Numerical Analysis and Scientific Computing

3.6 Exercises

1. Solve each of the following systems using naive Gaussian elimination
and back substitution. Show the multipliers at each stage. Carry five
significant figures and round to the closest.

31‘1 +4x2+3x3 =5
(a) 1+ 510 —23=0
6x1 +3x3 + Tx3 =3
3x1+ 222 — 53 =0
(b) 4x1 — 619 + 223 =0
T, +4re — 23 =4
91+ 22+ T3 =1

(c) 4x1 + 429 + 923 =0
8r1 +9x9 + 63 =1

2. Apply the naive Gaussian elimination on the following matrices, showing
the multipliers at each stage.

4 2 1 2
13 2 1
@) |1 9 4
2 1 2 3
1 -1 2 1
4 2 5 3
M) 1g 9 1 4
5 8 6 3

3. Solve each of the following systems using Gaussian elimination with
unscaled partial pivoting and back substitution. Write the index vector
and the multipliers at each step. Carry five significant figures and round
to the closest.

8£E1 + 9562 + 2EE3 =99
(a) 91‘1 + 61’2 — 51’3 =132
1z1 4+ 0z + 923 = 90

81’1 —+ 2o + 8£E3 =49
(b) 921 + 29 + 223 = 33
5x1 + 2x2 + 8x3 = 52

3$1+21‘2—I3:7
(c) 511+ 3x0 + 223 =4
—x1 +x0 — 33 = —1
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4. Apply the unscaled partial pivoting Gaussian elimination on the fol-
lowing matrices, showing the multipliers and the index vector at each

stage.
(6 6 2 6
7 1 0 3

@ 17 70 9
_3 0 8 0
(1 -1 2 1
3 2 1 4

(b) 5 8 6 3
4 2 53

5. Solve each of the following systems using Gaussian elimination with
scaled partial pivoting and Back substitution. Write the scales vector,
the index vector, and the multipliers at each step.Carry five significant
figures and round to the closest.

T +x9 +6x3 +2r4 =2
7351 +6I2 +7I3 +9I4 =0
3r1 +2x9 H4x3 Hx4 = -1
5r1 +6xs + +8x4, =0

3$1 + —91'3 =3
(b) 5x1 + bxg + x3 = —20
Txo +5x3 =0

(a)

1 +8x9+2x3+14 =05
9x1 4+ 8x2 + 8x3 + 2x4 =4
+4x3 + x4 =0
Txy + 329, +923 + 24 = —1

()

6. Apply the scaled partial pivoting Gauss elimination on the following
matrices, showing the scales vector, the index vector, and the multipliers
at each stage.

1 4 5
a) | 2 3 5
6 8 9
(1 7 6 9
471 3
M1y 91 5
6 6 4 2
1 0 3 0
0 1 3 —1
© 135 30 6
0 2 4 —6
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7. Consider the following system of 2 equations in 2 unknowns:

10 %2 +y="7
(S){ z+y=1

(a) Find the exact solution of (S) in R.

(b) Use the naive Gaussian reduction to solve (S) in F(10,4, —25,426)
and compare the result with the exact solution.

(¢c) Use the partial pivoting Gaussian reduction to solve (S) in
F(10,4,—25,+426) and compare the result with the exact solution.

8. Consider the following system of 2 equations in 2 unknowns:

2z + 10%°y = 10°
() { T+ y: 3
Y
(a) Find the exact solution of (S) in R.

(b) Use the simple partial pivoting Gaussian reduction to solve (S)
up to 4 significant figures and compare the result with the exact
solution.

(c) Use the scaled partial pivoting Gaussian reduction to solve (S) up to
4 significant figures and compare the result with the exact solution.

9. Based on the naive Gaussian reduction applied to each coefficient matrix
A of Exercise 2:

(a) Determine the unit lower triangular matrix L and the upper trian-
gular matrix U.

(b) Use the LU decomposition of A to compute the determinant of A.

(¢) Use the LU decomposition of A to determine the inverse of A.

10. Based on the unscaled partial pivoting Gaussian reduction applied to to
the first matrix A of Exercise 4:

(a) Determine the unit lower triangular matrix L, the upper unit tri-
angular matrix U and the permutation matrix P.

(b) Use the LU decomposition of A to compute the determinant of A.

(¢) Use the LU decomposition of A to determine the first column of

the inverse of A.

11. Based on the scaled partial pivoting Gaussian reduction applied to each
coefficient matrix A of Exercise 6:

(a) Determine the unit lower triangular matrix L, the upper unit tri-
angular matrix U and the permutation matrix P.
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(b) Use the LU decomposition of A to compute the determinant of A.
(¢) Use the LU decomposition of A to determine the second column of

the inverse of A.

12. Use the LU decomposition of the matrix A in exercises 2(a), 4(a) and
6(a) to solve:
(a) Az =[1,1,1,1]
(b) Az =[-1,2,0,—1)

13. Based on the following definition:

Definition 3.3 A square matriz A of size n x n is strictly diagonally
dominant if for every row, the magnitude of the diagonal entry is larger
then the sum of the magnitude of all the other non- diagonal entries, in
that row. i.e.,

n

|A(i, i) > D |A(i, )] s¥i=1,2,...n

Jj=1

Determine which of the following matrices is strictly diagonally domi-
nant? Satisfies the principal minor property?

8 -1 4
(a) A=| 1 —10 3
| -5 0 15
(8 —1 4 9 ]
1 7 3 0
(b) B = -5 0 -11 3
| 4 3 2 12 |
28 —1 4 9 27
1 3 3 9 7
¢)C=|0 0 7 3 0
4 3 2 20 7
| 3 0 0 0 9|

14. Find a set of values for a, b and c for which the following matrix is strictly
diagonally dominant.

a 1 0 b 0
a 9 1 3 -1
c a 10 5 -1
a b ¢ -6 1
1 ¢ 0 O a
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15. Apply the naive Gauss reduction on the following strictly diagonally
dominant band matrices. (As such, the naive Gauss reduction is suc-
cessfully applicable on the matrix).

(a)

e Let UQ, be an upper quadri-diagonal matrix, with
[al b1 dl 0 0 ]
cl a2 b2 d2 0
0 2 a3 b3 0

e Let LQ, be a lower quadri-diagonal matrix, with
[al b1 0 0 0
cl a2 b2 0 0
dl 2 a3 b3 0

For each matrix below, determine at each reduction, the multipliers
and the elements of the matrix that are modified.

Extract the upper triangular matrix U and the lower unit triangular
matrix L obtained at the end of this process.

Determine the total number of operations needed for the LU de-
composition of the given matrix.

Let T, be a triangular matrix, with

al bl O 0 0
cl a2 b2 0 0
0 2 a3 b3 0

oo Cp—2 Qap-—1 bn,1
o .. 0 0 Cn—1 an

UQn

Cp—3 0an—2 bn72 dn72
.. Cp—2 Qap—1 bn,1
0o .. 0 0 Cn—1 an

dnf?) Cp—2 Gp—1 bnfl
0 0 dn,Q Cn—1 (2%

16. Consider the following 5 x 5 strictly diagonally dominant lower Hessen-
berg matrix

4 1 0 0 0
141 0 0
A=]11 1 4 1 0
111 41
111 1 4
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1- Apply the naive Gauss reduction on the matrix A showing the status
of that matrix after each elimination, then extract out of this process,
the upper triangular matrix U and the unit lower triangular matrix P.
2- Check that at each reduction, the multipliers reduce to one value, and
at each reduction except the last, the modified elements reduce to two
values, in addition to the diagonal element at last reduction. Compute
the total number of flops needed for the LU-decomposition of the matrix
A.

3- Deduce the total number of flops needed for the LU-decomposition
of the (n x n) diagonally dominant lower Hessenberg matrix B where ¢
is a constant and

c 0 0 0

1 1 0 0

11 ¢ 1 0 0
B =

111 . . 1 ¢ 1

1111 . . 1 ¢

Express your answer in terms of n.
17. Evaluate the complexity of the following algorithms used in this chapter

e The Column-Backward Substitution algorithm.

e The Row-Forward Substitution algorithm.
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3.7 Computer Projects

Exercise 1: Naive Gauss for Special Pentadiagonal Matrices

Definition 3.4 A pentadiagonal matrix A is a square matriz with 5 non-
zero diagonals: the main diagonal d, 2 upper subdiagonals u and v, then 2
lower subdiagonals I and m:

[ d1) w(l) w(1) 0 0 0
(1) d2) u(2) v(2) 0 0
m(1) 1(2) d(3) u(3) v(3) 0
0 m(2) I(3) d(4) u(4) 0
A= 0 .
.0 m—4) n-3) dn-2) u(n—2) vn-2)
0 . . 0 mn—3) I(n—2) dn—-1) u(n-—1)
| 0 0 . . 0 m(n—2) ln—-1) d(n)

Definition 3.5 A penta-diagonal matriz A is strictly diagonally domi-
nant if for every row, the magnitude of the diagonal entry is larger than the
sum of the magnitude of all the other non diagonal entries in that row.

|d(@)| > Ju@)| + [v@)|+ I — 1)+ |m(@E—2)| ;Vi=1,2,....n

As such, the matrix A will satisfy the principal minor property, and therefore
naive Gauss reduction is successfully applicable on A.
Let A be a strictly diagonally dominant penta-diagonal matrix.

1. Write a MATLAB
function [mi1,11,d1,ul,vi]=NaiveGaussPenta(m,1l,d,u,v,tol)
that takes as input 5 column vectorsm, 1, d, uand v representing the
5 diagonals of A, and some tolerance tol. At each reduction, if the abso-
lute value of the pivot element is less then tol, an error message should
be displayed, otherwise this function performs naive Gauss reduction on
the matrix A and returns through the process, the 5 modified diagonals
mi, 11, di, ul and vi.
Your function should neither use the built-in MATLAB function that fac-
torizes A into L and U nor use the general code for naive Gauss re-
duction. Your code should be specifically designed for pentadiagonal
matrices only and should use the least number of flops.

2. Write a MATLAB
function x = RowForwardPenta(d, 1, m, c)
that takes as input 3 column vectors representing the main diagonal d
and 2 lower diagonals 1 and m of an invertible lower triangular matrix
L and a column vector c. This function performs row-oriented forward
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substitution to solve the system Lz = ¢, using the least number of flops.
Your code should be designed for pentadiagonal matrices only.

3. Write a MATLAB
function x = RowBackwardPenta(d, u, v, c)
which takes as input 3 column vectors representing the main diagonal d
and 2 upper diagonals u and v of an invertible upper triangular matrix
U and a column vector c. This function performs row-oriented backward
substitution to solve the system Ux = ¢, using the least number of flops.
Your code should be designed for pentadiagonal matrices only.

4. Write a MATLAB
function B = InversePenta(m, 1, d, u, v, tol)
that takes as input the 5 diagonals of the pentadiagonal matrix A and
outputs B, the inverse of the matrix A.
Your function should call for the previous functions programmed in parts
1, 2 and 3.

5. Write a MATLAB
function T =InverseTransposePenta(m, 1, d, u, v, tol)
that takes as input the 5 diagonals of the pentadiagonal matrix A and
outputs T = (AT)~1, the inverse of the transpose of A. Your function
should be based on the LU-decomposition of A, and call for the functions
programmed in parts 1, 2 and 3. Hint: If A = LU, then:

o AT = (L) =UTLT.
e Since ATT = I, then

AT[cl,CQ,...,cn] = UTLT[cl,CQ, o Cn] = [e1, €2, ... n

S UTLT¢] = [es], for i =1,2,...,n,

t t

where ¢; is the " column of T and e; is the it column of the

identity matrix I.

6. Test each of your functions on 3 different strictly diagonally domi-
nant pentadiagonal matrices with n > 5. (In one of the test cases,
choose one of the Pivot elements smaller than tol). Save your inputs and
outputs in a separate document.

Exercise 2: Naive Gauss Reduction on Upper Hessenberg Matrices
A Hessenberg matrix is a special kind of square matrix, one that is “almost”
triangular. To be exact, an upper Hessenberg matrix has zero entries below
the first sub-diagonal.
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H(1,1) H(1,2) H(1,3) . H(1,n)
H(2,1) H(2,2) H(2,3) H(2,4) H(2,n)
A= : . . . .
0 . 0 Hn—-1,n-2) Hn—-1n—-1) H(n-—1,n)
0 . 0 H(n,n—1) H(n,n)

Definition: An upper Hessenberg matrix H is strictly diagonally dominant
if for every row, the magnitude of the diagonal entry is larger than the sum
of the magnitude of all the other non-diagonal entries in that row.

|H (i,3) > [H(i,i — )|+ |H(i,i+ 1)| + ... + [H(i,n)|Vi=1,2,...,n

(As such, the matrix H will satisfy the principal minor property, and the naive
Gauss reduction is successfully applicable on H.)
Let H be a strictly diagonally dominant upper Hessenberg matrix.

1. Write a MATLAB
function [L, U] = NaiveGaussUHessenberg(H)
that takes as input an n x n strictly diagonally dominant upper Hessen-
berg matrix H. This function performs naive Gauss reduction on H and
returns at the end of the process, the upper and unit lower triangular
matrices U and L.
Your function should neither use the built-in MATLAB function that fac-
torizes A into the product of L and U, nor use the general code for
naive Gauss reduction. Your code should be designed for upper Hessen-
berg matrices only, and should use the least number of flops.

2. Write a MATLAB

function [x] = RowForwardUHessenberg(L, c)

that takes as input an invertible bi-diagonal lower triangular square ma-
trix L of size n (displayed below) and a column vector ¢ of length n.
This function performs row-oriented forward substitution to solve the
system Lx = ¢, using the least number of flops. Your code should be
designed for bi-diagonal lower triangular matrices only and should use
the least number of flops.

L(1,1) 0
L(2,1) L(2,2) 0 0
0 L(3,2) L(3,3) 0
I 0 0 L(4,3) L(4,4) 0 )
0 . . . 0 Lin—1,n—2) Ln—1,n-1)
| 0 0 . . . 0 L(n,n—1)

3. Write a MATLAB
function [B] = InverseUHessenberg(H)
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that takes as input an invertible upper Hessenberg matrix H, and outputs
B, the inverse of H, using the LU-decomposition of H. Your function
should call for the previous functions programmed in parts 1 and 2.

4. Test each of your functions above for 2 different upper Hessenberg
strictly diagonally dominant matrices, with n > 5, and save the re-
sults in a separate document.

Call for previous functions when needed.

Do not check validity of the inputs.

Hint: To construct an n x n upper Hessenberg strictly diagonally dom-
inant matrix H, proceed using the following MATLAB instructions:

A = rand(n);
m=max (sum(A)) ;
mi=max (sum(A’));
s=max(m, ml);
B=A + sx*eye(n);
H=triu(B, -1);

Exercise 3: Naive Gauss on Arrow Matrices

An arrow matrix is a special kind of square sparse matrix, in which there is
a tri-diagonal banded portion, with a column at one side and a row at the
bottom.

d1l) wuw(l) 0 0 (1)

(1) d2) w2 0 . 0 <2

0 1(2) dB3) uB3) o 0 <(3)

0 0 I33) d4) wu@4) 0 0 ¢4

A= : .

0 . . 0 In—-3) dn—2) uln-2) c(n—2)
0 . . 0 0 Iln—2) d(n—-1) c(n—1)

(1) r(2) 7(3) r(4) . . r(n—1) d(n)

Definition: An arrow matrix A is strictly diagonally dominant if for ev-
ery row, the magnitude of the diagonal entry is larger than the sum of the
magnitude of all the other non-diagonal entries in that row, i.e.,

ld(n — 1) > [1(G — 1)| + u(i + 1)| + |e())| Vi = 1,2, ...on — 2

ld(n —1)] > |i(n — 2)| + |e(n — 1)] and |d(n)| > [r(1)] + |F(2)] + ... + |r(n — 1)]

(As such, the matrix A will satisfy the principal minor property, and the naive
Gauss reduction is successfully applicable on A, without need for pivoting.)
Let A be a strictly diagonally dominant arrow matrix where:
-d=1[d(1),...,d(n)] is a vector of length (n) representing the main diagonal
of A.
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-u = [u(l),...,u(n—2)] is a vector of length (n-2), and [u(1), ...,

1)] represents the first upper diagonal of A.

-1 =[l(1),...,l(n—2)] is a vector of length (n-2), and [I(1),...,l(n—2),r(n—1)]

represents the first lower diagonal of A.

1),d(n)] represents the last column of A.

-r = [r(1),..,7(n — 1)] is a vector of length (n-1), and r = [r(1),...

1),d(n)] represents the last row of A.

1. Write a MATLAB

= [c(1),...,e(n — 1)] is a vector of length (n-1), and ¢ = [¢(1), ...

Introduction to Numerical Analysis and Scientific Computing

u(n—2),c(n—

,e(n —

77,(’”’7

function [d1,ul,11,cl,ri]=NaiveGaussArrow(d,u,l,c,r)

that takes as input the 5 vectors defined above representing A. This
function performs naive Gauss reduction on the matrix A and returns
at the end of the process, the modified vectors: d1, ul, 11, ci, ril
(including the multipliers.)

Your function should neither use the built-in MATLAB function that fac-
torizes A into the product of L and U, nor use the general code for naive
Gauss reduction. Your code should be designed for arrow matrices only,
and should use the least number of flops.

. Write a MATLAB

function[x]=RowBackwardArrow(d,u,c,b)

that takes as input 3 vectors as defined above, representing an invert-
ible nearly bi-diagonal upper triangular square matrix U of size n (dis-
played below) and a column vector b of length n. This function performs
row-oriented backward substitution to solve the system Ux = b, using
the least number of flops. Your code should be designed for nearly bi-
diagonal upper triangular matrices only and should use the least number
of flops.

dil) w() 0 0 e(1)
0 d2) u® o0 0 c(2)
0 0 d3) wu(3) 0 0 c(3)
U - . . . . . . .
0 . . 0 dn—-2) un—2) c¢n—2)
0 . . . . 0 din—1) ¢(n—-1)
| 0 . . . . . 0 d(n) |

. Write a MATLAB

function [x] = RowForwardArrow(d, 1, r, b)

that takes as input 3 vectors as defined above, representing an invertible
nearly bi-diagonal lower triangular square matrix L of size n (displayed
below) and a column vector b of length n. This function performs row-
oriented forward substitution to solve the system Lx = b, using the least
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number of flops. Your code should be designed for nearly bi-diagonal
lower triangular matrices only and should use the least number of flops.

[a(1) o S 0
(1) d2) o0 o0 . . . 0
0 12) dB3) 0 . . . 0
L=
0 . . .0 I(n=2) din—-1) O
| (1) r(2) . .o . r(n—1) d(n) |

4. Write a MATLAB
function [B] = InverseArrow((d, u, 1, c, r)
that takes as input the 5 vectors defined above representing an invert-
ible arrow matrix A, and outputs B, the inverse of A, using the LU-
decomposition of A. Your function should call for the previous functions
programmed in parts 1, 2 and 3.

5. Test each of your functions above for 2 different arrow strictly diagonally
dominant matrices A, with n > 6, and save the results in a separate
document.

Call for previous functions when needed.
Do not check validity of the inputs.
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4.1 Definition of Interpolation
Consider a set D,, of n + 1 data points in the (z,y) plane:
D, ={(z;,y:)| i =0,1...,n; n €N with ; # «; for i # j}. (4.1)
We assume that D,, represents partially the values of a function y = f(x), i.e.,
flzi) =y Vi=0,1..,n (4.2)
Our basic objective in this chapter is to construct a continuous function r(z)
that “represents” f(x) (or the empirical law f(x) behind the set of data D,,).
Thus r(x) would represent f(x) for all z, in particular for « ¢ the set of nodes
{0, %1, ..., Tn}. Such a function r(z) is said to interpolate the set of data
D,, if it satisfies the interpolation conditions:

r(z) =y, Vi=0,1..,n (4.3)

121
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i.e., r(x) fits the function f(z) at the nodes {z;}, .

Several kinds of interpolation may be considered by choosing r(x) to be a poly-
nomial function, a rational function or even a trigonometric one. The most
natural is to consider polynomial or piecewise polynomial interpolation (spline
functions), as polynomial functions are the simplest in reproducing the basic
arithmetic (floating-point) operations of addition, subtraction, multiplication
and division {4+, —, x, +}. Consistently, we only analyze in this chapter poly-
nomial and spline interpolations. Such type of interpolation is referred to
as Lagrange interpolation.

4.2 General Lagrange Polynomial Interpolation

For simplicity, we assume that the set of data D, is given as a natural
increasing sequence of x-values, i.e.,

2o < 21 < oo < Ty

Let also h; = z; —x;_1, Vi > 1. We state now the basic Lagrange interpolation
theorem.

Theorem 4.1 There exists a unique polynomial of degree less than or equal
ton:

Pn(®) = po1..n ()
interpolating D,,, i.e., such that p,(x;) = y;, Vi =0,1,...,n.
Proof. The proof of this theorem is based on the Lagrangian cardinal basis
associated with D,, that is given by:
L,={li(z):0<i<n}

where the cardinal functions [; are special polynomials of degree exactly n
in P,, (P, being the set of all polynomials of degree less than or equal to n).
They are defined as follows, Vi =0, ..., n:

Li(z) = HOSj;ﬁiSn (x — ;) _ (x —xz0)(x —x1) (. — xi1) (T — ®ig1)...(x — Ty)
! [o<jicn @i —x5)  (zi = 20) (2 — 1) (@5 — Ti1) (25 — QL‘ZH)((J;z — Zn)
4.4

Once the cardinal functions (4.4) are available, we can interpolate any function
f using Lagrange form of the interpolation polynomial:

Porn(@) =D Li(x)f(x). (4.5)
=0

Obviously, the following properties are satisfied by a Lagrangian basis func-
tion, Vi,j =0,1,...,n:

© 2014by Taylor & FrancisGroup,LLC



Polynomial Interpolation and Splines Fitting 123
s _JOifi#Ey
- lilw;) = 0y = { 1ifi=j
- Po1..n(®i) = yi

The definition of the Lagrange polynomial above is enough to establish the
existence part of Theorem 4.1.

As for obtaining uniqueness of such a polynomial pg; . ,,, we proceed by contra-
diction by supposing the existence of another polynomial ¢(x) € P,,, claiming
to accomplish what p(z) does; that is g(x) satisfies as well the interpolation
conditions ¢(z;) = y; for 0 < i < n. The polynomial:

(P01...n(I) - Q(ZE))

is then of degree at most n, and takes on the value 0 at all nodes
xg, X1, ..., Tn. Recall however that a non-zero polynomial of degree n can
have at most n roots, implying that (po1.n(z) — q(z)) = 0. One con-
cludes therefore that po1. ,(x) = ¢(x)Vx, which establishes the uniqueness

of pOl...n(-T)~ [ |

Remark 4.1 [t is obvious from equation (4.5) that:
Po1..n(T) = Pigiy..i,, (T)
for any permutation {ig,i1,...,in} of the set of indices {0,1,...,n}.

Example 4.1 Write out the cardinal functions and the corresponding La-
grange interpolating polynomial based on the following data:

D2 = { (1/4a _1)’ (1/372)’ (177)}

Using equation (4.4), we have:

Gl VCER) NENVPRE S
W= aoya oy ey
g E-De-n o 1
R e T R U
_(zfl)(xf%)_ 1 1
l(x) (172)(17%) 2(1’—§>( —1)
The interpolating polynomial in Lagrange’s form is therefore given by:
porz(x) = —36(96—%)(m—l)—16(:U—%)(m—l)—i—lél(x—%)(x—%) = —38.%‘24-?1'—76?9

This form of the polynomial might be useful in computing f(z) in the vicinity
of the nodes 1/3, 1/4, 1.
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Example 4.2 Consider the following table of data associated with the func-
tion f(z) = Iln(z).

i x; Vi

0] 1.0 0

11]1.5|0.17609
21 2.0 0.30103
313.01]0.47712
4| 3.5 | 0.54407
51 4.0 | 0.60206

Use Lagrange polynomials of orders 1 then 2 to approximate f(1.2), noting
that the exact value is In(1.2) = 0.0791812460476480.

- Linear interpolation based on the points {zg, z1}= {1.0, 1.5}, where
lo(.) and l;(.) € Py. Using (4.5), one has:

1 1
=15 17600 2= 10

por(2) = yolo(z) +yrla(x) = 07—~ 15—-1.0

Thus pp1(1.2) = 0.070436, and the relative error in this approximation
is 6.136716 x 101

- Quadratic interpolation based on the points {1.0, 1.5, 2.0}, where
lo(.), ll() and ZQ() € ]PQ.

(x —1.5)(z —2)
(1.0 -1.5)(1.0 - 2)

po12(z) = yolo(x) + y1l1(z) + y2l2(z) =0

(x —1.0)(z —2) 40.30103 (x —1.0)(z — 1.5)

+O.17609(1.5_ 1.0)(15 - 2) (2-1.0)(2—1.5)

Thus po12(1.2) = 0.076574, and the relative error is now 3.292757x 1072,

Remark 4.2 Note that Lagrange’s formula is not computationally practical
in the sense that computing po1.. r(x), with k < n, cannot be obtained from
pot..k—1(x). The cardinal functions of the latter are polynomials of degree
eractly k — 1 in Px_q1, while those of the former are polynomials of degree
exactly k in Py. Thus, after computing the Lagrange cardinal functions for
po1..k—1(x), one has to compute a totally distinct set of cardinal functions for

Po1..k(T).

This motivates one to look for recurrence formulae to the Lagrange interpo-
lating polynomial.
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4.3 Recurrence Formulae

These recurrence formulae are obtained through relations between two
consecutive-order interpolation polynomials, specifically and for k > 1:

e Consider first pg12. x € Pr and po12..x—1 € Pr_1. As
po12. k(i) — Por2.k—1(x) =0,¥Vi=0,1,....k—1
This implies that:
Po12.k(%) — po12.k—1(x) = C(x — x0)(x — 21)...(T — Tp—1) (4.6)

Note that C' is a constant as the right hand side polynomial is exactly

of degree k.
e In a similar way considering now pgi2.x € Pr and pis.x € Pr_1, one
obtains:
po12..k(x) — P12 k(x) = c' (x —x1).(x — 2p—1) (2 — ). (4.7)

It is clear that C = C as both constants are the coefficient of z* in
Po12..k-

(4.6) and (4.7) constitute the basis for Neville’s and Newton’s recurrence for-
mulae, as shown hereafter.

4.3.1 Neville’s Formula

Given that C' = C’, the algebraic operation:
(x — xk) % (4.6) —(z — ) x(4.7)
yields:
(o — 2x)por.. k—1%(7) = (x — zk)por..k—1(7) — ( — zo)p12. k—1%(T).
Hence one reaches Neville’s formula (also called Aitken-Neville’s), given by:

r—X — r)—\r—x —1(T
Por..ho1k(z) = ( 0)P12...k 1k(m2_;0 k)Po12...k—1( ), E>1. (4.8)

A more general Neville’s recurrence formulae can be concluded. Specifi-
cally, for any i € {0,1,...,n}:

e Base statement: p;(z) =y;, i =0,1,..,n
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i | x| pi(x) | piisi(x) | Piiv1iee(@) | o0 | Dt ien(T)
0| zo | po(x)

1|z | pi(z) | poa(z)

2| zo | pa(x) | pra(x) Po,1,2(x)

3| x3 | p3(x) | p2a(w) P1,2,3(x)

4 | x4 | pa(z) | p3a(x) D2,3,4(2)

n| Ty pn(l') pn—l,n(m) pn—Q,n—l,n(x) pO,l,...,n(x)

TABLE 4.1: Neville’s array constructing Lagrange interpolation polynomials

e Recurrence statement:

_ @=)pitiive. itk(®) — (2 = Tigp)Piit1 . itk—1(2)
Piit1...i+k(T) = )
Tit+k — T4
(4.9)

with
0<i<i+k<n.

Based on the set of data D,, in (4.1) and using the formulas above repeat-
edly, we can create an array of interpolating polynomials € P,,, where each
successive polynomial can be determined from 2 adjacent polynomials in the
previous column, as is shown in Table 4.1. For example,

(z — wo)p1(x) — (x — 1)po(x)

po1(x) =

(z — z1)pas(z) — (z — 23)p12(7)
Trs — T

P123 =

Remark 4.3 Newville’s recurrence expressions of the interpolating polynomial
can be easily programmed. The consequent algorithms can be written either in
a recursive or iterative form.

In what follows, we write a recursive algorithm for Neville’s formula leaving
it as an exercise to transform it into an iterative one.

Algorithm 4.1 Algorithm for Neville’s Formula(Recursive Version)

function [ z ]= Neville(x, y, s)

% Input data vectors x=[x1,x2,...,xk] and y=[yl,y2,...,yk]
% s : value (or vector) at which we seek the interpolation
% Output z=p_{12...k}(s)=p(s)

k = length(x);

if k=1
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z=y;
% zl=p_{12...(k-1)}(s) ; =z2=p_{2...k}(s)
% z= [(s-x1)*z2 - (s-xk)*zl1l] / (xk-x1)
else

z1= Neville(x(1:k-1), y(1:k-1) , s);

z2= Neville(x(2:k), y(2:k) , s);

z= ((s-x(1))*z2 - (s-x(k))*z1)/(x(k)-x(1));
end

4.3.2 Newton’s Form for the Interpolation Polynomial

As for Neville’s formula, we proceed with (4.6) by rewriting it in a more
general recurrence form as follows:

Diit1... itk () = Diit1.itk—1(x) + C(x — x4)...(x — Tigyp—_1), (4.10)

with
0<i<i+k<n.

Newton’s formula is obtained by determining a proper expression for the con-
stant C' as a function of the data Dy = {(z;,y;)|i = 0,1, ..., k}. Note that such
constant can be computed by setting x = ;14 in (4.10), so that:

Yitk = Diit1.ivh—1(Titk) + C(@igh — i) (Tigh — Tigh—1)s
and therefore:

Yi+k — pii+1...i+k71($i+k)
Tivk — i) (Titk — Tigr—1)

C = C(T4, Tig 1y ooy Tig ks Yir Yit 1y s Yit k) = (

For k = 1, this gives:

_ Y1~ Y

C=C(zsTi413¥i Yit1) = ——— . (4.11)
Titl — T
Define then
27, wi41] = ZHL Y0
(2R -
Titl — Ty

as the first order divided difference associated with {z;,z;11}, so that (4.10)
is expressed as follows:

Dii+1(2) = pi(x) + [zi, Tiga] (@ — 3) (4.12)

which is Newton’s formula of order 1. More generally, we may define divided
differences of any order k > 1, through a recurrence process as follows:
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Definition 1 Given the set of data
D,, = {(zs,y:)|i =0,1,...,n}, x; # x; fori#j.

Let (] = yi, i = 0,1,...,n. Then, for 0 <i <i+k <n, the k" order divided
difference is given through the recurrence formula:
[xiJrla seey xi+k] - [xia xi+17 wery xi+k71]

[Tis Tit1s ey Tipk] = . (4.13)
LTitk — Ty

Consequently, we prove that the constant C in (4.10) is a k** order divided
difference. This is done in the following proposition.

Theorem 4.2 Let0<i<i+k <n. Let
Diit1..itk(T) = Diit1 ivh—1(x) + Clx — x;)..(x — Tigr—1),

is the interpolating polynomial based on the nodes {x;,...,x;y}, as defined in
(4.6). Then, the constant C is the k' order divided difference

[Tig1, o, Tigk] — [T Tig1, oo, Tigr—1]
Titk — T4

C =[x Tit1,...s Tigr] =

Proof. To obtain this result we use a mathematical induction process on k.
Clearly, (4.12) indicates that the result is true for k = 1.

Assuming now that the proposition is correct for all j < k — 1 with i + j <
n, then, one writes on the basis of the induction hypothesis for j = k — 1,
successively:

Diitk—1(2) = Diiph—2(x) + [T, Tig1, - Zigh—1](@ — 23).. (@ — Tigp—2)

k—1

where [z;,Tit1,...xi4x—1] 1 the coefficient of =z in the polynomial

Di...i+k—1(x) and
Dit1..i+k(T) = Dit1, . ith—1(2) + [Tig1, s Tigr) (T — Tig1)- . (T — Tigr—1)

where [2;11, ..., Ti+%] is the coefficient of %=1 in the polynomial p; 1. ;1% ().
Using now Neville’s formula, one has:

(I - Ii)pi+1...i+k(l’) - (I - Ii+k)pi...i+k—1($)
Titk — T4

pi..<i+k(53) =

By equating the coefficients of ¥ on both sides of this identity one has:

C = [Tit1y oo Titk—1, Tivk) = [Ti, Tig1, ey, Tigh—1]
Titk — L5 ’
which is the targeted result of the theorem. |
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As a consequence of this theorem, we may write now Newton’s formula for
Lagrange interpolating polynomial as follows: for i < i+ k < n:

Diitl.ith—1i+k(Z) = Yit o [Ti, Tig1, ooy Tigr) (0 —23) o (T — @i p—1). (4.14)

or equivalently as:
k
Piitl.ith—1itk(T Z Tiy oy Tig gl (0 — 23)o (T — 2i15-1)  (4.15)

k i—1
= Zj:o[l"ia vy Tig ] H;:O(ﬂc — Ziyj)

More specifically:
po1..n(T) = Yo + [xo, 21](T — 20) + [T0, T1, T2](T — 20) (T — 71) + ...

v o, 21, 2y oy (@ — 20) (@ — 21) (@ — 1)

Remark 4.4 Note that, as expressed in (4.10), Newton’s formula of the inter-
polating polynomial is built up in steps, in the sense that once p;it1.. i+k—1(x)
is found reproducing part of the data, determining p;;y1.. i+x(x), necessitates
the computation of one new divide difference coefficient only.

4.3.3 Construction of Divided Differences and Implementa-
tion of Newton’s Formula

Let {ig, 41, - ..,ix} be any permutation of the set of integers {4, i+1,...,i+
k}. Based on the uniqueness property of the interpolating polynomials:

and consequently the k' order divided differences [z, 21, ...,7i4%] and
[Tig, Tiy ooy Tiy_,, T4, | TEDTESENting Tespectively the (same) coefficient of z* in
the two polynomials above, are equal. This leads to the following invariance
property satisfied by divided differences:

Theorem 4.3 Let {ig, i1,...,ik} of be any permutation of the set of integers
{i,i+1,...,i+k}. Then:

[‘/I;h xi+1a L axi+k] = [.’I;i(” xila LR 7xik]

Obviously, use of Newton’s formula necessitates the computation of divided
differences. As such, constructing divided differences tables associated with
a set of data D,, = {(x;,y;)]i = 0,1,...,n} is a preliminary step to any im-
plementation of Newton’s formula. The construction of divided differences is
shown in Table 4.2 for the case n = 5. The following MATLAB code takes
as input 2 vectors x and y of equal length and returns the divided difference
table of the first (n-1)-order divided differences, as a lower triangular matrix,
using the MATLAB diff operator.
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il|xi]y; [, ] [ [ ooy [ ey eses ] [y esernss)
0o |yo
[Zo,ﬂﬂl]
1z | [0, 21, 22)
[x1, 2] [x0, 1, T2, 3]
2| z2 | Yo [71, 22, 73] [T0, 21, T2, 23, T4
[z2, T3] [x1, T2, T3, T4] [x0, 71,2, T3, Tq, 2
3|3 |ys [T2, 23, 74] (71,22, 23, 24, T5]
(23, 4] [x2, 23, T4, 5]
4wy | ya (€3, 24, 73]
(24, z5]
5| x5 | Ys

TABLE 4.2: Divided difference table for n =5

Algorithm 4.2 Constructing a Divided Difference Table

function D = DivDiffTable(x,y)
% D is a lower Triangular matrix
% If  x=[x(1),x(2),...,x(n)] 1is a vector of length n, then
% diff (x)=[(x(2)-x(1)), xB)-x(2)),....,&xMm)-x(n-1))]
% is a vector of length (n-1)
n=length(x) ;
m=length(y) ;
if m==n
D=zeros(n,n) ;
D(1:n, 1) = y(1:n) ;
Y= D(1:n, 1) ;
for j=2: n
Vi=x(1:n-j+1) ; V2=x(j:n) ;
D(j:n, j)= (Aiff(Y) ./ (V2-V1)’ ) ;
Y=D(j:n, j) ;
end
end

Example 4.3 Create the divided difference table based on the set of data of
Ezample 4.2 representing the function f(x) = In(z) where:

Ds = {(1,0), (1.5,0.17609) , (2.0,0.30103), (3,0.47712), (3.5,0.54407) , (4,0.60206)}

Let us consider now approximations of f(x) for values of x first at the top of
Table 4.3, for example z = 1.2, then at the middle of the table, as x = 2.5.
(Note that, in general, one can prove that the approximation-error is smaller
when z is centered with respect to the nodes).
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i x; Vi [, ] [ [ooes] | Lsesonere] [ Lovsererese]
0110 0

0.35218
1|1.5]0.17609 —0.1023

0.24988 0.02655
2 12.00.30103 —0.0492 —0.006404

0.17609 0.01054 0.001411
313.00.47712 —0.02813 —0.002172

0.13390 0.00511
4 | 3.5 | 0.54407 —0.01792

0.11598
5| 4.0 | 0.60206

TABLE 4.3: A divided difference table for f(z) = In(x) for unequally sized
data z = {1.0,1.5,2.0,3.0,3.5,4.0}

p..(1.2) Value Relative error
po1(1.2) 0.070436 | 1.10446 x 1071
po12(1.2) 0.076574 | 3.2928 x 1072
po123(1.2) 0.0778484 | 1.6833 x 102
Po1234(1.2) [ 0.07840171 | 9.845 x 1073

p012345(1.2) 0.0786821 6.30384 x 10_3

TABLE 4.4: Errors in polynomial interpolation for f(z) = In(1.2)

1. The first interpolating polynomials of degrees 1, 2, 3, 4 and 5 are suc-
cessively as follows:

po1(z) = 0.35218(x — 1),

po12(x) = po1(x) — 0.1023(z — 1)(x — 1.5),

po123(x) = por2(x) + 0.02655(x — 1)(x — 1.5)(x — 2),

® pp1234(x) = po123(x) — 0.006404(z — 1)(z — 1.5)(x — 2)(x — 3),

. gog§345(ac) = po1234(x) +0.001411(z — 1) (z — 1.5)(z — 2)(x — 3)(x —

As a result, approximations to In(1.2) = 0.0791812460476248 using;:

P01(1.2), po12(1.2), po123(1.2), po1234(1.2) and poi2345(1.2)
are displayed in Table 4.4.

2. To get approximations to f(2.5), using Theorem 4.3), we obtain succes-
sively linear, quadratic and cubic polynomials as follows:
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p..(2.5) Value Relative error
p23(2.5) | 0.380075 | 2.227725 x 102
p234(2.5) | 0.3961067 | 4.6070814 x 103
p231(2.5) | 0.4013733 | 8.62774435 x 103
Po345(2.5) | 0.3973825 | 1.4009867 x 10~3
p2341(2.5) | 0.39874 | 2.0103315 x 1073

TABLE 4.5: Errors in polynomial interpolation for f(z) = In(2.5)

o po3(x) = Y2 + [x2, x3)(z — z2) = 0.30103 + 0.17609(x — 2)

o po31(x) = pas(x) + w2, 23, 21)(x — 22) (2 — x3)
= pos(z)+[x1, T2, 23] (x—22) (x—23) = poz(x)—0.0492(x—2)(z—3)

o p2314(2) = pas1(x) + [w2, 23, 21, 4] (x — x2) (T — 3) (2 — 1)
= pos1(x) + [x1, T2, T3, T4] (T — 22) (. — 23) (z — 1) = pos1(z) +
0.01054(z — 2)(z — 3)(x — 1.5)

® po310(2) = pas1(x) + [z2, 23, 21, ol (x — 22)(x — 3) (2 — 1)
= pas1(x) + [®o, T1, T2, x3)(x — x2) (. — x3)(z — 1) = pas1(z) +
0.02655(x — 2)(z — 3)(z — 1.5)

Another alternative, starting with pes(z), would be:

o po3a(x) = pas(x) + [x2, 3, 24)(x — 22)(x — 23) = pas(x) —
0.02813(z — 2)(z — 3)

L4 p2345(l’) = p234($)+[$2,$3,584,335](33*$2)($*$3)($*$4)p234($)+
0.00511(z — 2)(z — 3)(z — 3.5)

® P2341(2) = pasa(x) + [T2, 23, 4, 1](x — x2) (T — 3) (2 — 24)
= posa(x) + [21, T2, T3, T4](x — 22)(x — x3)(z — T4) = pasa(z) —
0.002172(z — 2)(z — 3)(z — 3.5)

This process can be carried through to obtain higher order interpolation
polynomials. Table 4.5 gives the results obtained for the approximation
of In(2.5) = 0.39794001.

Hence, it appears clear that increasing the degree of the interpolation poly-
nomial does not improve much the approximation of the exact value of f(x).
Using Algorithm 4.2, we may now write an algorithm that implements New-
ton’s formula.

Algorithm 4.3 Program for Newton’s Formula

function p=NewtonForm(x,y,X)
%Input: two equally sized vectors x and y of length k
% One vector X of length n
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%0utput: p(X) based on Newton interpolation formula on the data (x,y)
D=DivDiffTable(x,y);
k=length(x);%(equal to length of y)
n=length(X) ;X=X(:);
term=ones(n,1);
p=zeros(n,1);
for i=1:k
p=ptD(i,i)*term;
term=term.* (X-x(i));
end

To conclude on recurrence formulae for the Lagrange interpolation polyno-
mial, a rule of thumb would be to use Neville’s formula in case of computer
implementation as it takes only one algorithm to program (Algorithm 4.1). On
the other hand, Newton’s formula requires writing 2 programs: one for divided
differences (Algorithm 4.2) before developing Algorithm 4.3 for a straightfor-
ward evaluation of the interpolation polynomial.

4.4 Equally Spaced Data: Difference Operators

Consider now the set of data D,, with equidistant = nodes, i.e.,
Tit1 — Ty = h, Vi = 0, ]., ey — 1.

In this case, we can compute divided differences associated with D,, by using
the “difference functions” or “difference operators,” based on the y data
only. Specifically, we make the following definitions:

Definition 4.1 Let Y = [yo, Y1, ..., Yn], then:

1. AYY = [Ayo, Ay1, ..., Ay, _1] is the vector of n first order differences
associated with Y, where Ay; = y;4o1 — y; for i =0,1...,n — 1.

2. By recurrence, for k = 2,3,...n, we may then define the vector of
k' order differences AFY = [AFyo, AFyy, ..., ARy, 1], where APy, =
A=y — APy fori=0,1,....,n — k.

Difference operators are linear in the sense that:

AR¥(Y 4+ Z) = A*Y + A*Z and AF(aY) = aA*Y, a € R, k= 2,3, ..n.

Besides, one easily obtains a relation between divided differences and differ-
ences of all orders as shown below.
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Theorem 4.4 Let D,, be a set of data as defined in (4.1), where the z-nodes
are equally spaced with ;11 —x; = h, Vi =0,1,...,n—1. Then for all k where
1<k<withi+k<n:

Akyi
[Ti, T 1y oy Tigr] = WEE! (4.16)

Proof. The proof is done by induction on k. After verifying the result for
k = 1, assume that it is true for 1,....,k — 1, i.e.,

Ak—1y,
oo e, k] = gL
Since,
_ i mik] = [ i, ik
et el = (Tigr — ;) ;
then:

ARy — ARy, ARy — ARy,

W1k — ) (zian —z1)  RWF—1(k —1)kh

[$i79€i+17 ~~7961'+k] =
that reaches the required result. |

Based on the theorem above and in case of equally spaced data, Newton’s
interpolating polynomial is expressed as follows::

Ayo A?yy Ay

p($> = y0+ﬁ(:};‘—.’)§o)+ 22 (m—xo)(aj—gjl)+. ct o

(4.17)
where it is understood that p(z) = po12...n ().

Remark 4.5 Note the resemblance of this formula with that of Taylor’s for-
mula for a function f(x) where the n'" degree polynomial representing f(x) is
given by:

f(n) (z0)

n! (= 20)"

qa(x) = f(zo) + f (wo) (& — o) + wvv. +

This remark will be exploited in Chapter 5 when approximating derivatives

such as f(*)(z() by k*" order differences w.

The result of the above theorem allows us therefore to compute divided differ-
ence tables by simply first computing differences as displayed in Table 4.6.
The algorithm of the difference table for the first differences up to order (n—1)

is implemented as follows:

Algorithm 4.4 Constructing a Difference Table
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n—2 Tn—2 | Yn—2
AYn—2=Yn—1— Yn—2
n—1{2n-1|Yn-1 A2y, = Ayp1 — Ayp_»
Ayn—l =Yn — Yn-1

i Xji Yi A AQ A"
0 T Yo
Ayo =y1 — Yo
1 S T A?yg = Ayy — Ay
Ay1 =Y2— N
2 2 | Yo A%y = Ay, — Ay
Ays = y3 — 2
3 T3 Y3 A"y

TABLE 4.6: A difference table for equally spaced = data

function D = DiffTable(x,y)
% D is a lower Triangular matrix
n=length(x) ;
m=length(y) ;
if m==n

D=zeros(n,n) ;

D(:,1) =y ;

for j=2:n

D(j:n, j)= diff(D(j-1:n, j-1) );
end

end

Example 4.4 The following set of data Dy is associated with 0-th order
Bessel’s function of the first kind.

Xi Yi
1.0 | 0.7651977
1.3 | 0.6200860
1.6 | 0.4554022
1.9 | 0.2818186
2.2 | 0.1103623

W N O e

Since the z-data are equally space with h = 0.3, the differences Table 4.7
can therefore be easily constructed out of this data. Using Table 4.7, we may
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i X Yi A AQ AS A4
0]1.00.7651977
—0.1451117
1] 1.3 ] 0.6200860 —0.0195721
—0.1646838 0.0106723
2| 1.6 | 0.4554022 —0.0088998 0.0003548
—0.1735836 0.0110271
311.90.2818186 0.0021273
—0.1714563

4122 10.1103623

TABLE 4.7: An example of a difference table for equally spaced = data

subsequently write any of the interpolation polynomials based on D,. For

example:

2
p234($) = Y2 + %%2 (!.E — LL'Q) + %(‘T — .%‘2)(,@ — 1'3)

= 0.4554022 — ®LF20 (2 — 1.6) + 2557 (z — 1.6)(z — 1.9)

p2?31(33) = pa3(®) + (22, T3, 21](x —22) (T —23) = p23 () +[21, T2, w3) (2 —72) (T —
r3
= pas(x) + g (v — 1) (x — w3) = pag () — LOBEB8 (3 — 1.6)(1 - 1.9)

4.5 Errors in Polynomial Interpolation

When a function f is approximated on an interval [a, b] = [z¢, ,,] by means
of an interpolating polynomial p,, it is naturally expected that the function
be well approximated at all intermediate points between the nodes, and that
as the number of nodes increases, this agreement will become more and more
accurate. Nevertheless, this expectation is incorrect.

A theoretical estimate of the error is derived in ([21], page 189) and leads to
the following result:

Theorem 4.5 Let f be a function in C"*]a,b], and p, the Lagrange poly-
nomial of degree at most n, that interpolates f based on the set of data D,,.
There exzists some point ¢ € (a,b) such that the error function:

F D (e)

En(f(@)) = f(z) = pul2) = wal@) "=

where wy(x) = (x — xo)(x — x1)....(x — xy), and x € (a,b).
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graph of fx)=1/(1 +x2) and the Newton interpolant

foO=1/(c+1Y2
\ Newton interpolation
¥ *v, * data

08

06} \

02 't: /

0.4 ; L

(8]
IS
w
.
Ly
o
-y
(o]
w
=
(5]

% values

FIGURE 4.1: Runge counter example for non convergence of the interpola-
tion polynomial

However, such result does not lead to a convergence result in the sense of:

nlglc}o |f(:17) 7pn(x)‘ =0, Vr € (aab)a

even if the function f possesses continuous derivatives of all orders in that
interval.

Example 4.5 A well-known counter example of this phenomenon is provided

by the Runge function
1

fo) =1
Let po1.. n(2) be the polynomial that interpolates this function at n+1 equally
spaced nodes on the interval [—5, +5] for example, including the endpoints. It

is easy to verify the following contradictory results in Figure 4.1.

1. The curve representing po1..,(z) assumes negative values, which obvi-
ously f(z) does not have.

2. Adding more equally spaced nodes, leading to higher degree polynomials
worsens the situation. The graphs of the resulting polynomials have
wilder oscillations, especially near the endpoints of the interval, and the
error increases beyond all bounds as confirmed in the graph.
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Thus, in this case it can be shown that:

I _ .
nlango75r£a§%{+5|f(x) Pa()] = o0

This behavior is called the “Runge’s phenomenon.”
In a more advanced study of this topic [26], it is proved that the divergence
of the polynomials is often due to the fact that the nodes of interpolation

are equally spaced, which contrary to intuition, is usually a very poor and
inappropriate choice. Specifically, one can show that:

hn+1

|wy, (z)] < n!

and therefore

max, | f" Y (2)]

n+1
4(n+1) h

max |f(x) —pn(x)| <

If n — oo, the order of magnitude of max, |f"+V(z)| could outweigh the
nearly-zero order of K"t /4(n +1).

In [26], numerical results are conducted in the case of the Runge function
confirming this hypothesis. More specifically, it is verified that

(22) _ 19
_max /(@) = 0(10")

while the corresponding value of max (ijll(f))l =0(10719)

A much better and more adequate choice of nodes leading to more accurate
results that help minimizing Runge’s phenomenon is obtained for example
with the set of Chebyshev nodes defined over the unit interval [—1, +1] by:

(Note that these values are graphically obtained by projecting equally spaced
points on the unit circle, down on the unit interval [—1, +1]). More generally
over arbitrary interval [a,b] the coordinates of Chebyshev nodes are:

2t —1

n

1 1
xizi(a—i—b)—i—i(b—a)cos[ il

It is possible then to prove that

lim |f(z) — pn(z)|=0

n—oo

This problem motivates the use of local piecewise polynomial interpolation.
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4.6 Local Interpolation: Spline Functions

As the global approach of interpolating polynomials does not provide in
general a systematic and efficient way to approximate a function f(z) on the
basis of the data

D, ={(z;,y)li=0,1,.n, , 20 = a,< 21 < ... < Tp_1 < T, = b},

we consider hereafter a local approach that considers approximating a func-
tion f(z) by spline functions. Such functions are piecewise polynomials
joined together with certain imposed continuity conditions, to which we will
refer as the imposed “smoothness conditions” of interpolation.

In the theory of splines, the interior points {z;}? , at which the function
changes its expression are called the “nodes” or “knots” of the partition.

In this chapter, we analyze successively linear quadratic and cubic spline func-
tions interpolating D,,.

4.6.1 Linear Spline Interpolation

The simplest connection between two points is a line segment. A spline of
degree one or linear spline, is therefore a function that consists of linear
polynomial pieces joined together to achieve continuity of the polygonal curve
representing it. Its formal definition is given as follows:

Definition 4.2 A linear spline interpolating the data D, is a function s(x)
such that:

1. si(x) = {5(%)|se[zs, w511} 5 @ polynomial of degree at most 1, i.e.,
s; ePLVi=0,1,...,n—1.

2. s(z) is globally continuous on [a,b], (i.e., s € C([a,b], the set of all
continuous functions on [a,b]).

3. s(x) satisfies the interpolation conditions: s(x;) = y;, Vi = 0,1, ..., n.

Note that there exists a unique function s(zx) verifying these three criteria:

- To determine s(z), a total of 2n unknowns have to be evaluated as each of
the linear polynomials s;(x) defined by the first criterion over the subinterval
[, 241] is determined by 2 parameters.

- The second and third criteria impose respectively continuity at the n — 1
interior nodes in addition to the n 4+ 1 interpolation conditions, that add up
to a total of (n — 1) 4+ (n + 1) = 2n restrictions or “imposed smoothness con-
ditions.”

The number of unknown parameters being equal to the number of imposed
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conditions, the equations of the linear spline are uniquely determined.

We proceed directly to write them using Newton’s linear interpolating polyno-
mial form on each subinterval [z;,x;1]. This gives in a straightforward way,
Vi=0,1,....,n—1:

si(x) = [x3] + [zs, v ) (. —2) =y + M(m — x;) (4.18)
Lit+1 — Ly
Clearly, by joining the linear pieces {s;(z)|i = 0,1, ..., —1n}, one obtains the

unique linear spline satisfying the definition above.

The implementation of the linear spline algorithm is as follows:

Algorithm 4.5 Linear Splines

function 1 = LinearSpline(x, y, r)

% Input: 2 vectors x and y of equal length, and a real number r
% Output: 1= s(r): s=linear spline

n=length(x);

% seek i : x(i) < r < x(i+1)

i=max (find (x<r));

% compute l=s(r)=s_i(r)

1=y(1) + (yG+D-y(@)) / x@E+D)-x(1)) * (r-x(i));

Example 4.6 Consider the set of data Dy = {(x;,y; = f(x;)) i =0,1,2,3,4}

where
01076
111320
211.61|4.5
3119128
412211

Determine the linear spline function interpolating Dy, then interpolate f(1.4)

1. Given that s;(x ):yz—k%(x—zi)'

so(z) =yo + L2 (z —29) =76 —18.6(x — 1) ;1.0<2 <13
)=y + 2= (r—a1)=2+83(x—-13) ;13<2 <16
)=y + B2 zi(x—xg)f4.5—5.6(x—1.6) 16<z <19
)= 2w —w3) =28+273(x—1.9) ;,1.9 <2 <22

xT

Ya—Y3

s1(
sa(x
(

s3(x) =ys +
2. Since 1 <z =14 <o = f(1.4) = s1(1.4) =2+83(1.4—1.3) =2.83
As confirmed by the graph, first order splines are not smooth functions, the

first derivative being discontinuous at each interior node. This deficiency is
overcome by looking at higher order degree splines.
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4.6.2 Quadratic Spline Interpolation

We start by providing a definition for interpolating quadratic splines based
on the data D,,.

Definition 4.3 A quadratic spline interpolating the data D,, is a function
s(z) such that:

1. si(x) = {8(®)|2elw;,wiz1]}> 15 @ polynomial of degree at most 2, i.e.,

s; €P2Vi=0,1,...,n—1.

2. s(x) is globally of class C*, that is:

(a) s € C([a,b]),
(b) s € C([a,b]).

3. s(x) satisfies the interpolation conditions: s(x;) = y;, Vi =0,1,...,n.

In order to determine the equations of the interpolating quadratic spline, we
start by counting the number of unknown parameters and imposed smoothness
conditions from the definition.

- From the first criterion, each of the s;(x) - being a quadratic polynomial -
is determined by 3 parameters. Hence, complete obtainment of s(z) requires
3n unknowns.

- The second and third criteria impose respectively continuity of s and s at
the n — 1 interior nodes in addition to the n + 1 interpolation conditions, that
add up to a total of 2(n — 1) + (n + 1) = 3n — 1 restrictions.

Obviously, to obtain a unique determination of the interpolating quadratic
spline, there appears to be a deficit of one further constraint!

There is a variety of ways of providing an additional condition. For example,
one may impose specific values on s'(x¢), such as:

s'(z9) =0, (“natural quadratic spline”) (4.19)
or use the forward difference approximation formula to the derivative

§'(x0) = [z0,71] = LY~ f(a0) (4.20)
T1 — o
Instead of deriving the quadratic spline through a system of 3n equations in
3n unknowns, a shorter way to proceed is by noting first that s (z) is a linear
interpolating spline on the set of data D, = {(x;,s'(x;))]i = 0,1,...,n}. In
this view, introduce first the set of unknowns:

{2; = §'(x;), fori=0,1,..n}

Obviously, it is enough to start first by writing the equation of 3;(x) followed
by an integration process.
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e On the subinterval [x;, ;1]
si(t) = 2 + (DL "2y (4 — @), Wt € [2i, i44), Vi = 0,1, .0 — 1.
Tit+1 — Ty

Integration of this last equation from z; to x : x; <z < x;41, yields:

1 Zi — Z;
si(z) :yi+zi(x—xi)+§(L)(x—zi)2. (4.21)
Tit1 — X4

e Imposing then the interpolation conditions s;(z;+1) = Yit1, %
0,1,...n — 1, provides a new set of n equations:

2
Zig1 — 2i \ (Tig1 — @)
Tit+1 — T4 2

Yir1 = Yi + 2i(Tip1 — 25) + (

Through algebraic simplification and letting h;+1 = z;41 — x;, one ob-
tains: N
Yirl TYi _ZlTE g9
hi—i—l 2

Obviously, to determine s;(z), the values of the sequence {z;} should be com-
puted first. Given an arbitrary zo chosen as suggested in equations (4.19) or
(4.20), the sequence {z;}?; can be found from the recurrence relation:

Zit1 = —Zi+2[$i,$i+1], 1 =0,1,...,n—1, (4.22)

where [2;, x;41], is the set of first order divided differences associated with the
data D,. It suffices then to determine the equations of the quadratic spline
over the interval [a, b], from equation (4.21).

Algorithm 4.6 Algorithm for Quadratic Spline

function q = QuadraticSpline(x, y, r)
% Input: 2 vectors x and y of equal length, and a real number r
% Output: g= s(r): s= quadratic spline based on data x and y
n=length(x); z=zeros(l, n);
% compute z(1) (or set z(1)=0) then compute z(i), i=2,...,n
z(D=(y(2)-y(1)) / x(2)-x(1));
for i=1:n-1
z(i+1) = -z(i) + 2% (y(i+D-y(1)) / x@E+D)-x(E);
end
% seek i : x(i) < r < x(i+1) and compute g=s(r)=s_i(r)
i=max (find (x<r));
g=y(i) + z(D)*(r - x(1)) + (z(i+1)-z(1)) / (x(i+1)-x(1)) * ((r -x(1))"2 /
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f(x)=3"cos(2"x)
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FIGURE 4.2: Natural quadratic spline approximation for f(z) = 3 cos(2z)

Example 4.7 Find the natural quadratic spline interpolant for the following
data:

Ds = {(=1,2);(0,1);(0.5,0); (1,1); (2,2); (2.5, 3)}
Let zp = 0. Using equation (4.21) recursively:
{Zi}?:o = {Oa —2,-2,6,—4, 8}

From equation (4. 22) the natural quadratic spline is given by:
so(x)=—(z+1)2+2;-1.0<2<0
():—2x+1 0<x<0.5.

() =8(z—1%)*—2(x—1);05<2<1.0
53(x):—5(x—1)2+6(x—1)+1 1.0<2 <20

(r)=12(z —2)2 —4(z —2) +2:;20< 2 <25

Remark 4.6 On the choice of the additional condition on zq.

When conducting numerical tests regarding the use of the natural spline con-
dition zy = 0, it was found that such constraint provides a good quadratic
spline approximation results only in the case where the data {z;,y;} corre-
spond to a function f(z) for which f (20) = 0. This is shown in Figure 4.2 for
f(x) = 3cos(2z). Otherwise, changing the additional condition from zg = 0 to
z0 = [z, 21] = gi:z‘; proved to be an O(h) approximation to f (z0), appears
to provide more accurate results. The next 2 figures attest to such facts for
the functions:
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f(x)=x.*cos(x)-3"sin(3"x)
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FIGURE 4.3: Comparison of approximations between natural quadratic

spline and quadratic spline using zg = £=% for f(z) = z cos(z) — 3sin(3x)

e f(x) = zcos(x) — 3sin(3z), in Figure 4.3
e f(x) = 3sin(2z), in Figure 4.4.

4.6.3 Cubic Spline Interpolation

In the previous two cases one notes the following:

- The polygonal lines representing linear splines lack smoothness as the slope
of the spline may change abruptly through each node.

- As for quadratic splines, the discontinuity is in the second derivative, and is
therefore not so evident; nevertheless, the curvature of the spline changes
abruptly through each node, and the curve may not be visually smooth
enough.

Cubic splines allow for smoother data fitting and they are most frequently
used in applications. It can be proved that cubic spline functions are among
the best interpolation functions that are available at an acceptable compu-
tational cost. In this case, we join cubic polynomials together in such a way
that the resulting spline function has its first and second derivatives continu-
ous everywhere in the interval [a,b]. At each interior node, 3 conditions will
be imposed, so that the graph of the function will look smoother than in the
case of linear and quadratic splines. Discontinuities of course may occur in the
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f(x)=3"sin(2*x)
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FIGURE 4.4: Comparison of approximations between natural quadratic

spline and quadratic spline using 20 = =% for f(z) = 3sin(22)

third derivative, but these cannot be easily detected visually. Cubic splines are
formally defined as follows.

Definition 4.4 A cubic spline that interpolates the data D,, is a function
s(x) such that:

1. si(x) = {8(®)|zelz;.wi51]} 8 @ polynomial of degree at most 3, i.e.,

s; €P3Vi=0,1,..,n— 1.

2. s(x) is globally of class C?, that is:

(a) s € C([a,b]).
(b) s € C([a,b]).
(c) " € C([a,b]).

3. s(x) satisfies the interpolation conditions: s(x;) = y;, Vi = 0,1,...,n.

Following the same pattern as previously, and counting the number of un-
known parameters and imposed conditions from the definition, we note the
following:

- From the first criterion, each of the s;(z) is determined by 4 parameters.
Hence, complete obtainment of s(x) requires 4n unknowns.

© 2014by Taylor & FrancisGroup,LLC



146 Introduction to Numerical Analysis and Scientific Computing

- The second and third criteria impose now respectively 3(n — 1) continuity
conditions for s, s and s at the interior nodes, in addition to the n + 1 in-
terpolation conditions.

Hence for a total of 4n unknowns, one has a total of 3(n—1)4+n+1=4n—2
constraints. Obviously, to allow unique determination of the interpolating cu-
bic spline, there appears to be a deficit of two constraints!

These two supplementary conditions may be for example supplied as fol-
lows:

1. Letting s”(x0) = s”(x,) = 0, the spline is called a natural spline (or
free boundary.)

2. An alternative to the natural spline is to use:

s (x0) = 2[wo, w1, m2] = f7(x0) and 8" (z,) = 2[Tn_2, Tn_1, 7] = f7(x,)

3. Letting s'(x¢) = fo and §'(z,) = fn, the spline is called a clamped
spline. However, for this type of boundary condition to hold, it is nec-
essary to have the values of f'(xg) and f'(x,) (or at least an accurate
approximation.)

In this chapter, we will restrict our analysis to natural cubic splines only.
Instead of determining the solution of the problem through a system of 4n
equations in 4n unknowns, we note that s’ (x) and s”(a?) are quadratic and
linear splines based respectively on the data sets D, = {(z;, s'(x;)} and D], =
{(zi, s (x;)}, where the unknowns:

{2 = §'(z;)|i =0,1,...,n}

and
{w; = " ()i =0,1,...,n}

represent respectively the sets of slopes and moments at the nodes.
Obviously, we should proceed by first writing s; (z) on the interval [z;, z;41
followed by 2 successive integrations.

e On the subinterval [z;, z;1]:

s; (1) = wit —HL Y ), V€ [, wiga], Vi = 0,1, ..., n—1. (4.23)
Ti41 — X4

e Integration of (4.23) from z; to z, z; < x < x;41 yields:

s Vx € [.131‘,.131‘_;_1}, Vi = 0,1,...,n—1
(4.24)
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e Imposing in (4.24) the conditions si(x;11) = z;41 at internal nodes,
provide a new set of n — 1 equations. Specifically:

Zitl — 2 Wil +w;

= ;=0,1,....,n— 1. 4.25
hl+1 2 ) 1 ) ) ’n ( )

which is equivalent to:
et = 74 g L o1 (4.26)

2 bl
e A second integration of equation (4.24) from z; to z yields the cubic
polynomials s;(x):
(v — xi)Z Wir1 — Wy
2 6hit1

si(z) =yi + zi(x — z) +w; (x —z;),  (4.27)

Vr € [l’i, 131'_;,_1], Vi=0,1,...,n— 1.
e Imposing then the interpolation conditions s;(x;4+1) = y;+1 provides a
new set of n — 1 equations given by:

hii +(wi+1 —wi)hi,,
6

Yir1 = Yitzihipitw; ,Vi=0,1,...,n—1 (4.28)

e This last equation leads to 2 simultaneous equations satisfied at all in-
ternal nodes of the spline, i.e., foralli=1,..,n — 1:

oy —y h
{ VBTV — o4 (w4 2w;) =

hiy1 A
Yi—Yi—1 __ i
7%‘ = Zi—1 + (’LUrL' + 2101'_1)?

Subtracting these last 2 equations and using (4.25) gives:

= 4 i 2 i [ 2 i—
[l’i,l‘i_i_l]—[xi_l’xi} _ hl Wi—1 + w; hi-i,-l (’U] +1 + 2w )—hl (w + 2w 1)
2 6 5
Equivalently:
€w¢—1+ 3 +1 w;+ 6+1wi+1 = (hi+hit1) i1, i, T, 1 = 1,2, ...,n—1

Since the sought spline is “natural” (wo = w,, = 0), equation (4.29) provides
therefore a system of n — 1 equations in n — 1 unknowns given by:

Aw =r, (4.30)
where the coefficient matrix A of size n — 1 x n — 1 is:
(h1 + h2)/3 hy/6 0...0 0
hs/6 (ha + h3)/3  0..0 0
0 hs3/6 0...0 0 (4.31)
0 0 hn—1/6
0 hp-1/6  (hp_1+4hy)/3
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and the vectors w and r are respectively:

w = (w1, Wa, ..., wpn_1)"
and
r=(ry,ro, ...,Tn,l)T with 7; = (h; + hip1)[Tio1, i, Tig]y (4.32)
Note also that the matrix A = {a;;} has the following properties:
- A is symmetric, since a;; = a;;
- A is tridiagonal, since a;; = 0 for all 4, j with |¢ — j| > 1.
- A is strictly diagonally dominant, since |as| > 7, |aijl, Vi.

Under these conditions, the system (4.30) has a unique solution that can be
obtained through a straightforward Gauss reduction process that does not
necessitate any pivoting strategy. We can now write a pseudocode for the
natural cubic spline.

Algorithm 4.7 Cubic Spline

% Input the data D_n
% Output: cubic spline s(x)  interpolating on D_n

% Obtain first w by solving Aw=r by performing the following steps:

1. Generate 7 = [ry,...,7_1]7 with 7, = (hi + hip1)[Tio1, Ti, Tiga], 1 =
1,...,n—1.

2. Generate the matrix A.
3. Perform Gauss reduction on [Alr].

4. Perform back substitution on reduced system to get w with wg =
wy, = 0.

5. Compute zg = [zg, 1] — (2w + w1)h1/6
6. Compute z;11 = 2 + hip1(wip1 +w;)/2,i=0,1,..,n—1.

7. Generate s(x) through generating s;(x):
si(z) = yi+2zi(z —2;) +wi(r — ;)% /2 + (wig1 —wi /6hit1) (x—x4)3, i =
0,1,.,n—1.

As an illustration, let us reconsider the Runge function f(z) = 7z intro-
duced in Example 4.5, and its natural cubic spline interpolant. The curves
representing these 2 functions over the interval [—5, +5] match completely at
all points. The results are summarized in Figure 4.5.
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FIGURE 4.5: Natural cubic spline approximation for the Runge function
f@) =152

Example 4.8 The Runge Function and the Natural Cubic Spline
Interpolant

Example 4.9 Determine the natural cubic spline interpolating the following
set of data:

D3 = {(_1’ 1)? (17 2)? (27 _1)5 (2-570)}
e Since wg = w3z =0

and hl 2.1‘1—.%‘0:2 ;h2:$2—.’)31 =1 ;h3:$3—$2:0.5,
the system (4.30) is:

1 1/6 w \ [ —=7/2
1/6 1/2 wy ) 5
e Applying the naive Gauss reduction on that system followed by back
substitution:

w = [wy = 0,w; = —93/17, wy = 201/17, w3 = 0]’

e Using (4.28) with ¢ = 0 leads to

20 = [Z‘o,xl} — (2’(1}0 + ’LU1)h1/6 = —45/34
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e Once the value of 2y and (4.26), the vector of slopes is fully determined
with:

2=z = —45/34,2 = — — 231/34/17, 20 = —123/34, w3 = —45/68]’

e Using (4.27) for successively ¢ = 0, 1,2, the equations of the cubic spline
are then as follows:

So(z) =1— =(x +1)—@($+ 13, -1<z<1
S(z) = Si(z) = —2%1(33—1) Bar—-1)2+P@-131<z<2
So(z)=-1--F@2-2)+ L (x-2)?2-%(z-2)3;2< 2 <25
4.6.4 Solving a Tridiagonal System
Note that, in case D,,, the z-data are equidistant, i.e.,
h,‘+1 =Ti4+1 — Ty = ]’L, Vi = O, ey T — 1
the matrix A in (4.31) becomes:
2/3 1/6 0 0.. 0
1/6 2/3 1/6 0. 0
a_nl 0 16 23 160 0
o .. 0 1/6 2/3
Since also [z;—1, i, Tit1] = yl“_g#, the right hand side r in (4.32)
simplifies, and the system (4.30) becomes:
2/3 1/6 0 0.. O w
1/6 2/3 1/6 0. 0 ws 32 - ;Zl :ZO
0 1/6 2/3 1/6 0. 1 3T o2 !
O I | B B TR R
0 .. 0 1/6 2/3 Wno1 Yn = 2Yn—1 7+ Yo

The elements of the matrix A can be made independent of h, through dividing
each of the equations by h, thus yielding the following tridiagonal system:

2/3 1/6 0 0.. 0 wy Y2 — 251 + Yo
1/6 2/3 1/6 0. 0 wo Ys — 2y2 + 41
0 1/6 2/3 1/6 0 _ 1 Ya — 2y3 + Y2
0o .. 0 1/6 2/3 Wp—1 Yn = 2Yn—1+ Yn—2
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In what follows, we consider the general triadiagonal system of equations:
Aw =r:

a; by 0 0... 0 w1 1
C1 Q2 b2 0.. 0 wao T2
0 Co as b3 0..

¢N—2 an-1 by
0 0 CN—-1 an wN TN

where the “diagonal” entries of the matrix A are generated by:
- The “main diagonal” vector, a = [a; : 1 < i < N]

- The “upper diagonal” vector, b=[b; : 1 <i < N —1]

- The “lower diagonal” vector, c=[¢; : 1 <i < N — 1]
satisfying the following properties:

|ai|>|bi|+\ci,1|:2§i§N—1
la1] > [b1], Jan| > [en—1]

The following algorithm solves this given system:

Algorithm 4.8 Diagonally Dominant Triangular Systems
function w=SolveTridiag(a,b,c,r)

% N is the dimension of a and r; N-1 is the dimension of b and c
% Start with the Gauss reduction process then use back-substitution
for k=1:N-1

m=c (k) /a(k) ;

a(k+1)=a(k+1)-m*xb(k);

r(k+1)=r(k+1) -m*r (k) ;
end
for k=N:-1:1

w(k)=r(k)/a(k);

if k>1

r(k-1)=r(k-1)-w(k)*b(k-1);

end

end

This algorithm takes 2N — 1 divisions, 3(/N — 1) multiplications and as many
algebraic additions, thus a total of 8V — 7 flops.

4.6.5 Errors in Spline Interpolation

From ([27], pages 14 and 61), we can state the following convergence result:

Theorem 4.6 Let f be a function in C*+1]a,b], and Sy the spline function
that interpolates f based on the set of data D,,, where k = 1,2,3. Then,

max|f(z) - Si(@)] < Crh™+1 tmax | ()]

s

where h = max |x; — x;—1|, for 1 <i<n.
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For example:
o If k=1, then maxy, ) |f(2) — Si(x)| = O(h?)
o If k = 2, then max, ) |f(x) — S2(x)| = O(h*)
o If k = 3, then maxy, ) [ f(2) — S3()| = O(h%)

Note that, in spline interpolation, increasing the number of nodes for a fixed
value of k will definitely lead to convergence. One can prove that:

vz € [a,b], ]nll}ngo Sk(z) = f(x).

This property is noticeably absent for global Lagrange interpolation (recall
Runge example).
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4.7 Concluding Remarks

1. Based on a set of data D,,, considering higher degree Lagrange interpo-
lating polynomials does not guarantee reaching more accurate approx-
imations of the unknown function f; this problem can be overcome by
spline functions, particularly cubic splines. However, neither are suitable
to extrapolate information from the available set of data D,,. To gener-
ate new values at points lying outside the interval [xq, x,], one could use,
for example, regression analysis based on least squares approximations.

2. Polynomial interpolation can also be used to approximate multi-
dimensional functions. In particular, spline function interpolation is well
suited when the region is partitioned into polygons in 2D (triangles or
quadrilaterals) and polyhedra in 3D (tetrahedra or prisms). See([26]).
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4.8 Exercises

1. Use the Lagrange form of the Lagrangian interpolating polynomial to
obtain a polynomial of least degree that satisfies the following set of
data: D3 = {(0,7),(2,10), (3,25), (4,50)}.

2. Consider the following four interpolation nodes: —1,1,2,4. Find the
l; functions required in the Lagrange interpolation process and draw
their graphs. Use the Lagrange interpolation form to obtain a poly-
nomial of least degree that satisfies the following set of data: D3 =

{(_17 1)7 (1, 0)7 (27 2), (47 _3)}‘

3. Write the Lagrange form of the interpolating polynomial of degree < 3
that interpolates f(x) at g, x1, 22 and x3, where the nodes are sorted
from the smallest to the greatest.

4. Write Newton’s interpolating polynomial on the following set of data:

{(0,7),(2,10),(3,12),(4,15)}

5. Given the data
D, ={(1,-1),(2,-1/3),(2.5,3),(3,4), (4,5)}

(a) Construct its divided difference table.

(b) Use the “best” quadratic then cubic Newton’s interpolating poly-
nomial, to find an approximation to f(2.7).

6. Using a difference table, derive the polynomial of least degree that as-
sumes the values 2, 14,10 and 2 respectively for x = —2,—1,0,1 and 2.
Use that result, to find a polynomial that takes the values shown and
has at = 2 the value 4.

3

7. The polynomial p(r) = 22* — 2% — z satisfies the following set of data:

Xi | Vi
-1 4
0
0
22
138
444

T W N P O e

W R = O

© 2014by Taylor & FrancisGroup,LLC



Polynomial Interpolation and Splines Fitting 155

Find a polynomial g that takes these values:

Xi | Yi
-1 4
0 0
1 0
2 | 22
3

4

138
1

TR W N O e

8. Construct a divided difference (or difference) table based on the two
given sets of data in the preceding exercise, then use Newton’s polyno-
mials of all orders to approximate f(2.5), in each case.

9. Determine the polynomial of degree 2 or less whose graph passes through
the points (0,1),(1,2), and (2,4.2). Use two different methods. Verify
that they lead to the same polynomial.

10. Create the table of all Neville’s polynomials in Py satisfying the following

set of data:
il x| yi
0]1.0]—1.5
1120 -0.5
21251 0.0
3130 05
414.01| 1.0

11. (a) Consider the following set of data:

Show that the interpolating polynomial based on Dj is cubic.
(b) The set Ds is altered as follows:

Dy = {(~2,1); (—1,4); (0, 11); (1,16); (2, 10); (3, —4)},

so that y, = 10. Based on Dl5 and using the polynomial found in part
(a), find go1234(), without computing new divided differences.

12. The polynomial p(z) = x* + 323 — 222 + z + 1 interpolates the set of
data

ilo ] 1] 2 | 3 4
x| -1 -2] 0 | 1 2
vi| 4 |—17| 1 | 4 | 35

Without computing any difference or divided difference, use Newton’s
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form to determine the polynomial ¢(z) interpolating the following set of

data:

13. Consider the set of data: D3 = {(—2,—-1);(-1,1);(0,4);(1.5,0)}

ilol 1] 2| 3 4
x| 1] =2 0 | 1 2
vil =4 0 | L | 4 | 35

(a) Based on Dag, fill in the following divided difference table, then write
Newton’ form of the interpolating polynomial p123(z), reproducing
part of the data:

i T Yi [.,.] -] [ ]
0| -2 -1
1| -1 1
2 0 4
3| 15 0

(b) Based on the equation of the polynomial pio3(x) obtained in (a)
and using the coefficients in the divided differences table, determine
the equation of the interpolating polynomial pg123(z). Explain and
justify all your steps.

(¢) The initial set of data D3 is modified by inserting a new point be-
tween its elements, with coordinates (z4,y4) = (—0.5,2). Consider

now the set:

Dy = {(_27 _1)§ ) (_17 1)? (_0'57 2)9 (074); (1‘570>}>

Using the polynomial found in (b), determine the polynomial g(x)
interpolating D,4, without computing new divided differences. Ex-

plain and justify all your steps.

14. Are these functions linear splines? Explain why or why not.

(a)

S(x)
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r; -1 <r <05
S(x) =< 05z +2(z—05);05<z<?2
r+15;2<zx<4

15. Determine the linear spline function s(x) interpolating the set of data
D3 and plot its graph. Interpolate f(2.4).

D3 = {(Ov 1); (157 2); (27 6)7 (257 3)}

16. Could the function S(z) = |x| be a linear spline on the interval [—2,1]?
Justify your answer.

17. Find the natural quadratic spline interpolant for the following data

i| x|y
0-113
11010
211 |1
312 |2

18. Find the natural quadratic spline interpolant for the following data

1|(x| Yy
01| 2
1121
21510
313 |1
414 | 4

19. Find the quadratic spline interpolant for the following data:

i| x |y
0f—-11]0
110 |1
211/210
311 |1
4 0

20. Are these functions quadratic splines? Explain why or why not.

(a) ,
—z7;0<z<1
Q("“")_{ 250 <z <100
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21.

22.

23.

24.

25.

Introduction to Numerical Analysis and Scientific Computing

(b)
z; —90<x<1
Qz) = 2?31 <z <2
4;2<x<50

Do there exist a,b, ¢ and d so that the function

ar+e; -5 <x <1
S@)=4 bx?+cr;1<z<2
dz?;2<2<3

is a quadratic spline function?

Determine the natural cubic spline that interpolates the function f(z) =
227 over the interval [0, 2] using nodes 0,1 and 2.

Find the natural cubic spline interpolant for this table:

i| x|y
0110
11251
21310
3145 |1
415 10

Find the natural cubic spline interpolant for this table:

O~ O R O

B W N R O
U W N | K

Consider the following set of data generated using the function:

f(z) =2?sine —22% +x + 1

i X y

0| —0.2]0.8790
1] -0.1]0.7121
2| 0.1 |1.0810
31 0.2 ]0.1279

(a) Construct the natural cubic spline for the data above.

(b) Use the cubic spline constructed above to approximate f(0.25) and
£(0.25), and calculate the absolute error.

© 2014by Taylor & FrancisGroup,LLC



26.

27.

28.

29.

30.

31.

32.

33.
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Give an example of a cubic spline with nodes 0, 1,2, and 3 that is linear
in [0, 1], but of degree 3 in at least one of the other two intervals.

Give an example of a cubic spline with nodes 0,1,2, and 3 that is
quadratic in [0,1] and in [1,2], and is cubic in [2, 3].

Are these functions cubic splines? Explain why or why not.

(a)
r+1; 2<zxr< -1
S(x) = 2% —5r+1; -1<z<1
9Jr—1;1<x <2

(b) \
P +3r-2;-1<2<0
S(”)_{ -2 —1;0<z<1

Construct a natural cubic spline to approximate f(x) = e~ based on
the nodes x = 0,0.25,0.75 and 1. Integrate the spline over the interval
[0,1] and compare the results to fol e~ dx. Use the derivatives of the

spline to approximate f (0.5) and f (0.5). Compare the approximations
to the actual values.

Use the data points (0,1), (1,e), (2,€),(3,¢e%) to form a natural cubic
spline that approximates f(z) = %", Use then the cubic spline to ap-
proximate I = f03 e® dx.

How many additional conditions are needed to specify uniquely a spline
of degree 4 over n knots ?Justify your answer.

Let S be a cubic spline that has knots tg < t; < to < t3. Suppose that
on the 2 intervals [tg,t1] and [t2,t3], S reduces to linear polynomials.
What can be said of S on [t1,t2]?

Provide an upper bound of the Lagrange interpolation for the Runge
function defined over the interval [—5, +5] with 11 equally spaced nodes:
(a) Using Lagrange polynomials.
(b) Using linear, quadratic then cubic spline interpollants.

Determine the equations of the cubic spline based on the set of data D,,,
if the 2 additional constraints are set to:

s (zg) = 2[xg, 21, x2], and s (Tn) = 2[Tp—2, Tn_1,Ty]

Use these equations to determine the cubic spline based on the set of
data given in Exercise 23.
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35. (a) Write the equations of the natural cubic spline S(z) that interpo-
lates the set of data D3 = {(2,1),(3,0),(4,1),(5,—1)}, and fill in

the following table:

i x; Vi Zj Wi
01 2.00 1 0
1| 3.00 0

21 4.00 1 .

31 5.00 -1 0

(b) Assume now that the cubic spline is “not natural” and that the 2

additional supplied conditions are:

Determine in that case, the equations of the cubic spline and fill in

the following table:

s (xg) =2

and s~ (x3) =0

i x; Vi Zi Wi
01 2.00 1 2
1| 3.00 0

2| 4.00 1 .
3| 5.00 —1 0
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4.9 Computer Projects

Exercise 1: Polynomial Interpolation
Let = (1,22, ...,x,) and y = (y1,Y2, ..., Yn) be 2 vectors of equal length
n, representing a set of n points in the plane:

Dy, ={(zi,yi)|lr1 <z2 < .. <y 3i=1,2,...,n}

where y; = f(x;) for some real valued function f.

To solve Exercise 1, use the MATLAB function p =NevillePolynomial (x,
y, r) given in the lecture notes without checking the validity of inputs. This
function takes as input the 2 vectors x and y and a real number r, with
r1 < r < x,, and computes

P =p12,.n("r)

where p12,..,(.) is Neville’s form of the interpolating polynomial based on
the set of data D,,.

1. Write a MATLAB
function v =VectorNevillePolynomial(x, y, w)
that takes as input the 2 vectors = and y, and a vector w of any length,
and computes the values of Neville’s polynomial at each component of
w. The output of this function is a vector v whose components are:

V(i) = p12,. . n(w()), Vi=1,..,length(w)
(Assume that z; < w(i) < x,, Vi).

2. Consider the Runge function f(z) = 17 on the interval [-5, +5].
Write a MATLAB
function [x, fx, s, fs] =GenerateVectors(n, f)
that takes as input an integer n and the Runge function f. Your function:

e First: generates a vector x of length n, whose components are n
equally spaced points in the interval [—5,45] including the end-
points, evaluates f at these points, and saves these values in a
vector fx.

Hint: The MATLAB built-in function linspace(a,b,n) generates a
row vector of n equally spaced points between a and b, including
the end-points.

h

e Secondly: generates a vector s of length (n—1) whose i'"* component
is the midpoint of the interval [x;, z;11], that is:
s=s _ Tt s~:xi+$i+1 s :$n71+$n]
1 2 5 eeey 91 9 s ey Oon—1 2

Your function then evaluates f at all components of s and saves
these values in a vector fs.
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3. Write a MATLAB
function PlotPolynomial(n, f)
that takes as input an integer n and the Runge function f and plots in
the same figure window, the graphs of f and p; > . , over the set of
ordered points in

X=2Us={zysi,xi11|i=1,...,n—1}

Note that p1 2., is Neville’s form of the interpolating polynomial based
on the set of data represented by x and fuz.

4. Write a MATLAB
function EP =ErrorPolynomial(n, f)
that takes as input an integer n and the Runge function f. Your function
outputs a matrix EP of size (n—1) x 4, whose 4 columus are successively
the vectors:

|P1,2,...

f(s) D1.2,..n(S) err = |p12,...n(5)—f(9)] relerr =

5. Test each of the functions of this exercise on 2 different test cases n > 10,
(n is an odd integer). Save your results and graphs in a Word document.

Exercise 2: Spline Interpolation

All questions are as in Exercise 2, but applied to the quadratic spline instead
of the interpolating polynomial.

Let © = [x1,x2,...,x,] and y = [y1, Yo, -, Yn] be 2 vectors of equal length
n, representing a set of n points in the plane:

D, ={(zi,yi)|lr1 <z2 < ... <y ;i=1,2,...,n}

where y; = f(x;) for some real valued function f.

To solve Exercise 2, use the MATLAB function q =QuadraticSpline(x, vy,
r) given in the lecture notes. (Do not check validity of inputs).

This function takes as input the 2 vectors x and y and a real number 7, with
r1 < r < x,, and computes

q=Q(r)
where Q(.) is the quadratic spline interpolating the set of data D,,.

1. Write a MATLAB
function v =VectorQuadraticSpline(x, y, w)
that takes as input the 2 vectors x and y, and a vector w of any length,
and computes the values of the quadratic spline function at each com-
ponent of w.
(Assume that 21 < w(i) <z, Vi=1,...,length(w)).
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2. Consider the Runge function f(x) = — on the interval [—5, +5].

1+x
Write a MATLAB
function PlotSpline(n, f)
that takes as input an integer n and the Runge function f and plots in
the same figure window, the graphs of f and @ over the set of ordered
points in:
X=zUs={z;,si,xi+1]i=1,...,n—1}

Note that @ is the quadratic spline interpolating the set of data repre-
sented by z and fzx.

Hint: Call for the function GenerateVectors(n, f) programmed in
Exercise 2.

3. Write a MATLAB
function ES =ErrorSpline(n, f)
that takes as input the integer n and the Runge function f. Your function
outputs a matrix ES of size (n+ 1) x 4 whose 4 columns are successively
the vectors:

Q(s) = f(5)]
£ (s)]

4. Test each of the functions of this exercise on 2 different test cases n > 20,
(n is an odd integer.) Save your results and graphs in a Word document.

fis) Q) err=1Q(s) = f(s)]  relerr =

Exercise 3: Quadratic Spline Interpolation

Let D, = {(zyy)li = 1,2,.un; 21 < @z < ... < Tpy Y =
f(z;), f:unknown} be a given set of n points in the plane. The objective
of this exercise is to determine the quadratic spline onterpolant S(z), based
on D,,. For this purpose:

1. Write a MATLAB
function z = QuadrSplineDerivatives(x,y)
that takes as input a set of 2 vectors x = [xl,xg,...,xn] and y =
[y1,Y2, ..., Yn] as given by D,,, and returns a vector z which components
are the derivatives of the quadratic spline at all nodes of the interpola-
tion. Select z(1) arbitrarily.

2. Write a MATLAB
function C = QuadrSplineCoefficients(x,y)
that takes as input a set of 2 vectors =z and y, finds the derivatives of
the corresponding quadratic spline at all the nodes of the interpolation,
and returns a matrix C of size 3 x (n — 1) representing the coefficients

(yi, 24, ;’::;) of the quadratic spline over each subinterval [x;, z;11].

3. Write a MATLAB
function E = EvaluateQuadrSpline(x,y,u)
that computes the value of S(u) by locating first u in the appropriate
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subinterval [x;, z;+1]. Your function should also display an error message
if u & [x1,xy]. (For example “The value of S(2.5) cannot be evaluated”)

4. Write a MATLAB
function V = EvaluateQuadrSplinel(x,y,w)
that computes the value of the quadratic spline at each component of a
given vector w of any length.

5. Write a MATLAB
function PlotQuadrSpline(x,y)
that takes as input a set of 2 vectors = and y and plots the graph of
S(x) over each subinterval [z;, x;11].

6. Test each one of the functions above for 2 different test cases, and save
the results in a Word document.
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5.1 Introduction

As in the previous chapter, let D,, be a set of n + 1 given points in the
(z,y) plane:

Dn = {(xzvyz)“) < 7 < na=x0 < <..<Tp= ba Yi = f(xl)}v (51)

for some function f(z). Based on D,,, our basic objective is to seek accurate
“approximations” for:

1. f'(z;) and f(2;) : i =0,1,...,n (Numerical Differentiation),
2. 1= f; f(z) dx (Numerical Integration).

In what follows and unless stated otherwise, we shall assume that the xz-data
in D,, are {equally spaced, with:

h = Tit+1 — Lj.

165

© 2014by Taylor & FrancisGroup,LLC



166 Introduction to Numerical Analysis and Scientific Computing

The topic of numerical differentiation and integration is usually based on
the theory of Lagrange interpolation (see Chapter 4). However, it uses also
some standard calculus tools such as Taylor’s formula, the Intermediate Value
Theorem and the Mean Value formulae (first and second). We start by a quick
review of these basic results. (For references, see [4], [9], [21].)

5.2 Mathematical Prerequisites

1. Taylor’s formula
Let ho > 0 and m € R. Assume the function f(z) € C**1[(m — hg,m +
ho)] that is, its derivatives:

{fD(@):j=1,..,kk+1}

are continuous in the interval (m—hg, m+hg) . Then for all h < hg € R,
there exists ¢ € (0,1), such that:

2
fm+h)= f(m)+ f(m)h+ f(Q)(m)% + ... (5.2)
hk hk+1
ot f<’€>(m)H + D (¢) s

with ¢ = m + th. Formula (5.2) will be refered to as “Taylor’s devel-

opment about m” up to the kth-order, the “remainder term” being
k

Ry = (¢ (2_:)!. Using the big-O(.) notation, we abbreviate the

formula as follows:

h? hk

Fm+h) = f(m) + [ (m)h+ fO (m) = + ..+ O (m) 27 + O,

' (5.3)

For the case where f is analytical, that implies continuity of derivatives

up to any order k, the finite Taylor series can be transformed into an
infinite convergent series, for |h| < ho:

h? ¥
f(m+h) = f(m)+ f'(m)h+ f(z)(m)? 4.t 0 (m) 75+ (5.4)

Hence, we will be using subsequently each of (5.2), (5.3) or (5.4).

2. Use of the Intermediate Value Theorem
Let g be a continuous function defined on R. Then for every finite subset
{m1,ma,...,mi} of Dy, the domain of g, then there exists a number

¢ € Dy, such that:
k

> g(mi) = kg(c). (5.5)

=1
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This identity is a straightforward application of the well-known “Inter-
mediate Value Theorem, “based on the continuity of g and on the fact
that:

i <
[nin g(z) <

k
Zg(mi) < max g(z).

€Dy

x| =

3. Mean Value Theorems

(a) First Mean Value Theorem
This theorem results from the application of Taylor’s formula where
the error term is expressed in terms of a first derivative, specifically:

f(m+h)— f(m)=hf(c), c€ (m,m+h),

which is equivalent to:

m-+h
/ f(x)dx = f'(c)h. (5.6)

(b) Second Mean Value Theorem
This one generalizes the previous one, (5.6) becoming;:

m+h m+h
/ w(z)g(z)dr = g(c)/ w(z)de, (5.7)

m m

where g(z) and w(x) are continuous functions with w(z) > 0 (or
w(z) <0).

5.3 Numerical Differentiation

The basic principle in approximation of derivatives is the systematic use
of divided differences as suggested by the following result.

Theorem 5.1 Assume that the function f is k-times continuously differen-
tiable. Then for every subset of distinct points {x;, Xiy1,...,Titk} n the do-
main of f, there exists ¢ € (x4, xivy), such that:

S® ()

[$i7$i+1; -~-,$i+k} = BT
Proof. To obtain such result, one considers the function g(x) defined by:

9(z) = f(z) = piit1..itk(2).
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where p;;11.. i+k(2) is the Lagrange interpolating polynomial based on the
nodes {x;, Xit1,...,Ti1x}. As g(x) = 0 at all these nodes, then according to
Rolles’ theorem and the regularity assumptions on f(z), one concludes the
existence of “intermediate points”: {x},;/j = 0,1,...,k—1}, for which g (z) =
0. Repeating the argument & times, one reaches one “last intermediate point”
cr = xF, such that g(*)(c;) = 0. Since according to Newton’s formula:

k
pl('i—)i-l...i+k(x) = k![$i7$i+17 -~-7$¢+k],

then:

9" (z) = P (@) — Kl[2i, 2ig1, o, ign].
Setting in this last equation = = cg, yields the result of the theorem. [ |
Based on the set of points (5.1), Divided Differences appear to provide ef-
ficient “discrete” tools to approximate derivatives. Specifically, for 0 < I < k,
we approximate f(l)(xj), for j =4,i+1,..., i+ k by I!x (some appropriate
Divided Difference of order [). Specifically:

f(l)(xj) ~ Xy, Tiyy ooy Tiy |

for distinct indices 4, € {i,i+1,...,i+k}. In what follows, we will only handle
the cases of first and second derivatives, i.e., [ = 1, 2.

5.3.1 Approximation of First Derivatives: Error Analysis

Theorem 5.1 suggests the following approximation formulae for first order
derivatives:

/ [Ti, Tiy1] = 7‘7“:}1_1’ = izy"’ (5.8.1)
f@i) = [zio,z]= UTUA_: ’Ty(; . (5.8.2) (5.8)
(i1, wiqq] = LHGH=L = 2 (5.8.3)

These approximations to the first derivative are successively:
o the Forward Divided Difference approximation (5.8.1)
e the Backward Divided Difference approximation (5.8.2)
e the Central Divided Difference approximation (5.8.3)

Obviously, the Forward approximation formula (5.8.1) for the derivative is par-
ticularly suitable when computing f(zo), while (5.8.2) would be used when
approximating f (z,). The Central Divided Difference (5.8.3) is suitable for
approximating f/(xi) foralli=1,...,n—1.

Error Analysis and Order of the Methods

Let h be a positive number, such that 0 < h < 1. We analyze the error
estimate in each of the above three approximations.
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e Forward Difference approximation:
Using Taylor’s formula up to order 1, we can write:

Flao+h) = f(@) + hf () + SH21" (0 (59)

where c¢ is in the interval (z,2 4 h), and which leads to:

F@) = 2 1f @+ h) — F@)] — 5hP()
Hence the approximation:

_ Anf(=)

F(w) ~ 31+ h) — ()] = 22

h

is the first order Forward Difference approximation (5.8.1) to f'(x),
with a truncation error term E = —1 f”(c)h of order h. We write then:

E = 0(h).

e Backward Difference approximation:
Likewise, replacing h by (—h), equation (5.9) implies then:

flz — )= f() ~ hf' (@) + SH () (5.10)

where c¢ is in the interval (z — h, z), leading to:

o1 1
fila) = L1 (@) = fle =)l + ghf(z)(C)
Hence the approximation:
/ ~ 1 o vhf(x)
flla) = 3 [f(2) = fle = )] = —

is the first order Backward Difference approximation (5.8.2) to f'(x),
and its truncation error term E = +2hf”(c) is of order h.

e Central Difference approximation:
However, it is advantageous to have the convergence of numerical pro-
cesses occur with higher orders. In the present situation, we want an
approximation to f’(z) in which the error behaves like O(h?). One such
result is easily obtained based on the Central Divided Difference ap-
proximation with the aid of Taylor’s series where f is assumed to have
continuous order derivatives up to order 3. Thus:

f(z+h) = f(x)+hf’(x)+%h2f(2) (x)Jr%th(?’)(cl) s x<c <zth
' ' (5.11)
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and similarly:

1 1
flx—h) = f(x)—hf’(x)—l—?hzf(z)(x)—ghgf(S)(CQ) s a—h<ca<w
' ' (5.12)
By subtraction, and using the Intermediate Value Theorem, we obtain:

ﬂx+m—f@—hy=yuww+%h%ﬂ@@);x—h<c<x+h@1$

This leads to a new approximation for f'(z):

1

1
TR RN CET e Vo A C I CRT)

f'(@) =
where the approximation

flet+h)—fle—=h) onf(x)

fl(z)~ 2h = Ton

is the first order Central Difference approximation to f'(z), with its
truncation error E = O(h?).

Based on the formulae above, we can therefore write the first order approx-
imations to the first derivative with their respective order of convergence as
follows:

Proposition 5.1 Let 0 < h < 1. Then

Ahf(r F@ (o)t = Ahi(lz) +0(h), f(z) e C?  (5.15.1)
fla)={ Tafw +f<2><c>% WSO o), f(z) €2, (5.15.2)
6hf(r) f(3)<c//)%2 _ 5hf(95) —|—O(h2 , f(x) € C3, (5.15.3)

(5.15)

where ¢ € (x,x+h), ¢ € (x —h,z) and ¢’ € (x — h,z+ h). Obviously, for the
first 2 approximations it is sufficient that f be a C? function, while for the
third one f is required to be C? function over its domain.

For x = x;, the above formulae can be rewritten in terms of first order finite
differences:

Sl 4 O(h) = [ws,2; + h] + O(h)
fiwi) = V’Ifig“JrO( h) = [zi — h, 2] + O(h)
“&L+mm)[i—Mm+m+om%
To illustrate, consider the following table of data associated with the 0 -order

Bessel’s function of the first kind f(z) = Jo(z) and 9 equidistant points (8
intervals) where h = 0.25:

Example 5.1 Based on Table 5.1, find approzimations to Jj(0) = 0 using
the Forward Difference approximation formula.
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X Yi
0.00 | 1.0000000
0.25 | 0.98443593
0.50 | 0.93846981
0.75 | 0.86424228
1.00 | 0.76519769
1.25 | 0.64590609
1.50 | 0.51182767
1.75 | 0.36903253
2.00 | 0.22389078

0 O T WK Of e

TABLE 5.1: Data for Bessel function Jy(z), = 0.00.25,...,2.00

h =0, f(0)
0.25 | -0.06225628
0.50 | -0.12306039
0.75 | -0.18101020
1.00 | -0.23480231

TABLE 5.2: Approximations for J;(0) = 0, for h = 0.25,0.50,0.75,1.00
Applying formula (5.15.1), we obtain results of such approximations in Table
5.2.

Example 5.2 Based on Table 5.1, find approximations to Jé(0.25) =
—0.12402598 using the Forward, the Backward and the Central Difference ap-
proximation formulae.

Table 5.3 summarizes the results of such approximations.

Example 5.3 Find approzimations to Jj(1) = —0.44005059 using the central
difference approzimation formula.

Table 5.4 provides the results obtained by applying formula (5.15.3).

h [ LA,£(0.25) [ L6, f(0.25) [ £V, £(0.25)
0.25 | -0.18386449 | -0.12306039 | -0.06225628

TABLE 5.3: Approximations to J(') (0.25) = —0.12402598 using central, back-
ward and forward differences
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h 5=0n f (1)
0.25 | -0.43667238
0.50 | -0.42664214
1.00 | -0.38805461

TABLE 5.4: Approximations for Jj(1) = —0.44005059, using central differ-
ence formula

5.3.2 Approximation of Second Derivatives: Error Analysis

A direct application of Theorem 5.1, with k = 2 suggests the following
approximation formulae for second order derivatives:

o —2ys . A2y, L. .
20T, Tig1, Tigo) = L2 h%’+1+y” = =pbi. Forward divided difference

~ Qs . A\V4 ; .. .
fi) = 2w o,z 1,1 =2 ylhﬁﬂ" 2 — Yu¥i. Backward divided difference

AT VT 52y, . . .
20T 1, Ti, 1] = M]Z# = Zh¥, Central divided difference

Error Analysis and Order of the Methods
e Forward Difference approximation
Consider the 2 Taylor’s series expansions of f up to second order given

by:

() flz+h) = flz)+ B f @)+ 2 (@) + 5 O (er) 5 o1 € (w2 + h)

(ii) f(z+2h) = f(z) + &P
(z,x + 2h)

2 3
Fl@) + G (@) + B @) (e) 5 oy €

where f is assumed to be a C3-function.
The algebraic operation: f(x 4+ 2h) — 2f(z + h) leads to the Forward
Difference approximation to f”(z), which satisfies the following:

iy = LEHI 2N L0 o) B0 o

(5.16)

e Backward Difference approximation
Furthermore, replacing h by —h in equations (i) and (ii) above, one also
has:

(iii) f(z—h) = fl)— B f(@)+ 5 f" (@) = B f®(cs) 5 es € (x—h,z)
(iv) flx—2h) = f(z) — Ep/(a) + LR (@) — LR p@)(cy) 5 ¢4 €
(x — 2h,z+)
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The algebraic operation: f(x —2h) —2f(x — h) leads to the Backward
Divided Difference approximation to f”(x). This one satisfies the
following:

pry = AN IE) g TRIE)

+O(h)
(5.17)

e Central Difference approximation
In this case we start by writing Taylor’s series expansions up to the third
order successively for f(z + h) and f(x — h). This leads to:

Pl h)+ Fa—h) = 20() + £ @h® + 5 (1D ) + 1D )

Dividing by h? and using the Intermediate Value Theorem, one con-
cludes that:

" x —2f(x T — 2 2
'y = LR W22 R T@ D) g0y = 9 7)) + 00

(5.18)

which is Central Difference approximation to f ().
Based on the results above, the following proposition is satisfied:

Proposition 5.2 Let 0 < h < 1. Then

A 4 Oh), f(z) € €3, (5.19.1)
2h2 ) ) . M
f@)=9 Tl L om), fz) e C3, (5.19.2) (5.19)
Suf(z) i) +O(h?), f(z) € C*, (5.19.3)
where f is assumed to be a C? function for the first 2 approximations, and a
C* function for the third approximation.

In terms of divided differences, the second order derivatives at x = x; satisfy
the following estimates:

&Qyi + O(h) = 2]z, Tit1,xi42] + O(h);  Forward Difference

(z) = Vﬂgyi + O(h) = 2[x;—2,xi—1,2;] + O(h);  Backward Difference
% + O(h?) = 2[x;—1, 75, 2iv1] + O(h?); Central Difference

Remark 5.1 Note that, based on Theorem 5.1, the following approzimation
formulae for the third derivative of f can also be obtained:

A .
=2V — 6z, Xip1, Tivo, Tiys);  Forward Difference

1" _ v .
[ (xi) = ¢ Th¥ = 6[x;_3,2i 9,7 1,2;]; Backward Difference
5}, yz

= 6[x;—2,%i—1,%it1,Tit2); Central Difference

To improve accuracy on the basis of the formulae obtained for first and second
derivatives, we turn to the subtle tool of Richardson extrapolation.
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5.4 Richardson Extrapolation

In order to obtain higher order approximations to a target quantity @, it is
possible to use a powerful technique known as Richardson Extrapolation.
Such technique is a powerful tool in numerical computing. Its purpose is to
accelerate convergence to @ of sequences {Q(h)} when h — 0, without a
need to consider too small values of h (or equivalently too large values of n
as introduced in (5.1)). Specifically, it assumes an a-priori knowledge of the
behavior of the error in the case where one is approximating the quantity @
by Q(h), whereas limy_,o Q(h) = Q, and:

Q = Q(h) +c1h® +O(h?), B > a, (a-priori estimate) (5.20)

where ¢; is independent from A. An improved Richardson formula can then be
derived based on the two approximations Q(h) and Q(h/2). For that purpose,
we rewrite (5.20) with h replaced by h/2. This leads to:

h
Q= Q(1/2) + r(5)" + O(R?) (5:21)
By considering the algebraic combination:
2% x Equation (5.21) — Equation (5.20),

one obtains:
(2% = 1)Q = 2°Q(n/2) — Q(h) + O(h®).
Such equation is equivalent to:

2°Q(h/2) = Q(h)
20 —1

Q=] ]+ O(hP).
hence leading to Q'(h/2), a first-order Richardson approximation to @, veri-
fying:

“Q(h/2)—Q(h
Q'(h/2) = ZADOM - (592 1)
Q=0Q'(h/2)+0(h"), (5.22.2)
Therefore, by using simple algebra and eliminating (or “killing”) the most
dominant term in the error expression of Q—Q(h), one reaches a more accurate

approximation Q!(h/2) as defined in (5.22.1) and satisfying (5.22.2).
Equivalently, (5.22) is also written as follows:

(5.22)

a1

Q'(h) = F=QER - (5931)
{ Q= Q' (h)+ 0P, (5.23.2) (5:23)

where it is understood that h represents the *“last value” reached by that
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h Q(h) Q'(h) | Q*(h)
ho Q(ho) . .

ho/2 | Q(ho/2) | Q*(h/2) .
ho/4 | Q(ho/4) | Q'(h/4) | @*(h/4)

TABLE 5.5: Description of a Richardson’s process for Q = Q(h) + c1h® +
O(h?) + ...

parameter.
Obviously, in case an a-priori knowledge is given also on @ — Q*(h), such as:

Q= Q'(h) = b’ + O(WY), with v > B,

then a second Richardson extrapolation can be carried out. Specifically if we
let:

20Q1(h/2) — Q'(h)

Q2(h/2) = 2,

then we show that:
Q — Q*(h) = O(h").

Such formula is supposed to provide better approximations to @@ than would

Q() and Q'(.).

Remark 5.2 When dealing with Richardson extrapolation, one starts by com-
puting a first set of values of Q(h), for h = ho,ho/2,ho/4, ...

Although theoretically the values
{Q*(h)|k>0¢€ N, and h — 0}

get closer to ) as k increases or h decreases to 0, one observes that in practice,

due to the propagation of rounding errors, these computed values tend
to become less reliable. Henceforth a threshold h,,, = 2h,‘,{ for h can be reached,

whereas all calculated values for h < h,, are to be rejected, keeping only:

{Q(h)| h = ho, ho/2, ..., ho /27 }.

Given that fact, Richardson extrapolations would result using this last set of
valid data. This is indicated in Table 5.5, for the case where m = 2.

Remark 5.3 Note also that one can carry a Richardson extrapolation without
necessarily dividing h by 2, but more generally by a factor ¢ > 1.
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In such case (5.21) becomes:
h
@ =Q(h/q) +er( )"+ O(h?). (5.24)
Thus:
q* x Equation (5.24) — Equation (5.20)
yields a first order extrapolation formula:

7*Q(h/q) — Q(h)
g =1

Q'(h/q) = with Q = Q' (h/q) + O(h”). (5.25)

5.5 Richardson Extrapolation in Numerical Differentia-
tion
We start by illustrating this process on the approximation formulae ob-
tained for the first and second derivatives in Section 5.3.

5.5.1 Richardson Extrapolation for First Derivatives

Forward and Backward Differences
Recall that for a function f € C°°, the infinite Taylor’s series expansion
formula of f(x + h) is as follows:

h? R
Flo+h) = f(@) +hf' (@) + 5 [P @) + 5 D)+

leading to:

) = 2 )
where the {a;}’s are constants that are independent of h and depend on the
derivatives of f at x.

Considering that @ = f'(:c) is the quantity to be approximated, let now:

+arh + ash® + ash® + ... (5.26)

(5.27)

Considering successively h then h/2 in (5.26), one has:
(5.26.2) f'(z) = ¢n(f(x)) + arh + ash?® + azh3 + ...
(526b>f/(1‘) = ¢h/2(f(x)) + CL1h/2 + ag(h/2)2 + ag(h/2)3 + ...
The algebraic operation 2 x (5.26.b) — (5.26.a) yields then:

(@) = [201/2(f(2)) = o (f ()] + (a2/2)h* + O(h?).
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Introducing the first-order Forward Richardson extrapolation operator, let:

Pny2(f(2)) = 20n2(f(2)) — on(f (@) (5.28)
One obtains as clarified in (5.23):
vy o (f()) + ahh? + ash® + ...
7@= Gk s Gy (>29)

with the constants a}, aj,..., independent of h.

The process can be further continued, i.e., one can consider second-order
Richardson extrapolations. From equation (5.29), one has simultaneously:
(5.29.a) f'(z) = o1 (f(z)) + abh® + ayh® + ...

(5.29.b) f'(x) = ¢}1/2(f(x)) +ah(h/2)? + aj(h/2)% + ...

The algebraic operation 4 x (5.29.b) — (5.29.a) eliminates the most dominant
term in the error series and yields:

461, (f(2)) — 6 (fla
o) - () ~ G @)

Introducing the second-order Richardson extrapolation operator, let

_ A9 (F(@) — A1 (f (=)

]f%%m+omﬂ

2 (F(@)) . (5:30)
One obtains: 62 (f(x)) = Layh® +
f@) = { o (f(x) + O 31

This is yet another improvement with a precision of O(h?), i.e., ¢i/2(f(x))
provides a third order approximation to f'(z).

The successive Richardson extrapolation formulae and error estimates are then
as follows:

on(f(x)) + O(h)
o
, B x)) +
@) =9 6h((x)) + 00 532)
B (f(2)) + O(hF+1)
where:
1 _ 2,1 S| 342 _ A2

The k'"-order Forward Richardson operator being defined as follows:

k k-1 _ k=1
¢Z(): 2 h 2(];)_12h ()

with the error term of O(hF+1).
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h | én=38n(f(0) | ¢,(f(0) | ¢3(f(0))
1.00 | -0.23480231 . :
0.50 | -0.12306039 | 0.06694897 :
0.25 | -0.06225628 | -0.00145217 | -0.02425255

TABLE 5.6: Refined approximations to J{(0) using Richardson’s extrapola-
tion

Example 5.4 On the basis of Table 5.1, find improvements to Forward Dif-
ference approzimations to f'(x), using Richardson extrapolation operators of
the 1st and second order.

We apply (5.28) and (5.30) yielding the results in Table 5.6. The following
MATLAB algorithm is based on the Forward difference scheme. It approximates
the 1st order derivative f’(a) by k successive applications of Richardson pro-
cess.

Algorithm 5.1 Implementation of Richardson Extrapolation for
Forward Difference Formula to First Derivative

function D = Richardson(f,k,h,a)
% This algorithm applies the Richardson extrapolation tool up to kth order
% Input a function f, 0 < h <=1 , k: maximum order to approximate f’(a)
% In Matrix A : 1st column, values of h; 2nd column: Forward Differences
% Remaining columns: Richardson Extrapolation from 1st up to kth order
% Output D=A(k+1, k+2): kth order Richardson extrapolation
A = zeros(k+1,k+2) ;
for i=1:k+1
A(i,1)=h/ 27(i-1) ;
A(1,2)=(f(a + A(i,1))-f(a)) / A(i, 1)

end
for j=3: k+2
it=j-2 ;
for i=j-1: k+1
AGi,§)=(2°it * A(i, j-1) - AGi-1, j-1))/ (27it - 1) ;
end
end

D = A(k+1,k+2) ;

Note that we can also derive Richardson extrapolation formulae based on the
Backward difference approximation to f'(z) as in (5.8.2), i.e., starting with

Vi (f(2))

- +brh 4 boh? + ...

f'(z) =
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where the {b;} are constants independent of h. We let then:
V()
h

It is easy to verify that the successive Backward Difference Richardson
operators satisfy the following estimates:

Q(h) =xa() = (5.33)

fl@) =1 xi(f(@)) + O(?) (5.34)

X5, (f(x)) + O(h*)
where: xp,(.) = V’;—L(') and xﬁ() =
O(hk+1).

Central Difference
As derived in Section 5.3.1, if the function f € C°°, the Central Difference
approximation to f’(x) satisfies the following equation:

on(f(x))

f/(l‘) = T + d1h2 + d2h4 +

ko k—1,y_ k-1
w with the error term of

With such information, it is possible to rely again on Richardson extrapolation
to bring more accuracy out of the method in the approximation formulae of
f'(z). Specifically, letting now:

In(.)

Q(h) = 1;[}’L(') = 2

obviously, then:

f'(x) = ¥ (f(2)) + dih® + doh® + ... = Yu(f(2)) + O(h?) (5.35)

Taking successively h then h/2 in the equation above, one has:
(5.35.a) f'(z) = ¥n(f(x)) + dih* + dah* + ...
(5.35.b) f'(w) = ¥ns2(f(2) + dr(h/2)* + da(h/2)* + ...

The algebraic operation 4 x (5.35.b) — (5.35.a) yields:

Flz) = [41/)h/2(f($))3— Yon(f(z))

Let the first-order Richardson extrapolation operator be defined by

2 _
PWERVIELE

]+ O(n*)

One can write then:

f'(@) = dp(f(2)) + O(h?) (5.36)
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Reapplying the same process on this result leads therefore to the following
identities:

(5.36.a) f'(x) = L(f(x)) + dyh + d4hS + ..
(5.36.b) f'(2) = ¥ o (f(2)) + dof P (@) (h/2)* + d5(h/2)° + ...

The algebraic operation 16x(5.36.b)—(5.36.a) yields:

24, (f(@) — (@)
- 21— 1

f'(2) +O(h®)

or equivalently:

f'(@) =i (f(@)) + O(R°).
Therefore, the first Central Difference Richardson extrapolation for-
mulae obtained are as follows:

Un(f(x)) + O(h?)
Uy (f(@)) + O(h?)
fl@)=q vi(f(2)) + O(R°) (5.37)

F(f(2)) + O(h*++2)
where

2 _ 4,/,1 )l
wh() _ 5}2742), w}ll() _ 2 wh(ZZ) — ;/)2h(')’ 1/)}21() _ 2 1/%(22 — 1/]2/%(')

with the k*"-order operator defined as follows:

_ 2 — ()

i () CE—

where the error term is O(h%++2)

5.5.2 Second Order Derivatives and Richardson Extrapola-
tion

Consider now some function f € C'°°. In order to improve the accuracy of
the approximations to the second derivative f” (z), we also rely on Richard-
son extrapolation process that could be applied successively to the Forward,
Backward and Central Difference formulae.

In this section, we analyze briefly the Richardson extrapolation central
difference approximations to f’”(:z:)7 as the steps are similar to those of
the first derivative detailed in 5.5.1 above.

Starting by adding the infinite Taylor’s series expansions for f(z + h) and
f(z — h) and based on (5.18), let now:

fla+h)—2f(@)+ flx—h) _&f(x)
h? h?

Q=f"()~ (5.38)
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with: 52
Q) = () = 2
It is easy to verify that:
f(x) = Yn(f(@)) + dih® + dah* + ... (5.39)

leading then successively to the following estimates equivalent to (5.37):

Un(f(x)) +O(h?)
Uy (f(x)) + O(h?)
f'(@)={ ¥a(f(@))+O(h°) (5.40)

i(f(2)) + O(h?*+2)
where:

wn() = B ) = Tl 20l

24y (1) — ¥3,()
211

with the k*"-order operator defined as follows:

22k k—1 ) — k—1 )
st = 200

where the error term is O(h?*+2)

5.6 Numerical Integration
Based on the data (5.1)

D, ={(z;,y)|0<i<mja=z¢ <21 <..<xp=0by; = fla;)}

we consider the approximation of

b
I=1I1(a,b;f) :/ f(z)dx.
a
Unlike numerical differentiation, the {z;} need not be equidistant. However,
unless stated otherwise, we shall assume to start with:
1. Equidistance of nodes, i.e., h = x;41 — x; Vi, with nh = b — a.

2. Continuity of the function f over the interval of integration, i.e., f €

C(a,b).
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To derive all numerical integration formulae in this chapter, we proceed sys-
tematically by decomposing first the integral I into the sum of simple integrals.
Specifically, one has Vn (even or odd):

n—1

I:/: f(:c)dx—k/:z f(x)dx+...+/:" f(x)dx:Z/%H f(2)dz

n—1 k=0"Y Tk
and in particular when n is even, i.e., n = 2m:
To T4 TomMm m=1 ,mopio
I :/ f(x)dx—l—/ fz)dx + ... —|—/ f(z)dx = Z/ f(z)dz
xo x2 T2m—2 k=0 Y T2k
Thus, we will be dealing with 2 types of formulae:
1. Simple Numerical integration formulae

Th+4+1 T2k+2
Ik:/ f(x)dz ¥ n ,or I,'C:/ f(x)dx ¥ n=2m

k T2k

Subsequently, we derive:

2. Composite Numerical integration formulae

b n—1 b m—1
I:/f(x)dx:ZIk Vn,orI:/f(a:)clﬂc:ZI,’C V' n=2m
a k=0 @ k=0

Since a definite integral is usually defined as a limit of a Riemann sum, and
more explicitly a sum of signed areas of rectangles, it is therefore natural to
assume that any summation of the form:

n—1

Cn = th(ck), T <o < Thot,
k=0

could approximate I. The simplest choice for the sequence {c} is one of the
following, leading to the rectangular rules.

5.6.1 The Rectangular Rules

The rectangular rules can be used for all positive integer values of n.

The Formulae

1. The left rectangular rule: for ¢ = xy, let Ay = hf(xx), then:

n—1 n—1 n—1
Ah) =Y A=Y hf(zx)=hY_ (5.41)
k=0 k=0 k=0
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2. The right rectangular rule: for ¢y = xp41, let By = hf(xg41), then:

n—1 n—1 n—1
= Z By = Z hf(xggr) =h Z Yr+1, (5.42)
i=0 i=0 k=0

Error Analysis
It can be easily shown that such formulae provide O(h) approximations, in
the sense that:

feCa,b): |I —A,| =O0(h) and |T — B,| = O(h).

More specifically, through integration by parts formulae, one easily shows that:

Th41 ,
I, = Ag +/ (k41 — O f (t)dt (5.43)
Tk
and similarly that:
Tp41 ,
Iy, = By +/ (xx —t)f (t)dt (5.44)
Tk

leading therefore to the following error estimates:

Proposition 5.3 For f € C%, the simple and composite rectangular rules
satisfy:

o Iy — Ay = 2 f (o), o € (wh,mip) and T— A(h) = C52R (), e €
(a,b).

o Ij— By, = —"Sf'(dy), di € (ay,2141) and I — B(h) = L= (d), d
(a,b).

Proof. The results follow from first using the second mean-value theorem
on both [ (zp1 —t)f (t)dt and [[**" () —t)f (t)dt and applying sub-
sequently the intermediate value theorem when evaluating:

n

=> (Ix—Ap)and I — B(h) =Y _ (I — By).
k=1 k=1
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5.6.2 The Trapezoidal Rule

The trapezoid rule can be used for all positive integer values of n.

The Formulae

A simple geometric argument consists in approximating the surface between
the z-axis, the curve y = f(x) and the vertical lines © = x} and © = g4
by the area of the rectangular trapezoid which vertices are (xg,0), (zx+1,0),
(zk, f(zr)) and (xgy1, f(zrs1)). This leads first to the simple trapezoidal
rule, given by:

Thk+4+1 h
g= [ fe)s = = S+ fon), (5.45)
xp
and subsequently to the composite trapezoid rule given by:
b h
I=1I(ab)= / f(z)dz ~ T(h) = 5 S0 T, (5.46)

More precisely:

T(h) = S50 (F () + Fansn)) = 5 (o + 201+ v 1) +90).

Error Analysis
Note that:

Thk+41
T, = / o (5.47)

k

where pi g+1(T) = Yp+[Tk, Try1](x—2k), is the linear interpolating polynomial
to f(x) at xy and zj4;. Furthermore, it is well known (Section 4.5) that:

F() = Praa () + 5 (& = 20) (@ = 2as) £ (e(e),

with ¢(z) € (z,xk+1) depending continuously on z. By integration of this
identity over the interval (zy, zp4+1), one has:

Iy =Ty + % /wkﬂ (x — zp)(x — 2py1) [ (c()).dz (5.48)

Tk

using then the second Mean Value Theorem, one gets:

" Trk+1
Ik:Tk—F@/ (x — xp)(x — Tpy1) do
Tk

leading to:
h3
Ik = Tk — TQf”(Ck), (549)
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where ¢ € (zg,xp+1). Turning up now to the composite trapezoid rule: by
summing up (5.49) over k and use of the intermediate value theorem, one gets
then an expression for the error term as follows:

= z_: I, =T(h) — %f”(c)fﬂ (5.50)

where ¢ € (a,b).

Proposition 5.4 Let the data D, = {(xg, f(zr))|k = 0,1,...,n}, be a set
representing a function f in C?([a,b]), then:

I—/f T(h) + O(h?),

with:

hn*l (Yo +yn) | =
=3 E (k) + f(@rt1)) = h[72 USARS E Yke]-
k=0 =1

Remark 5.4 Note that the error analysis on I, — Ty and I—T(h) can be also
done through the the two rectangular rules introduced in (5.41) and (5.42).

More specifically since:

A B
T, = 26t 5k
2
by averaging (5.43) and (5.44) one reaches:
Ay + B A ,
I = =+ +/ (mx — 1) (t)dt,
Tk

Tpt+Tr41
2

with my = . Equivalently, one has:

I =Ty + /wk+1 (my, —t)f (t)dt.

k

Assuming f € C?, as in the above error analysis for the trapezoidal rule, we
show, through integration by parts, that the last identity yields:

1 Th41 9 h2
Iy =Ty + 3 ((my —1)° — Z)f (t)dt,

which can be rewritten in the same form as (5.48):

]_ Tht1 "
I =Ty + 5/ (g —t) (1 — ) f (t)dE. (5.51)
Tk
Use of the second mean value theorem yields the same result as (5.49). [ |

The MATLAB code of the composite trapezoid rule is as follows:
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Xi f(Xi)
0.00 | 1.0000000
0.25 | 0.98443593
0.50 | 0.93846981
0.75 | 0.86424228
1.00 | 0.76519769
1.25 | 0.64590609
1.50 | 0.51182767
1.75 | 0.36903253
2.00 | 0.22389078

Q0 ~J O UL i W N O e

TABLE 5.7: A copy of data for the function Jy(z), 2 = 0.00, 0.25, ..., 2.00

Algorithm 5.2 Composite Trapezoid Rule

function I = CompositeTrapezoid(x,y)

% Input x = [a=x(1),...,x(n+1)=b] and y =[y(1),...,y(@+1)]

% where y represents the (nt+1) values of a function f(x) at (nt+1)
distinct points

% The x data is assumed equidistant

n = length(y) - 1 ; a=x(1) ; b=x(n+1) ; h=(b-a)/n;

I= hx(y(1) + y@+1))/2 ;

Y = y(2:n);

I =1+ 2xhxsum(Y);

5.6.3 The Midpoint Rectangular Rule

Such rule applies only in the case when the number of subintervals is even,
that is when n = 2m.

The Formulae

A simple geometric argument consists in considering the simple integral
I, = fﬁk’““ f(z)dz, as being the area of the region between the z- axis,
the curve y = f(x) and the vertical lines = xg), and & = wa12. Such area
is then approximated by the surface of the rectangle which vertical sides are
x = g and x = Xogyo, and horizontal sides y = 0 and y = f(z2k+1). In
such case, the function values at the midpoints are known. For example, we
consider the case of the data in Table 5.1 which we reproduce for simplicity
of reading in Table 5.7. The set of midpoints is {1, 3, x5, 27 }.This leads first
to the simple midpoint rectangular rule, given by:

Tokt2
. / Fl@)dz ~ My, = 2hf(zopsn) k= 0,1, om—1.  (5.52)

2k

© 2014by Taylor & FrancisGroup,LLC



Numerical Differentiation and Integration 187

and subsequently to the composite midpoint rule given by:

b
I=1I(ab) = / f@)de ~ M(h) = SP 020 f () (5.53)

Error Analysis

The error analysis of this method is based on either one of Taylor’s formulae
where the expansion is made about the point x = x9x41, yielding when the
function f is at least in C?[a, b]:

T — Topt1)>
f(x) = f(zarsr) + f'(zors1) (@ — w2pg1) + f/I(Ck($))(++) (5.54)

where cx(x) = zopy1 + t(x — xap41), 0 < ¢t < 1. Integration of equation (5.54)
from xo) to xor+o and the use of the second mean value theorem leads to:

T2k+2

T2k42 . _ 2
[ s@ae = amstemen + s e [T s

2k 2k
where ¢, is a point in (zag, Zog+2). Hence:

3

I =M+ f (cx) 5 (5.56)
Summing up (5.56) over k yields:
m—1 m—1 m— m—1
h h3
SIS WIELS i w5 e
k=0 k=0 3 k=0 3 k=0
Using the intermediate value theorem, one has:
m—1 b—a
£ (e) = mf"(d) = 2 (@), d € (a.)
k=0
and therefore, noting that the length of the interval of integration is
nh=2m)h=>b—a
the following result is reached:
h—
I=1I(a,b)=M(h)+ (7“)f”(d)h2 (5.57)

6

Proposition 5.5 Let f be a function in C?[a,b], interpolating the set of data
D,, where n =2m. Then

b
j / F@)de = M(h) + O(h?)

where
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The MATLAB code of the composite midpoint rule is as follows:
Algorithm 5.3 Midpoint Rule

function I = CompositeMidpoint(x, y)
% Input x
% Output I
n=length(x)-1; m= length(y) - 1; a=x(1); b=x(n+1);
if n==m
h= (b-a)/n ;
% Test that n is an even integer
if floor(n/2) == ceil(n/2)
= y(2:2:n);
I = 2xh*sum(Y);

end
end

5.6.4 Recurrence Relation between Trapezoid and Midpoint
Rules

We prove now the following result.
Proposition 5.6 Forn=2m, T(h) = 1(T(2h) + M(h)).
Proof. We start by writing:
I~ T(2h) = S50 Ty = S350 h(f (w2 + f(220+2))
On the other hand:
M(h) = 7 My = 2080 fak41)

To prove the recurrence relation, note that:

m—1
T(2h) + M(h) =h Z (war) + f(@or42)) + 2f (Tar41)
k=0

m—1

=0 Y [f(@ar) + f(@ars)] + [f (@ars1) + f(wario)]

k=0
n—1
=h ) (Fler) + flarm)) = 2T(h).
k=0
|
This directly leads to the required result, that is:
T(h) = %(T(?h) + M(h)) (5.58)
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Such formula is useful for example whenever one needs to compute a sequence
of trapezoid rule values:

Tr. = {T(ho), T(ho/2), T(ho/4), ..., T(ho/2")}.
For such purpose, one starts with T'(hg), then computes the sequence:
My = {M(ho/2), M(ho/4), ..., M(ho/2")}.

Use of (5.58) on T'(hg) in addition to My, allows one to obtain 7; by summing
up fewer terms than in computing such sequence directly.

5.6.5 Simpson’s Rule

Like the midpoint rule, Simpson’s rule is applicable only if the number
of subintervals is even (n = 2m). Its higher accuracy than the trapezoid
and midpoint rules requires more regularity conditions on f. Specifically, we

assume that
f(z) is at least in C*(a,b).

We derive Simpson’s rule as a %, % linear combination of, respectively, the
trapezoid and midpoint rules.

More precisely for I; = f;;:“ f(z)dz, one has by extending Taylor’s series
expansion of f(z) to order 3, with my = xog4+1 in (5.54):

r—m 2
Fla) = Flme) + £/ ma)(e —m) + £ i) T (5.50)
xr—m 3 xr—m 4
4 omi) EZIE 0 g ) T

with cg(z) € (myg,x) continuously depending on z. Integrating from xox to
Zop+2 and using the second mean value theorem, one obtains :

fAer)
120

h3 " h3 "
Illf = My + ?f ($2k+1) + he = M;, + ?f ($2k+1) + O(h5) (560)

with ¢ € (@2g, T2r42).(Note that this integration process annihilates all inte-
gral terms of odd powers in (x — my)). On the other hand, since:

T}, = h(yor + yar+2),

then, by Taylor’s expansion, one has successively:
’ h2 " h3 1’
Yokv2 = f(Tort1) + hf (Dari1) + 7f (Tak+1) + Ff (zar11) + O(R°),
and:
2 h3 1’

Yok = f(@ary1) — hf (zari1) + 7f” (xok+1) — Ef (zor11) + O(R®).
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By adding the last 2 identities and multiplying by 2, one gets:
T} = h(yak + yarsa) = 2hf (ors1) + W2 f (zarpy1) + O(R®).
Hence we obtain the relationship between 7} and Mj:
T, = My, + h3f" (zar41) + O(R°) (5.61)
And therefore by combining algebraically (5.80) and (5.61), using:
3 x (5.80) — (5.61),

one gets:
31, — T}, = 2Mj, + O(R®) (5.62)

Define now the simple integration Simpson’s rule as:

1

S = SMi 4 ST = S (7 am) + 47 (@) + Fwea)) (5.63)

then (5.62) is equivalent to:

I, = Sk + O(h°). (5.64)
Note that a more explicit expression of I, — Sj can be found by first noting
(see [21]):

T2k+2
I, — S, = / (f(x) — pak 2k+12k+2(2))dz, (5.65)
mzk

where pog og+12k+2(2) is the quadratic polynomial interpolating f(z) at zag,

ZTop+1 and Topqo.
The right hand side in (5.65) can be handled in one of the following ways:

1. Given that from [21]:

f(x)—ka 2k+1 2k+2($) = (I—Jﬁzk)(I—I2k+1)(93—562k+2)[I‘Qk, 332k+17332k+27$]-

Then, letting w(x) = f;% (t — zok)(t — Tak+1)(t — Tak42)dt and noting
that w(xar) = w(x2k4+2) = 0 one has, using integration by parts:

d

T2k+2
I, — S, = —/ w(iﬂ)df([w%,$2k+1,$2k+27$])d$7
T2k €T

given that if f € C*, [wog, Topt1, Tori2, 2] € CL.
As w(x) > 0, using the second mean value theorem and the fact that:

d 1
for f e C*: %([m2k7x2k+1732k+2a$] = Ef(4)(ck($)),
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(cx(z) depending continuously on ), one obtains:

Z2k+2

Tokt2 d 1
/ w(x) — ([T, Tart1, Topto, 2])dx = — f&) (Ck)/ w(x)dz, ¢ € (T2, Tok
Ton dx 24 Tan
k
Since fafk - w(z)dr = &, then:
h5
I, — Sk = —%JM) (ck), cr € (Tag, Tary2) (5.66)

2. A second way to proceed is through the use of generalized divided dif-
ferences in writing:

f(x)—pzk 2k+1 2k+2($) = (m—mzk)($—$2k+1)($—$2k+2)[35%, x2k+1,$2k+17$2k+2]+m

o (= o) (2 — Topyr) (2 — $2k+2)%f(4) (cx()),

with ¢g(z) depending continuously on z. Through integration from xog
to Tog42, use of:

T2k+2
/ (@ — zo1) (2 — Tapt1) (@ — Takt2) [Toks Tokt1, Tokt1, Tart2] = 0,
T2k

and of the second mean value theorem, one obtains as in (5.66):

1 T2k42
I, — S, = Ef(4)(ck) / (x — xop) (2 — Topy1)? (@ — Topio)dx
: T2k
h5

—%f(4)(ck), ¢k € (Tak, Tok42)-

Summing up (5.66) over k, one derives the composite Simpson’s rule,
namely:

m—1 5 _a 4
=10 = Y (Si - o D) = 50~ LD 00 e (a,h)
= (5.67)
with .
St = 3 Gt 1y = D HTEN,
k=0

Thus, the following error estimate is obviously deduced:

Proposition 5.7 Let f be a function in C*[a,b], interpolating the set of data
D,,. Then:
I =1(a,b) = S(h) + O(h"),

where S(h) = (yo + 4 ZZL}I yor+1 + 200 yar) + Yom) 2
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The MATLAB code of the composite Simpson’s rule is as follows:
Algorithm 5.4 Composite Simpson’s Rule

% Input x = [a=x(1),...,x(N+1)=b] , y =[ly(1),...,y(@+1)]

% where y represents the (N+1) values of a function f(x) at (N+1) points
% N is the number of required subintervals

function I = CompositeSimpson(x,y,N)

N=length(y)-1 ;h= (b-a)/N ;

%Verify that the components of x are equi-spaced and test that N is an eve
I= () + y@+1)) ;

Y1 = y(3:2:N-1) ;
Y2 = y(2:2:N) ;
I1 = 2xsum(Y1) ;

I2= 4*xsum(Y2) ;
I = (b/3)*(I+I1+I2) ;

5.7 Romberg Integration

Romberg integration is a Richardson extrapolation process applied to ac-
celerate convergence of the composite midpoint or trapezoidal rules. It is based
on the following facts (one of which is proved in the appendix of Section 5.8):

Proposition 5.8 Let h = b;—la, 1=0,1,2,... and f(.) be an analytical func-
tion, i.e., with continuous derivatives up to any order, then:

I =1I(a,b) =T(h) +mh*+ rh* + .. + 7% + .., (5.68)

and
I=1I(a,b) = M(h)+ mh?® + pah* + ..+ pjh® + .., (5.69)

where the sequences {u;}, {7;} are independent from h, and depend on the
function f (and its derivatives) at a and b.

The Formulae
On the basis of (5.68), we can implement Richardson’s extrapolation, by writ-

ing this equation simultaneously for h and % Specifically, in that case we
obtain:

(a) I =T(h)+mh®>+mh?+ ...+ 7;h% + ...

() I=T(5) +7 (4) +7(5) +. v (5)7 +..
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In order to eliminate the dominant term of the error, by performing the alge-
braic operation 4(b) — (a), we obtain:

31 = 4T <Z> —T(h) +O(h*)

and therefore: ,

AT (3) = T(h)
3

where the sequence {t;} is independent of h.

Defining the first Romberg integration operator as:

I= 4 toh* +t3h8 + .. (5.70)

AT (4) - T(h)
3

4 _
or equivalently R'(h) = AT (h) — T(2h) (5.71)

RY(h/2) = 3

equation (5.70) provides then an approximation to the integral I(a, b) of order
O(h*) verifying:
I =RY(h)+O(n") (5.72)

In a similar way, we can derive a second Romberg integration formula by
writing again the equation above simultaneously in terms of A and %:

(a) I = RY(h)+tah* +t3h® + ...
4 6
(b) I=R"(5)+ta(5) +ta(5) +.-
Performing the algebraic operation 16(b) — (a) yields:

151 = 16 R (Z) — RY(h) + O(h®)

And therefore:

;_ 16R! (%) — R'(h)
15

+t3h® +t4h8 + ... (5.73)

where the sequence {t;} is independent of h.

Defining the second Romberg integration operator as:

1681 (4) — RA(h)
15

_ 16R(h) — R'(2h)

R%*(h/2) = or equivalently R%(h)

(5.74)
equation (5.52) is then equivalent to:

I = R*(h) + O(h%) (5.75)

As for differentiation, this process can be repeated.
The first Romberg extrapolation formulae obtained based on the composite
trapezoid rule are as follows:
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h T(h) RY(h) R?(h) R3(h)
ho X
ho/2 X X
ho X X X
ho X x X X

TABLE 5.8: A template to apply Romberg integration formulae

Proposition 5.9 Let f belong to C*|a, b

R'(h)

I =1(a,b) :/ f(x)dx =

_ 22T (h) —T(2h)

22 -1

; R*(h)

_ 2'R'(h) — R'(2h)

RY(h) + O(h*)
R2(h) + O(hS)
R3(h) + O(h®)

R¥(h) + O(h+2)

24 -1

and in general the k**-order Romberg operator:

with an error of

R*(h)

h2k+2

. Table 5.8 provides a template for applying Romberg

~ 22KRE-1(h) — R*1(2h)

22k _ 1

integration based on the composite trapezoidal rule.

Remark 5.5 Referring to Proposition (5.6), since M(h) = 2T (h) — T'(2h),

then one concludes that:

meaning that Simpson’s Composite Numerical Integration formula is equiva-

RY(h) =

AT(h) — T(2h)

2M (h) + T(2h)

3

3

; R%(h)

_ 2R(h) — R*(2h)

= 5(h)

lent to the first Romberg Trapezoidal Extrapolation formula.

In a consistent manner with the Composite Midpoint and Trapezoidal Rules,
one has when h =

b—a

ol

1=0,1,2,..:

I =1I(a,b) = S(h) + seh® + s6h® + ... + s;h* + ...

where all the coefficients {s;} are independent of h.

This allows starting a Romberg integration process beginning with composite

Simpson’s formula S(h).
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5.8 Appendix: Error Expression for the Midpoint Rule

when h = 27“

For the purpose of applying Richardson’s extrapolation (5.56) can be used

in its infinte series expansion form. Let hg = (b — a). Then one has for m =
(a + b)/27 M(h()) = h()f(m)v

p2i+1

h3 »
= (2 -0 (27) %o
I=Mho)+ f (m)24+...—|—f (m)4j(2j+1)!+'"
which is equivalent to:
I = M(ho) + hoEjZl’yjf(Qj)(m)hgj, (576)

Similarly to (5.31), there exists a sequence of universal constants {a; : i =
2,...}, such that:

£ (m) = F@-D(p )2h F@i-D(q +Zaf(gj+zz)( )2, (5.77)
0 i=1

Combining (5.76) with (5.77), one deduces:
= M(ho) + 321 1;hg, (5.78)

where:

wa YNFHE () — f27D(a)),

and the sequence 'yi defined by the recurrence relations:

'yj =, (5.79.1)
{ =S A e 1> 1 (5.79.2) (5.79)
Let 4
J . .
Vi = Z’Yg_l
Then (5.78) is equivalent to:
= M (ho) + 2521w (fH 7V (b) = f*77 D (a))hg. (5.80)

For h = 2 let I} = [ f(z)dx and I, = f:; f(x)dz with My (ho/2) and
M5 (hgo/2), respectively their approximations using the midpoint rule. Obvi-
ously, from (5.80), we have successively:

Iy = Mi(ho/2) + 252, (f*7) (m) — =V (a))(ho/2)*
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and
Iy = My(ho/2) + S5, (fH 1 () — 7 (a)) (ho/2)%.

Adding up these 2 equations leads to:
I = Ii+Iy = Mi(ho/2)+Ma(ho/2)+552 v (f &7V (0) = &7 (@) (ho/2)¥,
which is equivalent to:

1= M(ho/2) + 552,05 (fF 71 (b) = F#7D(a))(ho/2)%, (5.81)

i.e., (5.78) with hg, replaced by hg/2. This argument can be repeated prov-
ing (5.78) with hg, replaced by hg/2!, 1 > 0. This result can be generalized
to both trapezoid and Simpson’s rules and is of major importance for the
implementation of Romberg integration.
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5.9 Exercises

Numerical Differentiation

1. Use the most accurate of the forward, backward or central difference
approximation formulae to determine the empty entries in the following

table:
i Xi f(Xi) f/(Xi)
01]0.0 5
11]0.1|4.960
210.2]|4.842
310.3]4.651
410.4|4.393

2. Use the most accurate of the forward, backward or central difference
approximation formulae to determine the empty entries in the following

table:
i Xji f(Xi) f/(Xi)
0] —-09| 0.097
1|-0.7]—-0.122
2| —-0.5|—-0.387
3| —0.3] —0.655
41 —-0.11]—-0.895

3. Let f(z) = e + 2. Fill in the empty entries in the table below to

approximate f’(0), using the forward difference approximation formula
A f(0)

h

ALF(0)
h 7“}1

0.125
0,250
0.375
0.500
0.625

4. Let 0 < h < 1and D = ¢(h)+dih+dyh?+dsh® — ... where the constants
¢i, Vi=1,2,... are independent from h. What combination of ¢(h) and
@(h/2) should lead to a more accurate estimate of D?

5. Let 0 < h <1and D = ¢(h) + c1h'/? + ch?/? 4 c3h3/% — ... where the
constants ¢;, Vi = 1,2, ... are independent from h. What combination
of ¢(h) and ¢(h/2) should lead to a more accurate estimate of D?

6. Let ¢(h) = L — O(h?), where 0 < h < 1. Show that Richardson’s
extrapolation can be carried out for any two values hy and hy of h.
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7. Use Richardson extrapolation based on the central difference approxi-
mation formula to estimate the first derivative of y = cosx at x = 7 /4,
with initial value of h = m/3. Compare with the actual value of f/(7w/4),
by computing the absolute relative error in that case.

8. Use Richardson extrapolation based on the forward difference approx-
imation formula to estimate the first derivative of y = Inz at x = 4,
with initial value of h = 0.5. Compare with the actual value of f'(4), by
computing the absolute relative error in that case.

9. Consider the following table of data associated with some unknown func-

tion y = f(x)

i| x; Yi

010.00| 1.000
11025 2.122
21050 3.233
310.75 | 4.455
411.00 | 5.566
5| 1.25 | —1.000
6| 1.50 | —1.255
71175 | —1.800
81 2.00 | —2.000

(a) Find an approximation to f’(0.25) using successively the forward,
backward and central difference approximations if A = 0.25.

(b) Find approximations to f/(1) using the central difference approx-
imation with h = 0.25, h = 0.50 then h = 1.00. Improve these
results by computing central difference Richardson’s extrapolation
approximations of the first and second order, 1 55(.) and ¥2 5<(.)
to approximate f'(1).

(c) Approximate f/'(0) and f’(2) with h = 0.25.

(d) Find approximations to f (1) and f (1) using the forward differ-
ence approximations, with A = 0.25.

10. Consider the following table of data for the function f(x)

X Yi
0.000 | 1.0000000
0.125 | 1.1108220
0.250 | 1.1979232
0.375 | 1.2663800
0.500 | 1.3196170
0.625 | 1.3600599
0.750 | 1.3895079
0.875 | 1.4093565
1.000 | 1.4207355

0 O U= WN R O e
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Use the central difference formula to approximate f'(0.5), followed by
Richardson’s extrapolation of the 1st and 2nd orders to improve the
results. Fill out the following table:

ho | () D0 20
0.5 X

0.25 X X

0.125 X X X

Based on the set of data of exercise 10:

(a) Calculate the second derivative f”(0.5), using the central difference
approximation with A = 0.25 and h = 0.125. Use Richardson’s
extrapolation operator of the first order, ¥} 155(£(0.5)) to improve
these results.

(b) Calculate the third derivative f (1.000), using the backward dif-
ference approximation.

Based on the set of data of Exercise 10, use the Forward Difference
formula to approximate f’(0), followed by Richardson’s extrapolation of
the first and second orders. Fill out the following table:

h | én() 0 20)
0.5 X

0.25 X X

0.125 X X X

Based on the set of data of the preceding exercise, use the backward
difference formula to approximate f’(1), followed by Richardson’s ex-
trapolation of the first and second orders. Fill out the following table:

T 2
h | () X, () X2 (0)
0.5 X
0.25 X X
0.125 X X X

Consider the following set of data:

where the X-coordinates are equally spaced, that is x; = xq + ¢h for
all 7, with 0 < h <1 and n > 4. Based on D,,:
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(a) Use Newton’s quadratic interpolating polynomial pgi2(z) to de-
termine its derivative p{;,(z) and the value of pj,(x0) in terms
of the 3 points zg,z; and z2 (“The 3 points formula”.) Express
Dp(z0) in terms of 2y and h. For notation purposes, let in that
case, ph12(Xo) = Dp(X0)-

(b) Given that f € C3, the polynomial interpolation error is estimated
by the following identity:

£(@) = porale) + 5y (& = z0) & — 21)( — 22)f ()

where ¢(z) € (29, z3) depends continuously on z.
Through differentiation of this identity, find the expression of the
Error if f/(z0) ~ phio(20), and show that this Error is O(h?).

(¢) Given that

fl(LEO) = Dh(xo) + Clh2 + Cghg + 03h4 + ...+ CihH_l + ...

where all the coefficients C; are independent of h.

Apply Richardson’s extrapolation procedure once to improve the
approximation of f/(zg), then define the first-order Richardson’s
extrapolation operator D} (zo). What is the order of the error if
f'(w0) = D} (z0).

15. Consider the following set of data:

] f(z:)
0| 0.000 | 1.0000
11(0.125 | 1.1108
210.250 | 1.1979
310375 | 1.2663
41 0.500 | 1.3196
510.625 | 1.3600
6 | 0.750 | 1.3895
710.875 | 1.4093
8 | 1.000 | 1.4207

Use this set of data and the results derived in the preceding exercise to
compute D} 155(0).

Numerical Integration

16. Derive the estimates on I, — Ak, I, — By, I — A(h) and I — B(h), in
Proposition 5.3.
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23.

24.
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Approximate I = f; f(x) dz based on the set of data given in Exercise
15, using the midpoint rectangular rule.

Use the composite midpoint rectangular rule to approximate I =
f02 e3% cos(2x)dx, if 9 partition points are used.

(a) Estimate the value of I = fol (z2 + 1)~ 1dz by the composite mid-
point rule if 7 partition points are used.

(b) Find the absolute error in this approximation. Obtain also an upper
bound on the absolute error, if 7 partition points are used.

The Bessel function of order 0 is defined by the equation

1 T
Jo(z) = f/ cos(z sin 0)d6
0

s

Approximate Jy(1) by the composite midpoint rectangular rule using 5
equally spaced partition points, then find an upper bound to the error
in this approximation. (Let cosv/2/2 = B.)

How many equi-spaced partition points should be used in the approxima-
tion of I = fol e dx by means of the composite midpoint rectangular

. —4
rule, if the absolute error |¢| < 1—?

Determine the value of h required to approximate I = fol xe®dx up to 3
decimal figures.

Establish “Composite Right” and “Left Rectangular Rules” that approx-
imate the definite integral I = fab f(z)dz, in case the partition points
are not equally spaced.

Let I = f02 22e=% dx.
(a) Use the midpoint rectangular rule to approximate I with 3 equally

spaced partition points.

(b) Derive the formulae of the Romberg operators applied to the mid-
point rectangular rule.

(c) Fill in the empty slots of the following table adequately.

h M(h) MT(h) MZ2(h)
ho =1
he =05
be =0.25
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25.

26.

27.

28.

29.

30.

Introduction to Numerical Analysis and Scientific Computing

(a) Estimate the value of T = f04 2%dx by the composite trapezoidal
rule if 9 partition points are used.

(b) Find the absolute error in this approximation. Obtain also an upper
bound on the absolute error in this case.

Determine the value of h if the composite trapezoid rule is to estimate
fOﬂ sin zdz with error < 10~7? Will the integral be over or under esti-
mated?

Obtain an upper bound on the absolute error using 55 equally spaced
points, when we compute f06 sin z2dz by means of:

e the composite trapezoid rule

e the composite midpoint rectangular rule

e Simpson’s rule
Let f(z) = a?cosx. Approximate I = [ f(z)dz by the composite
trapezoid rule using the partition points 0, 7/2, 7. Repeat by using par-
tition points 0,7/4,7/2,3w/4, 7. Use these results to apply Romberg

extrapolation approximation R!(7/4) and obtain a better evaluation
for I.

Consider the data given in Exercise 15. Fill in the following Table, using
ho = 1.

h T(h) R (h) R?(h) R3(h)
ho =1 X
ho/2=10.5 X X
% =0.25 X X X
b =0.125 X X X x

Consider the Bessel function Jy(x) as defined in exercise 19.

(a) Approximate Jy(1) by the trapezoid rule using 3 equally spaced
partition points, then find an upper bound to the absolute error in
this approximation. (Let cos 1 = A and cosv/2/2 = B.

(b) Apply Romberg extrapolation procedure once on the trapezoidal
rule in (a), to obtain a better approximation to Jy(1).
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3l. Leta =29 < z1 < ... < x,, = b be a set of partition points of the interval
[a,b], with h; = x;41 — z; leading to a non-uniform spacing. Establish
the composite trapezoid rule formula to approximate f; f(x)dx, then
find an upper bound for the error term in this approximation.

Hint: On the interval [xg, 2g41], use:

/mk+1 f(z)dx = Tk—&-% /Ik+1 (x —ap)(z — xk+1)fﬁ(c($))da:, c(x) € (g, Trt1)-

k Tk

32. Compute I = f02 2% In(2? + 1)dx by Simpson’s rule using 5 partition
points in 2 different ways.

33. Find an approximate value of ff x~'dx using the composite Simpson’s
rule with h = 0.25. Give a bound on the absolute error.

34. Let D, = {(zi,y:)|i = 0,1,...,n = 2m, where y; = f(z;))} be a given
set of data, where the X-coordinates are equally spaced, and where n is
an even integer.

(a) Derive the first 2 Romberg approximation formulae: S'(h) and
S2(h), applied to the composite Simpson’s rule, given that:

I =S(h)+s1h* + s2h® + ...+ s;h2 2 4

(b) The next question deals with the following set of values for a func-
tion f(x), arranged in a table as follows:

i o | fx)
0| 0.000 | 1.0000
11 0.125 | 1.0157
2 10.250 | 1.0645
310.375 | 1.1510
41 0.500 | 1.2840
510.625 | 1.4779
6| 0.750 | 1.7551
71 0.875 | 2.1503
8 1 1.000 | 2.7183

In order to approximate fol f(z) dx, based on Simpson’s rule and
the formulae obtained in (a), fill in the empty slots of the following
table adequately, carrying 5 significant figures with rounding to the
closest.
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h M(h) T(h) S(h) St(h) S2(h)
ho = 0.5
be =025
he —0.125

35. Consider the integral I = erf(z) = % Iy e dt

(a) Let I = erf(1). Approximate I up to 2 decimal figures by means
of the composite trapezoidal rule with equi-spaced partition points
if the exact value of I = 0.84. (Use rounding to the closest.)

(b) What is the number of partition points needed, if it is known that
the composite trapezoid rule has to be followed by the Romberg
process in order to improve the accuracy of the approximation in
the preceding question.

36. Consider the logarithmic integral defined by the equation

|
I =11 = e
li(x) /2 7 dt

(a) Approximate [i(11) by means of the composite Simpson’s rule using
9 equally spaced nodes, then apply Romberg extrapolation of 1st
order to improve the result.

(b) Compute the relative errors in both approximations, given that the
exact value li(11) = 5.5458.
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5.10 Computer Projects

Exercise 1: Numerical Differentiation

Let = [z1, 22, ..., x,] and y = [y1, Y2, ..., Yn] be 2 vectors of equal length
n, representing a set of n points in the plane:

D, ={(zj,yi)|r1 <z2 < ... <mp ;i=1,2,...,n}

where y; = f(x;) for some real valued function f.

1. Counsider the set of points D,, as given above, where the x-components
are equally spaced with ;41 —2; = h; 0 <h <1, and let m = 1,2 or 3.
Write a MATLAB
function d1 = ApproxDerivative(x,y,xi,m)
that approximates the first derivative of some unknown function f at
a node x;, using the backward difference formula (m = 1), the forward
difference formula (m = 2) or the central difference formula (m = 3).
Your function should check first the validity of the input and display an
error message if the derivative cannot be computed at node x;, that is
check the following:

e The components of x should be equally spaced
e 0<h<1

e The value of m should be consistent with the index of z;. For
example, if m=1 then to apply the backward difference formula,
;1 should also be an element of z.

2. Write a MATLAB
function R = Richardson(f,a,h,k)
that takes as input: a function f, a real number a, 0 < h < 1 being the
smallest value of the increment, and a positive integer k. This function
applies k iterations of Richardson’s extrapolation procedure to improve
the approximation of the first derivative f’(a), using the central dif-
ference formula, and outputs the results in a square lower triangular
matrix R of size (k+ 1 x k+1).
N.B. The entries of the first column of the matrix are approximations
to f’(a) using the central difference approximation formulas for different
values of h.

3. Test each one of the functions above for 2 different test cases, and save
the results in a Word document.
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Exercise 2: Numerical Integration

The purpose of this exercise is to find approximations to the following def-
inite integrals using the composite trapezoidal rule followed by the Romberg
process:

1. I :folﬁdx:ﬂ
2. I = [} 1 de = In2 = 0.693147180559945...

3. The exact value of [ e dz = YT= 1.570796326794897.... , with

|/ e dx — I3l < C x 10716
0

where I3 = foﬁ e~ dz.

1. Write a MATLAB
function I = CompositeTrapezoid(f,a,b,n,p)
that takes as inputs:

(a) a real valued function f

(b) 2 real numbers a and b, with a <b € D; (domain of f)

(c) a positive integer n, representing the number of subintervals of
equal length determined by the partition points

{z;;1=0,1,...,n|a=20,b=xp; h =201 — x;}

(e, h="% with0<h <1.)

(d) p, a positive integer representing some precision fixed by the user

This function approximates the integral f: f(x)dx ~ I using the com-
posite trapezoidal rule, and outputs I, displayed up to p decimal figures.
Hint: Use the MATLAB function num2str (I, p) to round the computed
I to the closest, up to p decimal figures.

2. Write a MATLAB
function R = RombergCompositeTrapezoid(f,a,b,n,p,tol)
that takes as inputs f,a,b,n,p as defined in part 1 above with n of
the form: n = 2% (k positive integer), in addition to some tolerance
tol = 0.5 % 10719, This function applies j iterations of the Romberg
process based on the composite trapezoidal rule with j < k, where j is
the first integer for which

IR(k+1,j — 1) — R(k+1,5)| < tol

and outputs the results in a matrix R of size k+1x j+ 1
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Hints:

e The successive values of h are {h = 22, for i =0, 1,...,k}

e The entries of the first column of the matrix are values of T'(h), V h
e The entries of the remaining columns of the matrix are values of

R'(h), ..., R (h),

3. Test the 2 MATLAB functions above on I, Is and I3. Save your results in
a Word document.

© 2014by Taylor & FrancisGroup,LLC



© 2014by Taylor & FrancisGroup,LLC



Chapter 6

Advanced Numerical Integration
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6.1 Numerical Integration for Non-Uniform Partitions

In what has preceded, we have considered numerical integration on a set
of equidistant points {x;}, whereas x; 1 — x; = h, Vi. The formulae derived
were well suited for the cases when a function f(z) is given through a table

Dy, = {(wn,yn = f(2n))}.

Naturally, each of the formulae we have derived can be generalized to non-

uniform partitions {z;}.

6.1.1 Generalized Formulae and Error Analysis

1. In the case of the trapezoidal rule, the number of intervals is n and such

partitions satisfy:
x; — xi—1 = h;, with h; # h;, for at least one pair (¢,7), ¢ # j
Let also:

h = max {h;}.

1<i<n
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210 Introduction to Numerical Analysis and Scientific Computing

Written in that context, the composite trapezoidal rule becomes:

n n

T(h) = ZT1 = %Zhi(yi—l + i)

=1 i=1

with the local error (for the simple trapezoid rule) expressed as previ-
ously:

h3
L =T; - ﬁf”(cz‘% i=1,..,n,¢ € (zi—1,2;),

while, using the Intermediate Value Theorem, the global error for T'(h)
would become:

R RS AR

I-T(h) = B 2 f"(c), with zg < ¢ < zp,
that leads to:
=T < 2 (hy ot hn) max £7(@)] = = (b=a) max |£" ()
— 12 ! 2 " aje(aﬁ) 12 @ xe(aﬁ) '

2. Similar considerations may be carried out also for the midpoint and
Simpson’s rules. In that case, we maintain the constraint of partition-
ing (a,b) into an even number of subintervals (n = 2m) in the following
way:

Toi—2 + T4

a=2) <21 <..<Togp—1<Top, = b, with x9;_1 = — 1 =1,2,..

2

Moreover:
To; — Toj—o = 2h,, with h; # hj, for at least one pair (4, j), ¢ # j.
As above, let also:
h = max{h;}

The expressions of the composite midpoint and Simpson’s formulae be-
come respectively:

M(h)=2 Z hiy2i—1
i=1

m

S(h) = %Zhi(y%_z +4yoi—1 + y2i) = é(M(h) +T(2h)). (6.1)

i=1

Furthermore, the local errors for the simple rules remain unchanged,
specifically:

T24 3,
[ sde=2hsten) + 158 @0,

2i—2
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and
T2 hz h? ”
/ f(x)dx = E(yZi—Q + 4yoi—1 + y2i) — %f (¢3)- (6.2)
T2;—2
The bounds for the global errors can be easily derived, yielding respec-
tively:
h2
L= M(R)| < = (b—a) max |f"(x), (6.3)
6 z€(a,b)
and .
I—S(h)|<-——(b- @ (2)]. 6.4
1= S(0)] < 15 0= ) max |f (@) (6.4)

6.1.2 The Case for Adaptive Numerical Integration

Adaptive numerical integration consists in “adapting” the partition of the
interval (a,b) to the behavior of the function f(x). To illustrate that point,
consider applying the non-uniform global Simpson’s formula (6.1) to approx-
imate the integral I = f; f(z)dz and let us assume that there exists some
subinterval (d, b) of (a,b) wherein the behavior of f(z) =~ p(z) with p(x) € Ps,
i.e., a polynomial of degree at most 3. Since from (6.2), one has:

1 m
I—S(h)= —%Zh?f(4)(0i), ¢; € (T2i-2, T2i),
i=1

then one can select the partition of {x;};, so that xe,,—o = d and xa,, = b, the
remaining points {x;|i = 0, 1...2m—2} subdividing uniformly or non-uniformly
the interval (a,d).

To illustrate this situation, consider the function:

f(x) =2°(x — 5)%e ™%,
which graph is given in Figure 6.1. Obviously, as indicated by the graph of
f, the function is very close to zero on [20, 40], but has significant variations
over [0,20]. Evaluating I = f040 2%(x — 5)%e~%dz by placing a uniform mesh
on (0,40) would not be an appropriate strategy, as one needs a highly refined
mesh on (0,20) and a coarse grid on (20,40). For that purpose, it would

be convenient to consider methods that would adapt the partitioning [0, 40]
according to the behavior of f(z) as to be explained in the following section.

6.1.3 Adaptive Simpson’s Integration

Thus, Adaptive Numerical Integration is motivated by the need to compute
an accurate approximation to I, taking into account a user defined computa-
tional tolerance, €;,;, in the sense that one seeks I. ~ I, such that:

[T — I.| < €101, (absolute error)
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FIGURE 6.1: Graph of f(z) = 2%(x — 5)%e™®

or

[ — L]

1]

Considering that the adaptive algorithm is one that must take into account
whether f(z) has sharp variations on subintervals of (a, b), and smooth ones on
the remaining ones, then if the approximation error is to be evenly distributed,
the partition points should be generated adaptively so that fine partitions,
with small step sizes, are chosen in the first case, and coarse partitions, with
larger step sizes, are used in the second one.
One of the methods used for such purpose is the recursive “Adaptive Simpson’s
Rule” that evaluates I in view of reaching the user’s fixed computational
tolerance (absolute or relative) tol. In case of relative computational tolerance,
a “rough” estimate I.4 of I would also be needed. One choice for I.5 would
be for example, 222 (f(a) + 4f(“E2) + £(b)).
In the adaptive process, the steps of the recursive algorithm are as follows:

< €101 (relative error).

a. Divide the initial interval [a, b] into 2 subintervals of equal length, with
h=(b—a)/2.

b. Compute S(h) and S(h/2).

c. As h = b;—ka, then using a similar argument to that of Proposition 5.8
(Section 5.8 in Chapter 5), one proves for f € C6:

I = S(h) + ah* + O(h"), (6.5)

where « is independent from h. Using Richardson extrapolation on (6.5),
one proves that:

h/2) = 5(h)

I—5S(h/2) = S( B + O(h®). (6.6)
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Thus w provides the O(h?), principal part of the error in
I — S(h/2). Hence, one of 2 following situations may occur, using abso-
lute (or relative) errors:

c.1 [2ERZSR) <ol (or |SHL=SW | < o),

c.2 |SRR=SW] s yol, (or |BRZZ5R)| 5 o).

In the first occurrence, we approximate I by S = S(h/2) and stop the

process.
Otherwise, letting m = aT"'b, we proceed with recurring the process by
writing:

m b
I=hi+L= [ j@is [ fd.

and then apply a. - b. - c. in parallel on I; and I, in view of reaching
respectively S7 and Ss, such that (in case of absolute errors):

— S,

est

I
I — Si| < tol/2 (|2

| <tol/2), k=1,2.

Clearly, |I, — Sg| < tol/2, k = 1,2 implies in case of use of absolute
errors:

[T — (S1+4 S2)| < |11 — S1| + |12 — S2| < tol,

or when using relative errors:

I— (Sl +SQ)

L -5 I, — Sy
- |+
est

1
< < tol
| o | Iest Iest ‘ o ’

A pseudo code for such procedure that uses relative errors would be as follows:

function S=RecurAdaptSimp(f,a,b,tol,Est)
h=(b-a)/2
Evaluate S(h) and S(h/2)
If [S(h)-S(h/2)|/|Est|>16%tol
> m=(a+b)/2
> S1=RecurAdaptSimp(f,a,m,tol/2,Est)
> S2=RecurAdaptSimp(f,m,b,tol/2,Est)
> S=S1+S2
else
> S=S(h/2)
end
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A detailed MATLAB implementation is as follows.
Algorithm 6.1 Adaptive Simpson’s Integration (Recursive Version)

function [S,x]=RecurAdaptSimp(f,a,b,tol,i,Est)
% Input: Est, an estimate of the value of I

% the Integral of f(x) from a to b

/) tol: Relative tolerance

% i: level of recurrence

% Output: S: approximation of I, such that: |(I-S)/Iest|<=tol
h x: the partition points

% Initialize parameters

x=[];%No partition of the interval (a,b)

h=(b-a);% Initial value of h

% Get S(h) and S(h/2)

m=(a+b)/2;

mi=(a+m)/2;

m2=(b+m) /2;

Ti=h*x(f(a)+f(b))/2;%Evaluate T(h)

Mi=h*f (m) ; %Evaluate M(h/2)

T=(T1+M1)/2;%Evaluate T(h/2)

S1=(T1+2*M1)/3;%Evaluate S(h/2)

M=h* (f (m1)+f (m2) ) /2;%Evaluate M(h/4)

S=(T+2*M) /3;%Evaluate S(h/4)

x=[x ml m2];%Update x with ml and m2

if abs((8-S1)/Est)>15%tol% if |(S(h)-S(h/2))/Iest|>tol
i=i+1;%raise recurrence level by 1
%Apply AdaptSimp on (a,m) and (m,b)
[S1,x1]=RecurAdaptSimp(f,a,m,t0l/2,i,Est);
[S2,x2]=RecurAdaptSimp(f,m,b,t0l/2,i,Est);
S=S1+S2;x=[x1 x2];%Updare S and x
i=i-1;%decrease recurrence level by 1

end

if i==1 % Final update at recurrence level 1
x=[x m];’% Update x with m
x=sort(x);% sort x
x=[a x b];% Update x with a and b

end

Example 6.1 Consider approximating I = j;;lo 100xe~*dx which exact value
can be verified to be 100 — 4100 * e~4% ~ 100.

Proceeding by a standard Simpson’s rule on a uniform mesh A can prove to
be catastrophic! For relative computational tolerances €;,;, one computes from
(5.67) the corresponding minimum number of uniform intervals. The results
are indicated in Table 6.1. Obviously, such summations with high number of
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€tol nmin(etol)
0.5x 1074 1229
0.5 x 1075 2185
0.5 x 1076 3884
0.5 x 1077 6907
0.5x 108 12283
0.5 x 1079 21841
0.5 x 10710 | 38840

TABLE 6.1: Minimum number of intervals for uniform partitions using Simp-
son’s rule to compute I = f;o 100xze~*dx up to a relative tolerance €;y;

€tol n(€tor) min h max h
0.5 x 1072 34 | 7.8125000x10~2 | 10
0.5 x 1075 58 | 3.9062500x1072 | 10
0.5 x 1076 94 | 1.9531250x1072 | 10
0.5x 1077 | 166 | 9.765625x103 10
0.5x 1078 | 286 | 4.8828125x1073 5
0.5x 1072 | 496 | 4.8828125x103 5
0.5x 10719 | 912 | 2.4414062x10~3 5

TABLE 6.2: Number of intervals as a function of the user’s tolerance €;,; in
adaptive Simpson’s rule

elements would lead to an excessive round-off error propagation. On the other
hand, adaptive numerical integration using the MATLAB program:

RecurAdaptSimp(a,b,tol, i,Est) with tol = €

would provide a comparably moderate number of intervals n(e,;) as shown
in Table 6.2, where we also provide in the third and fourth columns
miny<;<n {h;} and maxi<;<, {h;}. This asserts the strength of the method
to automatically generate a highly non-uniform partition of the interval (a, b).
Such features speak in favor of Adaptive Numerical Integration in terms of
flexibility and high accuracy for minimal costs. On the other hand, the method
introduces the feasibility of approximating I = f; f(x)dx, based on a set of
points that are not uniformly distributed over (a,b).

Remark 6.1 The MATLAB command quad is a notorious implementation of
adaptive Simpson’s approrimation for definite integrals.
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6.2 Numerical Integration of Functions of Two Variables

Consider the double integral:

-/ A f (@, y)dedy,

where 2 C R? with boundary I' = 9. Assume also that f(z,y) is at least
continuous on 2.

The methods derived so far are difficult to generalize in a systematic way to
double integration approximations over all domains  C R?. The simplest
case would be when ) is a rectangular region.

6.2.1 Double Integrals over Rectangular Domains

Let Q = (a,b) x (¢, d), in which case, if we define the rectangle corners by:
M= (aa C)v N = (b,C), P = (bv d)a Q= (avd)'

Then:
I'=TulUl'sUlly,

Flzm,Ié:ﬁ,l}:@andH:Q—]\)[.

In this case, I may be written as:

-/ b / "t y)dyda = / i / )y da (6.7)

or equivalently:

with

b
= / Pl2)dz (6.8)
with:
d
Fa)= [ f(.)dy. (69)
We have thus reduced the initial double integral into two simple integrals (6.8)
and (6.9). To obtain approximations formulae for I we start by partitioning
each of (a,b) and (¢, d), using respectively n and m subintervals, as follows:

a=20< 21 <..<zTp=bjc=ys<y1 <..<ym=4d,

with Tit1 — Xy = hi+17 Vi = 0, ,'fL—]. and Yji+1—Y; = ijrl, V] = O, ...,m—l.
A display of such partitions can be found in Figure 6.2.
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Q=(,d) P=b,d)

M=(a,c) N=(b,c)

FIGURE 6.2: A partition of the rectangle M N PQ with m =n =38

6.2.2 Double Rectangular Rule

We generalize first the composite rectangular rule (5.41) as follows:
L I= f; F(z)dx ~ Z?:l hiF(x;_1).

d m
2. Fzio1) = [, f(@imn,y)dy = 3000 kg f (i1, y-1)-
Combining both approximations yields:
b d n m
[ fdody = Y2 i faior ), (6.10)
a Je i=1 j=1
In case the partitioning points of (a,b) and (¢, d) are equally spaced, i.e.,

hi:h:I)_J,Viandkj:k:d_c
n

7vj7

then:
b pd n o m
[ ] fewdedy = k30" fairn0).
@ Je i=1 j=1

Under these conditions, the two-dimensional composite rectangular rule would
be given by:

n m

A(h, k) = hkY > f@io1,y5-1) (6.11)

i=1 j=1
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6.2.3 Double Trapezoidal and Midpoint Rules

A similar derivation may be also carried out for the composite trapezoidal
rule. We leave out the details of the derivation and write directly the numerical

integration formula::
T(h,k) =

% Z Z (f(@i—1,yj-1) + f(Tim1,y5) + f(@i,y5-1) + f(@i,y5)). (6.12)

i=1 j=1

In case n and m are even integers, the composite midpoint rectangular
rule formula can be easily derived and given by:

n/2m/2

M(h,k) = 4hkY > f(z2io1,y2j-1) (6.13)

i=1 j=1

6.2.4 Double Simpson’s Rule

As for the composite Simpson’s rule, with n and m being even integers,
the double integration formula is derived as follows. In a first step, we use
composite Simpson’s integration with respect to y. This gives:

m/2
INCUE foyzj o)+ 47,y 1) + ().
Letting now:
k m/2
Fi(z) = 3 Z (@ y2j—2) +4f (@, y25-1) + f(2,925),
j=1

then proceeding with a composite Simpson’s integration with respect to = on
Fy.(z), we obtain:

b n/2
h
/ Fk(x)dx ~ g ZFk(in_g) —+ 4Fk($21‘_1) + Fk(l‘gz)

Thus we can write:
I~ / Fi(@)dz ~ S(h, k),

with:
S(h,k) =
S(h, k) = S1(h,k) + So(h, k) + S3(h, k). (6.14)
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with:
hk n/2
Si(h, k) = 9 Z [f(z2i-2,y2j—2) + f(T2i-2,Y25) + (X212, y2j-2) + [(22:, y2;)],
=1
ank 2
Sa(h, k) = 5 [f(z2i—2,y25-1) + f(z2i-1,y25) + f(@2i, y25-1) + f(w2i-1,y25-2)],
=1
and: ,
m/2
16hk:
Ss( Zf T2i-1,Y2j—1)-

6.2.5 Error Estimates

Error estimates can also be easily derived for the approximating formu-
lae (6.11), (6.12), (6.13) and (6.14). We start with an error analysis for the
rectangular rule (6.11).

Theorem 6.1 For f, and f, € C(Q), i.e., f € C1(Q), the composite rectan-
gular approzimation is O(h + k):

f f

I'=A(h, k) + (b —a)(d—c)(h

(57 n) + (517771)) (6.15)

where (§,m) and (§1,m1) are in the rectangle (a,b) x (¢, d).

Proof. Starting with:
I—/ F(x dx—ZhF (zi_1) + h(b— a)F'(€), £ € (a,b),

where F'(§) = fd

. %(5 ,y)dy, then using the mean-value theorem, we obtain:

af

P&y = [ Liepay=@-nien.

(&

Hence:
b n n
1= / F(a)de =3 hF(zi1)+h(b—a) (e, (€m) € (a,0)x (e, ).

One concludes, using the intermediate value theorem, that:

I =3 hP(ais) + hb—a)d — )L

=1

2 (&m), (&,m) € (a,b) x (¢,d).  (6.16)
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Furthcrmoro as:
F xz 1 f f xz 1,Y ) Yy =

n

.k Z f(l‘i_l, yj—l) =+ k(d — C)%(.Ii_l, (:1), Ci S (C, d), (617)

j=1
then using the definition of A(h, k) and combining (6.16) and (6.17), we reach:

7] 0
e +ma-a> 2

i=1

I=A(h,k) +h(b—a)(d—c) (zi-1,G)-

By applying a second time the intermediate value theorem on )", g—i (Ti—1,G),s
one gets (6.15). [ |
Similar procedures can be conducted to the other integration formulae: (6.12),
(6.13) and (6.14). In what follows we give the results of such analyses.

1. For f € C?(Q), the composite trapezoid and midpoint rectangular ap-
proximations satisfy the following estimates:

:T(h,k’) _ (b—a)(d—c)( 282f

o2 f

QTyQ(flﬂh))v (6.18)
and similarly we obtain:

= (k) + L= “)(),(d 2 p2d

f em) (.19

(25 (&m) +

i.e., I =T(h,k)+ O(h?) + O(k?) and I = M(h,k) + O(h?) + O(k?)

2. Also, for f € C*(Q), the composite double Simpson’s rule satisfies the
following estimate:

—a 4
= S(h, k) — b-ald-c 1)8(5 )(h48 /

4 4f
(&m) + & o7 (€,m)) - (6.20)

ie., I =8(hk)+O(R* +k*).

Note that in (6.18), (6.19) and (6.20), the pairs (£,n) and (&1, m1) refer to
generic points in ().
We illustrate through a case that uses the composite Simpson’s rule.

Example 6.2 Compute I = f2'5 L4 2yt dy dx, using the composite Simp-

son’s rule with (m,n) € {(4,4), (8,8), (16, 16), (64, 64)}.

Note that the exact value of I is 5(1.4)°(2.5)° = 21.00875. The results are
summarized in Table 6.3.
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mn) | Sk | 11— SR
(4,4) |21.118313 | 5.215115 x 10 °
(8,8) | 21.015589 | 3.255473 x 104
(16,16) | 21.009177 | 2.03452 x 10~°
(64,64) | 21.008752 | 7.94729 x 10~8

TABLE 6.3: Results of use of double Simpson’s rule to approximate

f(]2.5 f01-4 zty* dy dx = 21.00875

6.2.6 Double Integrals over Convex Polygonal Domains

Delaunay Meshing

For the general case of fQ f(z,y)dxdy where  is a connected domain with
a boundary 0f) that consists of a continuous finite sequence of smooth arcs,
current practices start by “meshing” the domain € into triangles. More specifi-
cally, “meshing” 2, consists in subdividing it into a set T of “triangles.” In this
chapter, we restrict our presentation to convex polygonal domains which
can be easily “meshed” using the MATLAB delaunay command (for more de-
tails see [20], [13].)

A Delaunay triangulation starts with a set of nodes P = {Py, Ps, ..., Py}
in  and its boundary 9. It then generates a set 7 = T (P), such that, if we
let C(T") be the circumcircle associated with each T' € T which vertices are
M, N, P € P, then:

C(T) contains no node of P in its interior. (6.21)

In that way, Delaunay triangulations tend to maximize the minimum angle
of all the angles of the triangles in 7 and therefore avoid “skinny” or “flat”
triangles. In addition 7 = {T; |1 < ¢ < M} satisfies the following properties:
triangle itself when i = j
—_ vertex
Vi, je{1,2,..M} T, NT; = . (6.22)
one side
¢ empty set

Note that the 2 triangles in Figure 6.3 do not conform to such meshing con-
straint. In addition to (6.21) and (6.22), T satisfy:

Uz =2 (6.23)
Thus T covers €2 and one can write:

| ey = 3 [ sz,

TeT /T
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FIGURE 6.3: Nonconforming triangles in meshing a domain

E

FIGURE 6.4: Plot of a two dimensional domain with a polygonal boundary
00={(0,0),(0.4,0),(1,0.3),(1,0.7),(0.4,1),(0,1) }

We consider the following example of a hexagonal domain 2 with:
02 = {(0,0),(0.4,0),(1,0.3),(1,0.7),(0.4,1), (0, 1) }.

Figure 6.4 plots the boundary of this hexagonal domain: We mesh this domain
using a recursive procedure that starts with a “coarse mesh” based on the set
of nodes

P =4(0,0),(0.4,0),(1,0.3), (1,0.7),(0.4,1),(0,1), Gy = (0.4,0.5)},

consisting of the vertices of €2 in addition to G1, its barycenter (center of grav-
ity). Applying MATLAB delaunay command on P; followed by the triplot
command leads to 77, a triangulation consisting of 6 triangles, using a G,
as a common vertex. The resulting meshing of 2 is shown in Figure 6.5. To
refine 7; we introduce the edges midpoints of each of its triangles, then pro-
ceeding again with the delaunay command followed by triplet which gives
a new mesh 7s, consisting of 26 triangles, as shown in Figure 6.6. The pre-
vious steps are the core of our recursive procedure that allows refinement
up to higher orders. For instance, Figure 6.7 provides a mesh of 100 trian-
gles resulting from subdividing the sides of the triangles in 75. The following
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01 02 03 04 05 06 07 08 05 1

FIGURE 6.5: A coarse mesh for the polygonal domain with boundary 092 =
{(0,0),(0.4,0),(1,0.3),(1,0.7),(0.4,1),(0,1) }
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FIGURE 6.6: A 26 triangles mesh for the polygonal domain with boundary
o0 = {(0,0),(0.4,0),(1,0.3), (1,0.7),(0.4,1),(0,1)}
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FIGURE 6.7: A 100 triangles mesh for the polygonal domain with boundary
o0 = {(0,0),(0.4,0),(1,0.3), (1,0.7),(0.4,1),(0,1)}
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algorithms generate such recursive processes starting with the initial coarse
meshing:

Algorithm 6.2 Recursive Meshing of a Polygon

function [tri,x,y]=RecurProcess(x0,y0,reforder)

% Input: A polygonal domain with vertices coordinates given by (x0,y0)
% Output: A set of nodes [x,y] resulting from midedges refinement

% of the polygon and a Delaunay triangulation tri based on [x,y]

%Seek center of gravity of the polygon
m=length(x0); %equal to length(y0)
xg=0;yg=0;
for k=1:m
xg=xg+x0 (k) ;
yg=yg+yOo (k) ;
end
xg=xg/m;
yg=yg/m;
x=[x0 xgl;y=[y0 ygl;
tri=delaunay(x,y) ;
for k=1:reforder
[tri,x,y]=MidEdges(tri,x,y);
end
triplot(tri)

Algorithm 6.2 uses the “Mid-edging” procedure 6.3 described as follows.
Algorithm 6.3 Mid-edging a Triangulation

function [tril,x1,yl1]=MidEdges(tri,x,y)
% Input: A triangulation tri based on the set of nodes (x,y)
% output: A delaunay triangulation tril based on (x,y) in addition
% to midedges
[m,n]=size(tri);
% Get the mid points of all edges
mdx=zeros (3*m, 1) ;mdy=zeros (3*m, 1) ;
for k=1:m
p=tri(k,1);q=tri(k,2);r=tri(k,3);
mdx (3*k-2)=(x(p)+x(q)) /2;mdx (3*k-1)=(x(q) +x(r)) /2;mdx (3*k) =(x(r)+x(p)) /2
mdy (3*xk-2)=(y(p)+y(q) ) /2;mdy (3xk-1)=(y (@) +y (r)) /2;mdy (3xk)=(y (r)+y (p)) /2
end
x=[x;mdx] ;y=[y;mdyl;
Mdp=unique([x y],’rows’);’% Eliminate any redundancy in the set of nodes [x
x1=Mdp(:,1);
y1=Mdp(:,2);
tril=delaunay(x1l,y1);
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Approximation of double integrals using triangular meshing
Since:

[ ety =Y [ f)dody

2 TeT /T

the problem reduces to an approximation of a double integral over each of the
triangles.

In case, M, N, P are the vertices of a triangle T, then a simple generalization
of the one-dimensional trapezoidal rule uses an average of the value of f(z,y)
at these vertices, as follows:

/T Fle,y)dady = S Avea(T)(f(M) + F(N) + f(P). (6.24)

Moreover, the one-dimensional midpoint rule can be generalized using the
center of gravity of the triangle T"

/Tf(at, y)dxdy = Area(T) f(G). (6.25)

Both formulae (6.24) and (6.25) are exact for polynomials of the form az +
by + c.

Remark 6.2 Note that to obtain more accurate approrimations, a higher or-
der formula that uses simultaneously the center of gravity and the vertices of
T, can be used too. Specifically:

| Hapdsdy ~ JAwea(TFOD) + SN+ 1(P) +95(G). (626)

is exact for polynomials of the form axy + bz + cy + d. Note that:
1 3
(6.26) = —(6.24) + —(6.25).
4 4
In Exercise 10, one proves that the formula:

| Hepdedy = Ghrea(n)sm) + £ + 5@ (620)

is exact for quadratic polynomials, i.e., polynomials of the form: az?y? 4 bx? +
cy? + dx + ey + f, where m, n and p are respectively midpoints of the sides
NP, PM and M N. Consequently, (6.27) is more accurate than (6.26).

In case the domain () is not polygonal, then its boundary is approached
by a polygonal one: €),,, such that the area of 2N €, is small, so that:

/ f(@,y)dedy ~ / f(@,y)dedy.
Q Q,

Consequently, €, is meshed using triangles, followed by applying (6.24) or
(6.25) to approximate fﬂp fz,y)dy.
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6.3 Monte Carlo Simulations for Numerical Quadrature

In this section, we explore non-deterministic procedures for estimating
definite integrals using random numbers generation.

6.3.1 On Random Number Generation

A sequence of numbers R_{x1, z2, ..., x, } where z; € (0,1) V i is said to be

random if no correlation exists between successive numbers of this sequence.
The elements {z;} are distributed throughout the interval (0, 1), with no pat-
tern or rule linking the values of these elements. For example, if the numbers
are monotonically increasing, they are not random; also if each z; = f(z;_1)
where f is a simple continuous function, then the numbers are not randomly
distributed. The integer n, which is the total number of elements in this se-
quence, is also called the number of trials.
In practice, the random sequence R, is obtained using special random-
number generators software procedures such as MATLAB, rand function,
based on mathematical methods that can be extensively found in the litera-
ture, such as in [6], [17] and [24]. These procedures produce arrays of uniformly
distributed “pseudo-random” numbers in the unit interval (0, 1) with each call
of the random generation function (for example rand in MATLAB). More pre-
cisely such functions generate:

1. A sequence of numbers that is uniformly distributed in the interval
(0,1), i.e., with no subset of (0, 1) containing a share (of numbers) that is
proportional to its size. For example, the probability that an element x
of the sequence falls in the subinterval [a, a + h] is h, and is independent
from the number a. Similarly, if p; = (z;,y;) are uniformly distributed
random points in some rectangle in the plane, then the number of these
points that fall inside a square of area k should depend only on k and
not on the location of the square inside the rectangle.

2. Moreover, the numbers produced by a computer code are not com-
pletely random since a “deterministic” mathematical algorithm is used
to select these numbers. However, for practical purposes, these num-
bers are “sufficiently random” and for that reason, we refer to these as
pseudo- random numbers.

Procedures to generate a sequence R, = {z1,%2,...,2,} of pseudo-random
numbers are usually based on an initial integer Iy called the seed of the
sequence. It is a number that controls whether the procedure repeats the
same particular sequence after n reaches N, i.e.,

TN+44i = Ly, 1= 1,2,...,N— 1,
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as theoretically, for a fixed value of the seed Ij, the random number generator
can produce hundreds of thousands of pseudo random numbers before repeat-
ing itself. One example, [9], of an algorithm that generates a sequence of n
pseudo-random numbers in single precision that are uniformly distributed in
the interval (0, 1) is as follows. Choose Iy to be any integer between 1 and the
Mersenne prime number M = 23! — 1 = 2147483647. A MATLAB implementa-
tion of a pseudo-random numbers generator is as follows.

Algorithm 6.4 Pseudo-Random Generator

function x=myrand(n)
%Input: n is the length of the sequence
% Output: array of n random numbers [x_1, x_2,...,x_n], x_i in (0, 1)
% I0 is the seed of the sequence
% 1<=10, integer <= M = 2731 - 1 = 2147483647 (Mersenne prime number).
M=2"31-1;I0=M;%for example I0=M
x=ones(n,1);
y=10;
for i=1:n
y=rem(7"5*y,M) ;
x(1) =y / M ;
end

Note that all the computed x(4)’s are numbers such that: 0 < z(i) < 1.

6.3.2 Estimation of Integrals through Areas and Volumes

Consider the integral I = fab f(z)dz, which we identify with the area A,
located in a two-dimensional cartesian plane between:

x=a,z=>0,y=0and y= f(x).

Define now:
m = argnznglbf(x) and M = Zax, f(x).
Then one has:
mb—a) <A< M(b—a) (6.28)

We assume now the existence of a procedure that generates at random any
number N of ordered pairs {(z;,y;)|i = 1, ..., N}, where:

Vi:a<z; <b and m <y, <M.

Of that N “throws,” let us count n, as the number of hits, i.e., n is set initially
to 0 and at each “throw,” if:

yi X f(xi) > 0 and |y;| € [0, f ()],
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then n is incremented by 1. As a result and according to the law of large

numbers: n
(M —m) x (b—a)ngnooN =A

Generation of random numbers is a rather difficult task. MATLAB rand func-
tion does generate “pseudo-random” numbers in the interval (0,1). The se-
quence generated through calling such functions is not perfectly random, but
is reasonable for use in estimating integrals through Monte Carlo simulations.
The following simple MATLAB procedure implements this type of method.

Algorithm 6.5 A Monte Carlo Simulation by “Hits”

function I=MonteCarloiD(a,b,m,M,N)
%Input: The interval of integration (a,b)
% The number of throws N
% m and M, where m<=f(x)<=M
%0utput: The Monte Carlo approximation I
n=0;% Initialize the number of hits
A=(M-m) *(b-a) ;%Area of rectangle in which area under f(x) lies
for i=1:N
x=a+(b-a)*rand (1) ;
y=m+(M-m) *rand (1) ;
z=f (x);
if yxz>=0
if abs(y)<=abs(z)
n=n+1;
end
end
end
I=A*n/N;

We give 2 examples resulting from this implementation.

Example 6.3 The first deals with the integral I = ffl f(x)dx, with f(z) =
3(x —1)? + 2(z — 1), which ezxact value is I = 6.

Two consecutive runs have been conducted, the first with 1,000 throws and
the second with 10,000, obtaining respectively 238 and 2486 hits, leading to
approximating I by respectively 5.95 and 6.215. These are illustrated in Figure
6.8.

Example 6.4 The second considers the integral I = fol f(z)dz = =, with
f(z) =4v1 — a2

Experiments were conducted for 100, 1,000, 5,000 and 10,000 throws. Figure
6.9 displays the results for the first 2 cases. Table 6.4 gives the results of these
tests, while the graphs in Figure 6.9 illustrate the experiments for N = 1000
and 10,000. Thus, there is no indication that an increase in the number of
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FIGURE 6.8: Application of Monte Carlo to I = f_21 3(x—1)22+2(x - 1)dz

N n| I, T—1,|/I

100 81| 3.24 [3.132403 x 102
1000 | 782 | 3.128 | 4.326676 x 1072
5000 | 782 | 3.124 | 5.6000 x 1073

10000 | 7,867 | 3.1468 | 1.657550 x 103

TABLE 6.4: Application of Monte Carlo method to I = fol 4v1 — z2dx
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FIGURE 6.9: Application of Monte Carlo method to I = fol 4v1 — 22dx
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throws would allow a better approximation to 7. With 15,000 throws, we reach
only 3.1325 as approximation to . This is caused by two factors:

e The pseudo-randomness of the numbers being generated, and
e The slowness of the convergence of a Monte Carlo simulation.

This implies that when opting to use this type of stochastic approximation,
one must insure “almost perfect” randomness and at the same time expect
long computation times.

6.3.3 Estimating Mean Values

One consequence of (6.28) is the mean value theorem that allows one to
write:

For a simple integral:

b
= / F@)dz = (b—a)f(c), ¢ € (a,b). (6.29)
For a double and triple integral:
1= [ fag)dody = 215(0), c e 2 (6.30)
Q
I= | f(z,y,2)dzdydz = |Q|f(c), c € £, (6.31)
Q

with |Q] being respectively the area and volume of the 2 (respectively 3)
dimensions domain: €.

In either of these cases and regardless of the dimension of the domain €2, the
mean-value formula reduces the finding of I to:

1. Finding || (|2] = (b — a) in 1 dimension).
2. Estimating f(c), with ¢ being undetermined.

In case |€2| is not known, then two tasks need to be carried out simultaneously.
Noting first that:

e = (a,b) in 1 dimension.

e In 2 dimensions, there exists {(a;, b;)|i = 1,2} such that Q C (aq,b1) %
(a25 b2)

e In 3 dimensions, there exists {(a;, b;)|i = 1,3} such that Q C (a1,b1) X
(ag, b2) X (ag, bg)

Then, through a stochastic process of a Monte Carlo simulation, one generates
a sequence of n hits out of NV throws respectively on:
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e (a,b) in 1 dimension. In such case n = N with |Q|.| =|Q|=b—a

e (a1,b1) X (az,b2), in 2 dimensions, leading to:

92 = (b1 — a1)(b2 — a2) -

e And (a1, b1) X (az2,b2) X (as, bs), in 3 dimensions, giving:

Qe = (b1 — a1) (b2 — a2)(bs — as)%~

The procedure that determines |Q|. ~ |€2|, saves simultaneously the sequence:
{P17 P27 ceey P’n}7

of the random points generated from these n hits. Consequently, the undeter-
mined mean value f(c) in (6.29), (6.30), (6.31) is estimated by the random
sum:

£~ T(F(P) + F(P2) + .+ F(Pa)), (632)

which allows a final estimate of:
Q
12 e rp) 1 (B + ot 1P

A possible measure of the error in approximating f(c) by

%(f(Pl) + 1 (Py) + o+ F(P)),

is given by the variance o? of f, where
1 n 1"L
2= 2 (fH? with f=— P) and f2 =~ P;)?
of = 2= (J)% with f n;f( ) and f n;f()

It is proved in [30] that the error incurred is of order O(1/4/n).

We give examples of integrals over domains €2, with a known value of ||, start-
ing with a one-dimensional case on the computation of 7 computed previously
using areas Monte Carlo simulation.

Example 6.5 Compute I = 4]01 V1 — 22dx using mean-value Monte Carlo
stmulations.

The results are given in Table 6.5. As in Example 6.4, one reaches the same
conclusions regarding the slowness of the method and its dependence on “per-
fect” random generation.

We consider now two-dimensional examples, the first being an integral of an
integral over a square.

Example 6.6 Let V = f05/4 05/4(4 — 2?2 — y?) dydx.

The analytical value of V' can be found. Its exact value is V = 4.622395833.
Using the Monte Carlo simulation with successively n = 102,102,10%, the
results are provided in Table 6.6.
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n I, T -1,.|/1
100 | 3.245724 | 3.314608 x 102
500 | 3.094700 | 1.492644 x 102
1000 | 3.142022 | 1.367608 x 10—*
2000 | 3.167981 | 8.39975 x 103
5000 | 3.122143 | 6.190950 x 10~3
10000 | 3.138454 | 9.990669 x 10~

TABLE 6.5: Results of Monte Carlo mean-value simulations to I =

4]01 V1 — 22dx

n Va =V — Va
100 | 4.578791308 | 0.0436045
1000 | 4.581294418 | 0.0411014
10000 | 4.622980842 |  0.0005850

TABLE 6.6: Results for Monte Carlo approximations to V' = f5/4 ‘)/4
2?2 — y?) dydx
6.4 Exercises
1. Derive estimate (6.3) for non-uniform meshes in the composite midpoint
rule.
2. Derive estimate (6.4) for non-uniform meshes in the composite Simpson’s
rule.
3. Derive the identity (6.6) which estimates the O(h?) term in the compos-
ite Simpson’s rule.
4. Derive the identity (6.19) that provides the error term in the composite
double integration midpoint rule on rectangular domains.
5. Derive the identity (6.18) that explicits the error term in the composite
double integration trapezoidal rule on rectangular domains.
6. With m = n = 4, approximate the following double integrals using the
composite double trapezoid, and Simpson’s rules.
fl A fl n(2zy) dy dx
2.2 2.6
(b) 2 2 (.732 +y )dydw
7. With m = n = 4, approximate the following double integrals using the

midpoint rule.
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(a) f; ffln(ny) dy dx
(b) f;’ f24 (22 + y3) dy dw

8. With m = n = 2, approximate the following double integrals using
successively the composite double midpoint and Simpson’s rules.

(a) fol fol eV~ dy dx
(b) [ Jo cos xdyda

9. With m = n = 2, approximate the following double integrals using
successively the composite trapezoid rule.

(a) fol fol eV~ dy dx
(b) [y [y cos xdydx

10. In reference to (6.27), let M, N, P be the vertices of a triangle T and
m, n, p, respectively the midpoints of the sides of T: M N, NP, PM.
Find the coefficients a, b, ¢, a1, as, az such that the approximation for-
mula:

arf(M) +az f(N) + azf(P) + b1 f(m) + baf(n) + bs f(p)

to fT f(x,y)dxdy is exact for f(z) = p(x), p(x) a polynomial of degree
27 i'e'7 p(.’l?) = 17 x, Y, :E27 927 xy.

11. With m = n = p = 2, approximate the following triple integrals using
successively the composite triple midpoint and trapezoid rules.

(a) f_ll ff folydzdy dx
(b) f_ll fol ff xyzldz dx dy
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6.5 Computer Exercises

1. Test MATLAB quad against this chapter function RecurAdaptSimp (Refer
to Algorithm 6.1) for the following known integrals:

100

o [, (2* —1)e "dz, with absolute tolerance 0.5 x 107",

. foloo (23 — z)e~2%dz, with absolute tolerance 0.5 x 10~ 10.

2. Write a MATLAB program that generates the results in Table 6.3 for
f(x,y) = zy*, then test your program for the following double inte-
grals:

® f02 fol (22 + y?)e* ¥ dady.
. f02 fol (z + y)(sin?(z) + sin® (y)dzdy.

3. Consider the polygonal domain 2 shown in Figure 6.4. Test Algorithms
6.2 and 6.3 to approximate:
/ e“tdxdy,
Q

on the meshes shown in Figures 6.5, 6.6 and 6.7.

4. Use Algorithm 6.5 to compute approximations I,, of I = ff f(z) dx and
as well L= 7 ‘"l forn=2P, p=4,5,6,7,8,9,10, in the following cases:

(a) f(z)=+x,a=0,b=5.
(b) f(z)=+Vz+/xr,a=0,b=28.

5. Extend Algorithm 6.5 to double integrals and apply it to find approx-

imations I,, to I = 05/4 05/4(\/4 — 22 — y?) dydz and simultaneously

“‘_Il‘"l for n = 107, p = 3,4, 5,6, using the exact value I = 2.66905414.

6. Write a MATLAB program to approximate [ [, f(x,y) dezdy using a Monte
Carlo method based on (6.30) that uses the approximation (6.32) in the
following cases:

() f(z,y) = sin(e) cos(y), © = {(2,y) : (z — 1 + (y— 1? < 1.
(b) f(z,y) = e**¥, Q the polygonal domain shown in Figure 6.4.

© 2014by Taylor & FrancisGroup,LLC



Chapter 7

Numerical Solutions of Ordinary
Differential Equations (ODEs)

7.1 IntroducCtion ...........c.o.ininini e 235
7.2 Analytic Solutions to ODES ..ottt 238
7.3 Mathematical Settings for Numerical Solutions to ODEs ................ 242
7.4 Explicit Runge-Kutta Schemes ......... ... ... 247
7.4.1 Euler Explicit Method ........ ... i 247
7.4.2 Second-Order Explicit Runge-Kutta Methods .................... 249
7.4.3 General Explicit Runge-Kutta Methods .......................... 253
7.4.4 Control of the Time-Step Size ..........cooviiiiiiiiiiiiiiinnan.. 259
7.5 Adams Multistep Methods ........ ... 264
7.5.1 Adams Schemes of Order 1 ........... ..., 265
7.5.2 Adams Schemes of Order 2 ......... ...t 265
7.5.3 Adams Schemes of Order 3 ...t 266
7.5.4 Adams Methods of Order 4 ........... ..., 267
7.6 Multistep Backward Difference Formulae ................................. 267
7.7 Approximation of a Two-Points Boundary Value Problem ............... 270
T.8  EXEICISES .ttt ittt et e e e e 273
7.9 Computer EXerciSes ..........ouiiniiiiinii i 275

7.1 Introduction

Differential equations involve the dependence of some variable y(t) with
respect to an independent time variable ¢. They are often used to model phys-
ical problems in engineering economics and natural and social sciences. There
is a large number of references on the topics of analysis of ordinary differential
equations and as well on numerical solutions to approximate solutions of dif-
ferential equations. For that purpose, we cite [2], [5], [11], [18], [22], [21] [25],
[28] and [30]. Note also that all standard textbooks on Scientific Computing
include at least one chapter on Numerical Ordinary Differential Equations
([4], 7], [9], [29], [26] etc.).

We start this chapter by giving some specific ODEs models, with each describ-
ing a phenomenon for which one seeks a solution y(¢) over the time interval
[0,T].

Example 7.1 The first one is that of a linear first-order ordinary differen-
tial equation that models a diffusive process of decay, for example that of a

radioactive rate or that of a temperature with time.

235
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The modeling function y(t) satisfies:
Y (0) + Ky(t) = s(t), 0 < t < T, y(0) = a. (7.1)

where K is the rate of decay and s(t) the “source” function of radioactivity
or of heat.

Other well known models find their origin in dynamics and are based on the
classical laws of motion. Examples are as follows:

Example 7.2 The first-order rocket equation, where one seeks its velocity
y(t) that verifies:

Mty =K — F(y)y,0<t<T,y(0) =0, (7.2)

where K is the resulting rocket propulsive force, M (t) is its time varying

mass and F(y)y, a resistance force caused by friction with F'(y)y “smoothly”
increasing with y, for example F(y) = %
Example 7.3 The first-order population logistics equation:

/ y
= 1—7
y = a( 2

Example 7.4 The second-order equation of the pendulum where y(t) is its
position verifies the following:

)ya 0< ta y(O) = Yo, (73>

Y (t) + Asin(y(t)) = v(t), 0 <t <T,y(0) =a,y (0)=b,  (7.4)

where A is a constant depending on the pendulum physical characteristics and
v(t) an external force depending on the time ¢; a and b are respectively the
initial position and velocity of the pendulum.

Example 7.5 The second-order Van der Pol equation associated with an
oscillator subject to a non-linear damping force satisfies:

y =y +y=00<t<T y0)=a,y(0)=b (75
where y(t) is the oscillator’s position and p a positive constant.

Although the pendulum and Van der Pol equations (7.4) and (7.5) are of the
second-order, both can be reduced to a first-order system of two first-order
differential equations. This can be done by introducing the variables:

{ n(t) =y

y2(t) =y
One verifies in the case of (7.4), for example, that y; and y» satisfy:
y:1 =Y2
Yo = —Asin(y1(2)) +s(t), 0 <t <T. (7.6)
y1(0) = a, y2(0) = b.
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By introducing vector notations, specifically:

and

[, Y (1) = ( —Asin(yi/(Qt))'*‘S(t) )

then the pendulum problem can be written as follows:

’

Y'(t) = f(t,Y (1), with 0 < t < T, Y(0) = Yp (7.7)

m:(g).

More generally, an n-order initial value ordinary differential equation with
n > 1 and written as:

given that:

y ) = g(t,y,y oy ), with tg < t < T, y®) (t) given V0 < k < — 1

is amenable to a system of n first-order differential equations of the
form (7.7) with an n-dimensional initial value vector Y(tp) = Y, and
f i [to, T] x R™ — R™.

Although the computational methods considered in this chapter are applicable
to (7.7), we will restrict our presentation to the general initial-value problem
of a first-order scalar ordinary differential equation:

y'(t) = f(t,y(t)), t € [to, T]
(IVP) { y(to) = yo given. ’

where yo € R and the function f(.,.) : [to,T] x R — R is at least continuous
over its domain. The interval [to,T] (that could be finite or infinite) is also
called the existence interval of the solution.

In the remaining part of this chapter, we start in Section 7.2 by presenting
specific ODEs systems, for which analytical solutions can be found and inter-
vals of existence are clearly specified. In the sequel, we give a general theorem
on existence and uniqueness of solutions to ODEs. Then in Section 7.3 we
provide the reader with general mathematical settings in which numerical
methods for solving ODEs can be defined. Section 7.4 is dedicated to explicit
Runge-Kutta methods while Section 7.5 presents Adams-Bashforth explicit
and Adams-Moulton implicit methods. Section 7.6 gives a brief discussion
on Multi-step Backward Difference Formulae while the last section handles a
two-point boundary value problem using a finite-difference discretization.
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7.2 Analytic Solutions to ODEs

Analytical Solutions In all of the above examples, only equation (7.1) leads
to an expression of y(t) in terms of ¢ and the problem parameters. Specifically,
one has:

y(t) = y(0)e K" + / e~ K (=0 () .

In case the integral fot e K(t=9)y(s)ds can be formally found, then y(t) can be
obtained from this formula for all ¢ € [0,T]. Otherwise we can resort, using
the techniques of the previous chapter, to a numerical computation of such
integral.

Consider now the following simple initial value problem for which an analytic
solution can be easily found:

Example 7.6 Let )
y =ay’, a>0,y(0) =1, (7.8)

Using the method of separation of variables, the solution of this initial value
problem satisfies the formulae:

oy ={ (et oL (79)

The existence and properties of the solution depend on the values of the pa-
rameters a and p. The following results can be easily derived through standard
separation of variables techniques to obtain analytic solutions. Specifically:

1. Case 1: a >0
If p > 1: the existence interval is finite with [to,T) = [0, m) and
y(t) — oo as t increases. Note that the growth to oo of the solution can
be fast (highly “steep”)
If p < 1: the existence interval is infinite with [to, T") = [0, 00). As above
y(t) — oo as t increases, but the growth to co of the solution is rather
slow.
Figure 7.1 illustrates these results for a = 1.

2. Case 2: ¢ <0
If p < 1: the existence interval is [0, ﬁ), and the decay to 0 as t
increases can be fast (highly “steep” )
If p > 1: the existence interval is [0, c0), and the decay to 0 as t increases
is rather slow.
For a = —1, these results are illustrated in Figure 7.2.

Existence Results
In general, analytical or formal solutions cannot be computed for (IVP).
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FIGURE 7.2: Graph of the solution to y' = ay?, a > 0, y0)=1a=-1
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However, some results on existence and behavior of the solutions can be stated.
For that purpose the initial value problem (IV P) is first written equivalently
as an integral equation:

y(t) = ylto) + / F(s,y(s))ds. (7.10)

Such a problem could be handled through the study of an operator-function:
T :v(t) = 2(t),
given by:

2(t) = T(w(t)) = y(to) + / F(s,v(s))ds, (7.11)

and by proving that 7 has a unique solution that solves the (IV P) problem.
This is usually obtained by imposing assumptions on the function f. Specifi-
cally, let z1(t) = T (v1(¢)) and 25(t) = T (v2(t)), for 2 distinet functions v, and
v9. One writes then:

21 (1) — 2a(t) = / (F(5,01(5)) — F (s, va(5)))ds,

to
and introduces the following definition:

Definition 7.1 A function f(t,v) : D C R? — R satisfies a Lipschitz con-
dition in the variable v on the set D, if there exists a positive constant L,
with:

(Lo) | f(t,v1) = f(E,v2)] < Lofvr — val,
for all (t,v1) and (t,v2) € D. The constant Lo is called a Lipschitz constant
for f on D.

Example 7.7 Let f(t,y) = t?|y|. Show that f(.,.) satisfies a Lipschitz con-
dition on the set D = {(t,y) |1 <t <5; -3 <y <4}.

Let (t,v1) and (t,v2) € D, then
|f(t,v1) = f(t,v2)| = £[[v1] — |val| < 55|vy — o

Obviously, the Lipschitz constant is here, Ly = 25.
|
Based on the Lipschitz condition (Lg), a general result of existence and unique-
ness of the solution to (IV P) can be proved ([2]), by showing the operator T
is “contracting” in the sense that:
t) — =T t)—T t) < — .
5(0) = 22(0)] = [T(e)(0) = Tle2) (O] <7 _max  foa(s) = ea(s)
where v < 1 and Lo(t — tg) = v < 1. As v and L are independent from yjo,
then one obtains:
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Theorem 7.1 Let D = [tg,T] x R. If f(t,y) is continuous and satisfies a
Lipschitz condition (L) in the variable y on D, then the initial value problem:

has a unique solution y(t), ¥Vt € [to,T].

Remark 7.1 Note in case the set D is given by D = [to,T] x Iy, where
Ty C R contains the initial condition yo, then Lo depends on yg and the
existence interval (to,t1) of Theorem 7.1 depends on yo.

Thus, by induction, one reaches a sequence of existence intervals, [to,t1],
[t1,t2],... that yields the final interval for the solution [to, Ty], Ty < co.

Remark 7.2 Note that the solution to (IVP) can be computed using an it-
erative scheme called Picard’s iteration applied on (7.11), where a sequence
of functions {y®} defined over the interval [to,T] is generated, following the
iterative process:

{WWFWmWGMﬂ

O = yo+ [1 f(s,y®D(s)ds, k> 1, Ve e [to, 7). 1D

(7.12) is a Predictor-Corrector type process leading to a sequence {y®)}
that converges to y(t) on [to,T].

Example 7.8 Consider the following initial value problem:
y'(t)=—y+t+1,0<t<1, y0) =1
Use Picard’s method to generate y¥(t) for 0 <i <3

Using the iterative process (7.12), the following functions are obtained:

L yO@) =1, vt € [0,1]
2. yW(t) =1+ [ sds =1+ L, vt € [0,1]
3y =1+ [ (-1-S +s+Dds=1+L — L vtelo1]

4y =145 - L 4 £ Ve 01]

Note that the actual solution to this problem is y(t) = ¢ 4+ ¢~?, while the first
few terms of the Picard iteration correspond to the Mac Laurin series of y(t),
i.e.,
Ul SR A
14—=——=4+————+...
* 2 6 + 24 120 T

with for 0 <t < T,
tk+2 Tk+2
< )
(k+2)! = (k+2)!

ly(t) —y ™ (t)] <
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indicating the rapid convergence of the Picard iteration to the solution y(¢). In
particular, if one is working on an interval (¢, top + h), then Picard’s iteration
gives:

to<s<toth

(1) —y(t) = | t (f(5,9'7(5)) = f(s.y(s)))ds| < Lt max |y (s)=y(s)],

Vt € (to,to + h) and therefore:
t t

W (6 —y(t)| = | / (59D () = Fls,y(s))ds| < L2 max [y (s)—y(s)] / sds,
to to<s<to+h to

ie.,

Lh)?

@) _ (e < O (g)
=) —y(®) < = max | Jy(s) —y(s)]
More generally, one has by induction:

(Lh)*
k! to<s<to+h

Y™ (t) — ()] < 1y (s) = y(s)l. (7.13)

This indicates that Picard’s iteration oder’s of convergence is O(hk—’:)

Remark 7.3 Solutions to some ordinary differential equations may also ex-
hibit an oscillatory behavior over long time intervals. Such is the case for
example of the second-order ODEs (7.4) and (7.5) that are respectively the
pendulum and Van der Pol equations.

7.3 Mathematical Settings for Numerical Solutions to
ODEs

We consider now some computational aspects related to the initial value

problem
(IVP) { y/(t) = f(tvy(t))’ te [to,T}
y(0) = yo
Numerical methods are devised to produce discrete solutions that are ap-
proximations to the exact solution y(¢) of (IV P) on a set of discrete points.
Specifically, a discrete solution is usually a solution of a difference equation
on a discrete set of time values {t;|i = 0,1,..., N}, that partition the interval
[to, T] such that:
to <t <..<tn_1<itn=T,

and that are usually equally spaced, i.e.,

ti=to+ih, Vi=1,..,N
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withty =T =tgp+ Nhand h =141 —t; = Tﬁo being the time step.
The interval [tg, T] is thus subdivided into N subintervals

{[ti7ti+1] |Z =0,1, 7N - 1}

of equal lengths. However, there are (IV P) problems for which a uniform
partition of [tg,T] is not convenient. In such case “adaptive” methods are
designed that adapt the discrete time distribution according to the behavior
of the solution. This topic is analyzed in later sections of this chapter.

In all cases, one seeks a discrete solution in the form of a finite sequence:

YN = {y07y13 7yN}

that approximates the set of exact values of the solution y(t):

YN = {y(O), y(t1)> ""7y(tN)}'

The elements of Y are such that:
yo =y(0) and y; ~ y(t;), 0 <i < N

Moreover, the sequence Yy = {y; }}¥, satisfies a difference equation, which
fits one of the following categories:

1. One-step explicit difference equation for i > 1, obtained from
expressions of the form:

Yi “Yi-1 _ GP(ti, tim1,yi-1). (7.14)

yi = FP(titic1,yim1) & )

requiring 1 initial value: yo = y(0).

2. One-step implicit difference equation where for ¢ > 1:

% = Gl(ti,ti_l,yi7yi_1), (715)
requiring 1 initial value: yo = y(0). Unlike (7.14), this last equation is
generally nonlinear, requiring use of roots finding methods as described
in Chapter 2 or a Picard iteration that would start with one application
of an explicit scheme (7.14). Implicit methods may in some cases pro-
vide better discrete solutions than explicit methods, but require more
computational effort at each step.

yi = FI(ti, tio1, Y, yio1) &

3. k-Multi-steps explicit difference equation for £k > 1 and i > k,
where:
Yi = FE’k(tiv "'7ti—ka Yi—1, "'7y’i—k) <~

Yi —Yi—1
% :GE’k(tia-"7tifk7yi71>“‘>yi7k)7 (716)
requiring k initial values: yo = y(to) and y1, ..., yx—1, usually obtained

using one-step methods.
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4. k-Multi-steps implicit difference equation , for £ > 1 and i > k,
where:

Yi = FI’k(ti, vy bit ks Uiy ...,yi,k) <~
Yi — Yi-
1711 = Gl’k(ti, ...,ti,k,yi, ...,yi,k) (717)

which also require £ initial values in addition to solving at each time
step some nonlinear equation.

Remark 7.4 Combined use of explicit and implicit difference equations lead
to a Picard’s iteration predictor-corrector process, as indicated in Re-
mark 7.2 with a rapid convergence as expressed by the estimate (7.13).

For example in considering the one-steps methods (7.14) and (7.15), the ex-
plicit scheme gives a prediction y!
yZP = FE(tiati—lvyi—l)a

and y! is in turn corrected once through:

yzc = FI(ti7ti—17yz'P7yi—1)

leading to the final suggested approximation y; = y<. Note that several cor-
rections can be applied to improve the first approximation y? .

For the purpose of analyzing convergence of a numerical method solving
(IV P), we start by introducing the error vector:

E ={eog, €1, en},

where e; = y(t;) — i, ¢ = 0,1,...,n with ¢g = 0. We may now define conver-
gence of the discrete scheme as follows.

Definition 7.2 A numerical method of the form (7.14), (7.15), (7.16) or
(7.17), solving (IV P) is convergent on [to, T}, if:

lim max |e;| =0.
h—01<i<N

Furthermore, the convergence of the numerical method is of order p, if
maxlgiSN |€Z| = O(hp)

Convergence and order of convergence results are usually determined
from the analysis of the local truncation error of a method. Specifically:

Definition 7.3 For all i = 1,2,...,N, the local truncation error of the
difference equations (7.14), (7.15), (7.16) and (7.17), with respect to the exact
solution y(t) are respectively given by:

y(ti) — FE(tivti—lvy(ti—l))7i= 1,...,N,

L ) — y( ) (tlat1 17y(ti 7y(ti—1))a 1= 17 ""7N7
Bi= BWWD = yit) = FER(ty, o tiogoy(ti1)soor (i 1)), i = by ooy N,
y(tl) Fl k( 15 -~-ati7/€7y( i)7y(ti71)a "'7y(ti7k )a i= ka ,N
(7.18)
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Furthermore, the difference method is said to be of order p, if max;|E;| =
O(hrt1).

To obtain convergence results for a numerical method, an additional assump-
tion on the difference method being used is needed. In this chapter, we only
illustrate this concept on a one-step explicit method, (7.14). For this
purpose, assume that the function G = GF(t;,t;_1,w) satisfies a Lipschitz
property with respect to w over a domain D, C R that includes the range R
of the exact solution y(¢), i.e.,

R ={y(t): telty,T]} CD,.
Then, Vti7 ti1 € [to,T], ande,z S Dy,
‘G(ti,tifl,’ldl}) —G(ti,ti,l,z)\ §K|w—z|, (719)

where K is a function of y(.) and T, but is independent from ¢ and h. On that
basis, we may prove the following convergence result:

Theorem 7.2 Convergence If the local truncation error of the difference
method (7.14) solving (IV P) is O(hP*1) (p > 0), and the function G(.) satis-
fies the Lipschitz property (7.19), then the sequence Y = {yo,y1,...,yn} that
solves (7.14) is such that:

()] = | = P

[max fyi —y(ti)| = max lei[ = O(RF).

Proof. For simplicity and with no loss of generality, we prove this result for
the case tg = 0. Proceeding by induction and given that:

y(t1) — y(0)

) = G(t1,0,4(0)) + 5 B (7.20)

h
using then (7.14):
Y1 — Yo
h
then subtracting (7.20) and (7.21) leads to:

= G(t1,0,y0). (7.21)

€1 =eg+ h(G(tl, O,y(O)) — G(tl, 0, yo)) + FEi.
Since y(0) = yo, then eg = 0 and one has:
ler] = [B1| = O(hPH).

Thus, y1 =~ y(t1) and y; € D,. Taking the procedure one step further, one
has:

ex =e1 + h(G(tQathy(tl)) - G(t27t17y1)) + E2'
Hence:
lea| < le1| + h|G(t2,t1,y(t1)) — G(ta, t1,y1)| + | Bl
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and therefore:
lea| < (1+hK)ler| + |E2| = (14 hK)|Ey| + |Ea|.

This implies that yo ~ y(t2), i.e., y2 € Dy, allowing pursuing of the recurrence.
Thus, more generally, one has:

lei| < (1+hK) " YE|...+ (1 +hK)|Ei_1| + |Ei|, i > 1.

Hence:
lei] < (L+hK)™ 4+ ..+ (1+hK)+1) max |l i > 1,
ie., ‘
(1+hK) (14 hK)*
<= 77 = ) Py

Let eg << 1 be a small number. Then for h < hy = 52, one has:

lei| <

(L+<0) o
e o),

which indicates simultaneously that y; =~ y(t;) and |y(t;) — y;| = O(h?). Con-
sequently:

(1+e)V

i —y(t)] < = P, .
max fyi —y(ti)] < = max |Ey|/h=Cyh (7.22)
with Cy = %eEON [ |

Remark 7.5 Note that the error estimate (7.22) depends on a constant Cn
that grows exponentially like e . Reducing the effect of such growth implies
using higher order methods in which the term O(h?) would damp large values
taken by Cy.

Remark 7.6 It is also important to note that given the estimate:
les] < (14 hE) Y Ey... + (1 + hEK)|Ei_y| + |Eil, i > 1,

then for “starting values of i,” i = 1,2,3,4, one has |e;| < (1 + hK)* x
O(hPH1) < C4hPHL. Thus, the convergence order at the beginning of the nu-
merical quadrature has the same order as the order of the truncation error.

Theorem 7.3 Stability Let:
Zn ={20,21, -, 28} and Wy = {wo, w1, ..., wn },

be two sets of solutions to (7.14), with respective initial conditions zo and wy.
Then under (7.19) and as h — 0, the numerical scheme (7.14) is stable in
the sense that:

Vi, 1 <i <N, |lw; — 2| < en|wo — 20/, (7.23)

with cy = e defined in the previous theorem.
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Proof. Given that:
w; — z; = wi—1 — zi—1 + MG (ti1,ti, wio1) — G(tio1, ti, 2i-1)),
one concludes using (7.19), that:
|lwi — 2| < (14 Kh)|wi—1 — zi—1]-
Hence, by induction, one gets:
Vi: 0<i<N,|w—z] <(1+Kh) |wy— 2,
and therefore:
Vi:0<i<N, |w—z| <(1+Kh)N wy— 2

As in the previous theorem, using similar considerations for the choice of h,
leads to the estimate (7.23). [ |
In what follows we will present the most widely used numerical methods
starting with one-step explicit Runge-Kutta methods up to multi-step Adams
methods.

7.4 Explicit Runge-Kutta Schemes

In numerical integration of ODEs, explicit Runge-Kutta methods (RK

methods) form an important family of explicit one-step methods. These tech-
niques were developed around 1900 by the German mathematicians C. Runge
and M.W. Kutta.
One simple procedure that leads to a relation between y(t;) and y(t;—1) is
based on the numerical integration methods developed in Chapter 5. For that
purpose, we start by transforming the initial value problem (IV P) into a se-
quence of integral equations obtained by integrating v (t) = f(¢,y(t)) from
ti—l to ti, yielding:

ti

y(t:) —y(ti-1) = fty(t)dt,i=1,..,N. (7.24)

ti—1

7.4.1 Euler Explicit Method

The first and simplest formula is the rectangular rule (5.41) that gives for
f € Cto,T) and y € C?[ty, T:

| ) = h (et + 00
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thus yielding for all 4, 1 < i < N:
y(t;) = y(ti—1) + hf(tic1, y(ti=1)) + O(h?) (7.25)

Discretizing this last equation by replacing simultaneously y(¢;) by y;, (j =
i—1,4) and dropping the O(h?) truncation term, the classical Euler explicit
scheme is obtained. This scheme consists of finding a discrete sequence Yy =
{yili =0,1,..., N} such that:

{ Yi = Yi—1 + hf(ti—layi—1)7<:> % = f(ti—lﬁyi—l)a i = 07 17 aN - 17
Yo = y(to),

(7.26)
Obviously, the local truncation error of O(h?). In the notations of (7.14):

F(ti tic1,¥%i—1) = Yim1 + hf(tic, yi—1) and G, ti—1,¥i—1) = f(ti—1, Yi—1)-

Thus, if f(.,.) satisfies a Lipschitz condition as in (7.19), Theorems 7.2 and
7.3 are applicable and yield for Euler’s method the following result:

Theorem 7.4 If|f(ti—1,w)—f(ti—1,2)| < Klw—z|,Vi=1,..,N, andV w,z €
D, C R, with D, containing the range of y(t), then for h sufficiently small:

R N <
max lyi —y(t;)| < Cwh,

with Cn as defined in Theorem 7.2.

Thus Euler’s method is of order 1. For practical purposes, we express
(7.26) in the format of a one-stage Runge-Kutta method. Specifically:

ki = f(ti—1,vi-1)
K1
(RE1) { Yi = Yi—1 + hky

Computationally, implementing Euler’s method would require one function
evaluation f(.,.), at each time step as shown in the following algorithm.

Algorithm 7.1 Euler’s Method

% Input: function f, interval of existence [tO, T], initial
%condition yO, and time step h
% Output: sequence of approximations to the exact solution
% {yl, y2, ..., yn}
function y = Euler(f, O, T, yO, h)
for i=0:n-1
k1 = £(t(1), y@)) ;
y(i+1) = y(i) + hxkl ;
end
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ti ks Yi y(ti) ly: —y(t)]
0.00 [ 0.0000E+00 | 1.0000E+00 | 1.000000E+00 | 0.0000E+00
0.25 | 1.5625E-02 | 1.0000E+00 | 1.000977E+00 | 9.7704E-04
0.50 | 1.2549E-01 | 1.0039E400 | 1.015748E+00 | 1.1841E-02
0.75 | 4.3676E-01 | 1.0353E+00 | 1.082314E+00 | 4.7036E-02
1.00 | 1.1445E+00 | 1.1445E+00 | 1.284025E+00 | 1.3956E-01
1.25 | 2.794TE+00 | 1.4306E+00 | 1.841079E+00 | 4.1049E-01
1.50 | 7.1858E+00 | 2.1291E+00 | 3.545308E+00 | 1.4162E+00
1.75 | 2.1039E+01 | 3.9256E+00 | 1.043042E+01 | 6.5049E+00
2.00 | 7.3481TE+01 | 9.1852E+00 | 5.459815E+01 | 4.5413E+01

Q0| | O U W= | W N = Of =

TABLE 7.1: Results of Euler’s method for ¢/ (¢) = 3y, t € [0,2], y(0) =1

Example 7.9 Use Euler’s explicit scheme to solve the following initial value
problem with time step h = 0.25:

{yﬁ)=ﬁy t€0,2]
y(0) =1

The corresponding discrete scheme with one-stage is given by:

ky = t}y;

(RE1) { Yit1 = Yi + hky

Since the analytical or exact solution is given by y(t) = e%, we can therefore
compute the absolute and relative errors at each t;. These are provided in
the last 2 columns of Table 7.1. Note the deterioration of the absolute error
as t; increases; max; |y; — y(t;)| = O(h) for t; < 1. This is compatible with
the estimate found in Theorem 7.4, motivating the search for more accurate
methods to approximate the solution for larger times.

7.4.2 Second-Order Explicit Runge-Kutta Methods

Second-order Runge-Kutta methods can be derived by approximating suc-
cessively in (7.24), the integral ftii—l f(t,y(t))dt by the midpoint then the
trapezoidal rules.

In the sequel, we will be using extensively the following consequence of the
mean value theorem.

Proposition 7.1 If f(.,.) : R?> — R is a function of 2 variables and is of
class C1, then:

flt,z+0(e)) = f(t,z) + O(e)
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a. Use of the Midpoint Rule
Based on the midpoint rule, (7.24) can be written as:

y(t) = y(tizy) +h f(tioy + %y(tifl + g)) +O(h?) (7.27)

Using Taylor’s expansion on y(t) yields:

Y1+ 5) = ylti 1)+ 3y (1) FOUR) = (b 1)+ 5 F(t s, y(ti 1) +OU).

Equation (7.27) becomes then:

h h
y(ti) = y(ti—1) +h f(ti-1 + §,y(ti71) + §f(ti—1, y(ti—1)) + O(h?)) + O(h?)
(7.28)
Using Proposition 7.1 yields:

y(ti) =y(tiz1) + hf(tic + g, y(ti—1) + gf(tifhy(tifl)) +O0(r%)  (7.29)

Dropping the O(h3) truncation error term and replacing y(¢;) by y; for all
leads to a second-order explicit method given by:

h h .
Vi = Yi—1 +hf(tio1 + 5 Vi1 + Ef(ti—layi—l)), 1=1,2,...,N, (7.30)

or equivalently:

i — Yi h h .
yihyl = f(ti—l + §7yi—1 + §f(ti—17yi—1))a 1= 172a aN (731)

Using the notations in (7.14), we note that:

h h
G(ti-1,ti,yim1) = f(tior + 5o Y1t §f(ti—1ayi—1))-
In that case, if f(.,.) satisfies the Lipschitz condition:
|f(t,w) = f(t,2)] < clw — 2], Vw,z € Dy, Vt € [0, T],

then for h sufficiently small:
h
|G(ti_1,ti,w) — G(ti_l,ti,z)\ < c|w - Z‘ + c§|w - Z|,

ie.,
|G(ti,1,ti,UJ) — G(ti,l,ti7z)| < K|U) — Z|, Yw, z € Dy,VZ =1, ,N

Thus, Theorems 7.2 and 7.3 are applicable and yield for this “modified” Euler’s
method the following result:

© 2014by Taylor & FrancisGroup,LLC



Numerical Solutions of Ordinary Differential Equations (ODEs) 251

Theorem 7.5 Under the assumptions of Theorem 7.4 and for h sufficiently
small, the sequence Yn = {yo,y1,...,yn} obtained from the modified Euler
equation (7.30) satisfies:

o N < 2
lrgrl;ngyz y(t;)| < Cnh*,

with yo = y(to) and Cn as defined in Theorem 7.2.

Thus the modified Euler’s method is of order 2. For practical pur-
poses, we express (7.30) in the format of a two-stage Runge-Kutta method.
Specifically:
ki = f(ti-1,vi-1)
(RK2)Q ko= f(tic1+ 2, yim1 + 2k1)
Yi = Yi—1 + hko

with a local truncation error of O(h3).

Computationally, the implementation of (RK2) requires two function eval-
uations f(.,.) at each time step as shown in the following algorithm.

Algorithm 7.2 Modified Euler’s Method

% Input: function f, interval of existence [tO, T], initial
%condition yO, and time step h
% Output: sequence of approximations to the exact solution
% {yl, y2, ..., yn}
function y = ModifiedEuler(f, O, T, yO, h)
for i=0:n-1
k1 = £(t(1), y@E)) ;
k2 = £(t(1)+h/2, y(i)+h*k1/2) ;
y(i+1l) = y(i) + h*xk2 ;

end

b. Use of the Trapezoidal Rule Method: Heun’s Method

Another second-order Runge Kutta method of order 2 (referred to as Heun’s
method) is obtained based on the trapezoidal rule applied to (7.24). One then
obtains:

y(ts) = y(tin) + 2 [fltion u(tion)) + Flty(t)] + O(F).  (7.32)

2
Using Taylor’s formula, one has

y(t:) = y(tio1) + hy (k1) + O(h%) = y(ti1) + b f(tio1,y(ti1)) + O(h?),
implying that:

Fti,y(t) = flti,y(tioa) + b f(ti1,y(ti1)) + O(h?))

© 2014by Taylor & FrancisGroup,LLC



252 Introduction to Numerical Analysis and Scientific Computing
Using Proposition 7.1, equation (7.32) becomes:
h
y(ti) = y(ti1)+ 5 [f(ti1,y(ti1)) + [t y(tio) +hf (ti1, y(8i1))] +O(R?)
(7.33)

Again, by dropping the O(h?) term and replacing y(t;) by v;, for all 7, yields
according to the notations in (7.14):

h
Vi =Yi1+ 5 [[(ticr,yim1) + [t yior Fhf(tic1,yi-1))] = Ftioa, ts, vi),

2
(7.34)
or equivalently:
Yi —Yi—1 1 L -G
7 3 (i, yim1) + f(tiyior +hf(tic1,yi-1))] = G(tio1, ti, Yi1)-

As for the previous second-order Runge-Kutta method, Theorems 7.2 and 7.3
are applicable in case the function f(.,.) satisfies a Lipschitz condition, thus
yielding the second-order property of the method. Specifically:

Theorem 7.6 Under the assumptions of Theorem 7.4, then for h sufficiently
small, the sequence YN = {yo0,Y1, ..., Yn} obtained from (7.84) satisfies:

o N < 2
@agvlyz y(ti)| < Cnh*,

with yo = y(to) and Cn as defined in Theorem 7.2.

(7.34) can be also expressed in the format of a 2-stage Runge-Kutta method:

ki = f(ti—1,vi-1)
(RKQH) ko = f(tiyyi—l + hkl) (735)
Yi = Y1 + 2(k1 + k2),

which has a local truncation error of O(h?) and a convergence order of O(h?).
As a straightforward application, we consider now the following example.

Example 7.10 Use the second-order Runge-Kutta method (Heun’s form) to
solve the initial value problem of the preceding example.

The corresponding discrete scheme resulting from (RK2.H) gives:

ky = t}y;
ko = (ti + h)*(ys + hk1)
Yir1 = Yi + 2k + ko]

The numerical results are presented in Table 7.2. Note that max; |e;| = 0.135
is compatible with the O(h?) order of the method.
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t;

k1

)

Yi

y(ti)

lyi — y(t:)]

0.00

0.00000E4-00

1.56250E-02

1.00000E+00

1.00000E+00

0.00000E+00

0.25

1.56555E-02

1.25489E-01

1.00195E+4-00

1.00098E+00

9.76086E-04

0.50

1.27450E-01

4.36863E-01

1.01960E+4-00

1.01575E+00

3.84845E-03

0.75

4.59901E-01

1.14762E+00

1.09014E-+00

1.08231E+00

7.82100E-03

1.00

1.29108E-+00

2.83684E4-00

1.29108E-+00

1.28403E+00

7.05028E-03

1.25

3.52942E4-00

7.58782E+00

1.80706E+400

1.84108E+00

3.40139E-02

1.50

1.07889E+01

2.43602E4-01

3.19672E+00

3.54531E4-00

3.48588E-01

1.75

4.06796E4-01

1.01402E+02

7.59036E+00

1.04304E+01

2.84006E+-00

QO | O T | W D[ | O ==

2.00

2.02805E4-02

5.77518E+02

2.53506E+01

5.45982E+01

2.92475E4-01

TABLE 7.2: Results of Heun’s method for 3/ (t) = t3y, t € [0,2], y(0) = 1

Remark 7.7 An implicit second-order Runge-Kutta method

Note that if we discretize directly (7.82), we get the implicit second-order
method:

h .
Vi=yi-1tg fticn,yim1) + [t y)], i=1,2,..., N (7.36)

that can be put in the form (7.15):

h
yi = F(tic1,ti, Yim1,9i) = yio1 + 5 [f(tic1, yio1) + f(t, vi)]-

Equation (7.36) is non-linear in y; and may be solved through a predictor-
corrector process. Several choices are available:

y =y + Bof(timr,yio1) + F(ti ).

. { yi(P) =yi—1+ hf(ti—1,9i-1), yi(P) is obtained using Euler’s method

yi(c) =yic1+ % [f(tic1,yio1) + f(ti,y§P))].

Note also that the second alternative is precisely Heun’s method, therefore
asserting that the predicted estimate is a good choice. As for the first alter-
native, the predicted value being inaccurate, a second correction would be
necessary to reach an acceptable approximation for y;, specifically:

g =y B F(tagi) + g

y P =g+ B (o, yien) + Ft g ).
7.4.3 General Explicit Runge-Kutta Methods

The three methods introduced above: Euler explicit (RK1), modified Euler
(RK?2) and Heun’s (RK2.H) methods belong in fact to the more general
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a]; = 0
ag ba1
as b31 b3
a4 b1 bao bas

TABLE 7.3: Coefficients of an s-stage Runge-Kutta method

family of Runge-Kutta methods whose order of convergence is greater than
zero and with general form given by:

k1 = f(ti—1 +a1h,yi—1), (a1 usually 0)
ko = f(ti—1 + azh,yi—1 + ba1hk1)
k3 = f(ti—1 + ash,yi—1 + bs1hk1 + bsahks
ks = f(ti—1 + ash,yi—1 + bs1hky + bs2hka + ... + bs s—1hks_1)
Yi = Yi—1 -+ h(w1k1 —+ kaQ 4+ ...+ ’U)Sks),

(7.37)
All the coefficients of an (RK) method are usually put in a tabular form as
in 7.3 implying that an (RK) method can be described by a column vector
{a;|i = 1,...,s}, an s x s strictly lower triangular matrix for the coefficients
{b;;} and a row vector for the weights {w;|i =1, ..., s}.

The basic criteria for the selection of the coefficients is to reach an O(h**1)
truncation error, i.e., given that y € C*T1, f € C*,

y(ti+h)—y(t:)—h(wik: (y(ti—1))Fwaka(y(tio1))+...twsks (y(ti—1))) = O(h*TY), s > 1,

which in turn practically implies that:
. i—1

1.Vi=2,..s, 23:1 bij = a;

2. Z?:l w;

We proceed with general RK methods of order 2, 3 and 4.

1. Methods of order 2.
This class is described by the formulae:

k1= f(ti—1,vi-1)
(RKQ) kg = f(ti—l —+ (lh, Yi—1 —+ bhkl) (738)
Yi = Yi—1 + h(wik1 + waks),

There are four coefficients a, b, wy and ws to be determined on the assumption
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that y € C3 in view of having:
y(t + h) —y(t) — wiki(y) — waka(y) = O(R?).

For that purpose, we proceed with a Taylor’s expansion to write:
2

h
y(t+h) =y() +hy' (1) + Sy (£) + O(h?).
Equivalently:

2

y(t+h) = y(t) + hf(t,y(t) + %(ft(t y() + fy(ty() f (8, y(t) + O(R%).

If y(t+h) —y(t) — wiki(y) — wake(y) = O(h3), it means that after expanding
k1(y) and ko (y), we would select the four coefficients of the method in view of
canceling the three terms f(t,y(t)), fi(t,y(t)) and f, (¢, y(¢)). Obviously, this
would lead to three equations in four unknowns and hence a family of method
that depends on one parameter.

On the basis that f € C? (since y € C?), a two-variable Taylor’s expansion
for:

¢(h) = f(t+ah,y(t) + bhf(t,y(1)),
gives :
¢(h) = ¢(0) + h¢/'(0) + O(h?),

¢(h) = f(t,y(t) + ahfe(t,y(t)) + Ohfy(t.y(t) f(t,y(t)) + O(h?)

Consequently,

y(t+h) —yt) —wiki(y) — waka(y) = ...

(1w —w2) (6 y(0) 2 (w2 0 9(0) 4 (5 —03b) £y (w0 (1 (1) FO(°).
This leads to the equations:
1
3
Hence, the solution can be written in terms of one parameter w = wy > 0,
the other three being:

1
wy +we = 1, awy = X bwy = (7.39)

1
w=1—w;a=b=—.
2w
Consequently, we obtain a second-order Runge-Kutta family that depends on
one parameter w, % <w<1:

ki = f(ti—1,vi-1)

ko= f(tic1 + 5=h,yi1 + 2-k1)
RE 2w, 2w 7.40
(RE2(w)) ks = f(ti—1 + ash,yi—1 + bs1hk1 + bsahkso (7.40)
¥i = yi—1 + h((1 — w)ky + wke).
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0
1

2w 2w

az | bay
ag | b1 b3z

w1 Wwo W3

TABLE 7.5: Coefficients of a general three-stage Runge-Kutta method

In a tabular form, a general second-order Runge Kutta is given in Table 7.4.
The previous schemes of modified Euler and Heun, obtained by numerical
integration, are particular cases of this family (RKs(w)), respectively for w =
1and w= %

2. Runge-Kutta methods of order higher than 2.

As we proceeded for second-order Runge-Kutta methods, third-order ones are
also established on the basis of Taylor’s expansions. On the basis of (RKj), a
general third-order Runge Kutta method has the following form:

k1= f(tic1,vi-1)

ko = f(ti—1 + a2h,yi—1 + ba1hky)

ks = f(ti—1 + ash,yi—1 + ba1hk1 + bz hks)
Yi = Yi—1 + h(wiky + waks + wsks).

(RK3) (7.41)

The eight coefficients {w; }, {a;}, et {b;;} are determined on the basis that for
y € C*(f € C3), one has:

y(t+ h) — y(t) — wiks (y) — waka(y) — waks(y) = O(h*). (7.42)
Writing the method in tabular form, gives Table 7.5. The (7.42) would imply

canceling in the expansion of y(t + h) — y(t) — w1k (y) — waka(y) — wzks(y)
the six terms:

Fy(0), filty(@) fu (6 y(8), fie(t, y(@), fu (8, y(1)) and fy, (¢, y(1)),

thus leading to six equations in eight unknowns and therefore a family of
third-order Runge-Kutta methods depending on two variables. This will not
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0 |

1)1

313 o

510 3

—
4 4

TABLE 7.6: Coefficients of a three-stage Runge-Kutta Heun method

be done here. For that purpose, we refer the reader to [18].

Instead, we give a third-order Runge-Kutta method (Heun of order 3) that
can be obtained using numerical quadrature on the integral equation (7.24).
Specifically, one uses the numerical integration formula:

| o) = () + 35t + 5wt + 50) + O
Thus:
() = yt1) + (Pt () + 351+ 2 yltis + 50) + O0),

Combined with the formula for the modified Euler on [t;_1,t;—1 + %}, one
has:

2h 2h h h
y(tion + g) =y(ti-1) + ?f(ti—l + gay(ti—l) + gf(ti—lyy(ti—l)) +0(h?%),
to conclude, combining the last identities, with:

G (it )43 st oy 5 (a5 (st

..O(h%).
Discretizing this equation by dropping the O(h*) term and replacing the y(t;)
by y; for all ¢ gives the three-stage Runge-Kutta Heun of order 3:

k1= f(ti—1,vi-1)

ko = f(ticy + &, yi-1 + 2k1)
ks = f(tic1+ 2, yio1 + ko)
Yi = Yi—1 + h($k1 + 3ks).
This method is summarized in Table 7.6. The same analysis can be carried
out for fourth-order Runge-Kutta, defined by:

ki = f(ti—1,9i-1)
ky = f(ti—1 + a2h,yi—1 + ba1hky)
(RK4) kg = f(ti71 + a3h7 Yi—1 + b31hk1 + bgghk‘g) (744)
ky = f(ti—1 + agh,yi—1 + barhky + baghks + byshks)
Yi = Yi—1 + h(wrkr + wake + wsks + waky).

(RK3.H) (7.43)
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0

11

% 2

310 3

110 0 1
L
6 6 6 6

TABLE 7.7: Coefficients of the classical fourth-order Runge-Kutta method

0

1)1

31 %

3|3 1

117 1 1
1 3 3 1
§ 8 5 8

TABLE 7.8: Coeflicients of the “%” fourth-order Runge-Kutta method

Seeking the thirteen unknown coefficients in order to have for y € C° f € C*:

y(t+h) = Y(t) — ark1(y) — azka(y) — asks(y) — aska(y) = O(h%),

gives rise to a system of ten equations in thirteen unknowns and therefore a
family of methods that depend on three parameters.

We choose to give some of the mostly used fourth-order Runge-Kutta methods:
1. First fourth-order Runge-Kutta summarized in Table 7.7, expressed
in formulae as:

(’L 1, Yi— 1
(1 1+27yz 1+1k1)

(RK41) k?)_ (l 1+27yz 1+ k2) (745)
(ti-

2. Second fourth-order Runge Kutta
Uses the “3/8 rule,” which is given in Table 7.8. and the consequent formulae:

(z 1, Yi— 1)
flticn+ 5y + kl)
(RK42) k‘g— (z 1+ 37y7, 1 — *k1+k2) (746)
ky = f(t zfl+hayi71+k1_k2+k3)
Yi = yi—1 + h(ghs + gka + $ks + gka).
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7.4.4 Control of the Time-Step Size

When using one-step methods, there are two ways to handle the time
step control: Richardson extrapolation and embedded Runge-Kutta methods.
In what follows, we summarize the methods using the arguments given in [18].

1. Richardson Extrapolation

Let tol be a user’s computational tolerance.
For a given one-step method of order p, that has yielded the approximate
solution yg, Y1, ---, Yn—1 at times 0, 1, ...t,,—1, such that:

o nax ly(zi) — yi| < tol,
where d; = max {1, |y;|}. Then, based on h = t,,_1 — t,,—2, we perform the
following:
a. Compute successively, y,(h) and y,41(h) based on y,_1, such that
[Y(Tn-1) = Yn—1] < tol.
b. Compute with a big step 2h, y}. 1 (2h).
It is shown in [18] that:

_ Ynt1(h) — y7lz+1(2h)
2r —1

+O(h"*?) + O(ly(wn-1) = Yn-1l)-

(7.47)
1
n - 2 . . .
Let Erp = 0 Yng 120 “(hQ)p_yi‘“( 2 Since such term estimates an error expression of

the form ChP*! and given that O(|y(xn—1) —yn—1|) = O(tol) with h satisfying
O(hP*+2) = O(h? x tol), then two situations may occur:

Case 1 If |Err| < h% x tol. In that case then we continue the computation
with the same h.

Case 2 Otherwise, if |Err| > h x tol, then we repeat the computation with
h/2.

Whenever we reach case 1, we end up with:

Y(@n+1) = Ynt1(h)

Y(@nt1) — Yn+1(h) = O(h x tol) + O(tol) = O(tol),

and continue hereon the adaptive process with the most recent value of h.
The above arguments using absolute errors can also be done using instead rela-
tive errors. This is specifically done in the following MATLAB program, in which
we have selected ¢y = tol. The consequent adaptive process is implemented
using the fourth-order Runge-Kutta (7.45).
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Algorithm 7.3 Adaptive Runge-Kutta Algorithm

function [t,Y]=myodeRK4Adaptive(T,h0,y0,tol)
% Input: T defines the interval [0,T];

% hO defines the initial mesh size

% yO the initial condition;

% tol sets the user’s relative tolerance

% Output: t is the set of discrete times: t(i) (t(1)=0);
% Y the set of approximations Y(i) at t(i)

h=h0;% set the initial value of h.
t=zeros (50000,1) ;Y=zeros (50000,1) ;%Initialize the vectors t and Y
t(1)=0;Y(1)=y0;i=1;
% Start the process
while t(i)<=T
Err=1; Y Insure we go in the loop at least once
while Err>(h~(tol))*tol
Yim1=Y(1i);
timl=t(i);
% Evaluate with 2 steps of size h,
% using a Runge-Kutta fourth order method
Y1=RK4step(timl,Yiml,h);
% The function f(t,y) is implicitly defined in RK4step
Y2=RK4step(timl+h,Y1,h);
% Evaluate with one step of size 2h
% using same Runge-Kutta fourth order
Y21=RK4step(timl,Yiml,2%h,a,b);
% Get relative error and conduct test
Err=abs (Y2-Y21) /max(abs(Y2),1);
if Err>h~(tol)*tol
h=h/2;% Divide h by 2
end
end % End of computation at t(i)... Update i, t, Y
i=i+1;t(1)=t(i-1)+h;Y(i)=Y1;
i=i+1;t(i)=t(i-1)+h;Y(i)=Y2;
if h/h0<10"(-6)*tol, break, end % Test against small h
if abs(Y2)> realmax/2, break, end ) Test against overflows
end
t=t(1:1);Y=Y(1:1i);% End of process: extract t and Y

As an example, consider the linear non-homogeneous initial value problem:
!

y (t) = ax*y(t) — be* sin(bt), t > 0; y(0) =1,

where a and b are constants. The solution of such problem is given by
y(t) = e cos(bt). The solution exhibits simultaneously an “explosive” behav-
ior (particularly for large values of a) in addition to its oscillatory character
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FIGURE 7.3: Graph of the solution to 3 (t) = ay(t) — be®sin(bt), t >

0; y(0)=1

due to the presence of the trigonometric term. The plot of the solution for the
case when a = 1; b =4m; T =4 is given in Figure 7.3. The results obtained
when applying Algorithm 7.3 are given in Table 7.9. One drawback of this
adaptive fourth-order Runge Kutta method is its cost in terms of evaluations
of the function f(.,.). Specifically, it requires eight evaluations of f(.,.) with
two steps of size h to obtain y,41(h), followed by three evaluations of f(.,.),
with a step of size 2k to obtain y} ,(2h); hence a total of eleven f(.,.) eval-
uations to decide about the admissibility of h in pursuing the computation.

A remedy to such excess of function evaluations is reached through the use of
embedded Runge-Kutta methods.

€tol max; %f min h max h

2| Yi )
0.5 x 107% | 1.542402 x 10~° | 9.765625 x 10~% | 0.0156
0.5 x 1075 | 7.914848 x 10~° | 4.882813 x 10~* | 0.0156
0.5 x 1076 | 1.245236 x 1076 | 2.441406x10~* | 0.0078
0.5 x 1077 | 1.923099 x 10~7 | 1.220703x10~* | 0.0078
0.5 x 1078 | 4.543017 x 10~8 | 6.103516x10~° | 0.0039

TABLE 7.9: Results of applying Algorithm 7.3 to solve y () = a * y(t) —
be sin(bt), t > 0; y(0) =1
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| Wl O| —+
W= O

N

TABLE 7.10: A second-order RK method embedded in third-order RK Heun
method

2. Embedded Runge-Kutta Schemes

Given that (the adaptive) Algorithm 7.3 may be severely costly, we circumvent
the problem of time step control by using one pair of embedded Runge-Kutta
methods.

Definition 7.4 A Runge-Kutta method of order p is said to be embedded
in a Runge-Kutta method of order q with p < q, if the implementation of the
order q method uses the same [ function evaluations as those of the order p
method.

Here are examples giving pairs of embedded Runge-Kutta methods.

1. An Embedded (1,2): Euler’s explicit scheme is embedded in both the
modified Euler and Heun methods.

2. An Embedded (2,3): Another interesting case of a second-order

method embedded in a third-order one is obtained by taking w = %
in (RK>(w)). We get then a second-order Runge-Kutta method which
is given in Table 7.10. One can check then that this table is embedded in
the third-order Heun scheme (RK3.H) since both use the same values
of k1 and k5. A similar approach is used in MATLAB ode23 solver on the

basis of the Runge-Kutta (2,3) pair of Bogacki and Shampine [3].

3. An Embedded (2,4): The second-order modified Euler is embedded
in the fourth-order Runge-Kutta method (RK4;), since both use the
same values kq and ks.

4. An Embedded (4,5): This pair (referred to as the Dormand-Prince
pair [12]), uses two embedded Runge-Kutta schemes of order 4 and 5,
which coefficients are shown respectively in Table 7.11 and Table 7.12.
Note that both methods use the same values of ki, ko, k3 and k4. The
MATLAB ode45 solver is based on a similar pair of embedded Runge-
Kutta methods.

We consider now an alteration of Algorithm 7.3 (based exclusively on a one-
step Runge-Kutta method), by implementing a pair of embedded Runge-Kutta
methods: M7 and Mo, of respective orders p and p + 1.
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t

0 0

1 1

3034 9

ﬁ 1332 . 3300 7296

181 2y 297 313y 845

1 216 —8 513 4104
75 T408 2197 1
216 2565 4104 5

TABLE 7.11: Coefficients of the fourth-order RK used in MATLAB ode45
solver

t

0 0

1 1

13 9

ﬁ 1%%2 ?%OO 7296

13 | 2197 2197

1 _g 2 _53]5344 1%%8 _ 11

2 2 2565 4104 40
16 6656 28561 O 2
135 12825 56430 50 55

TABLE 7.12: Coefficients of the fifth-order RK used in MATLAB ode45 solver
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Based on h = t,, — t,,—1 and on y,, such that |y(x,) — y,| < tol, we perform
the following:

a. Compute y;_(h) with step h, using M, as a substitute to y}_ ,(2h) in
(7.47). This is done at the cost of four functions evaluations.

b. Compute y,+1(h), using Mz at the cost of one additional function evalu-
ation.

As a total, a. and b. would then require five function evaluations, instead of
eleven as was the case in Algorithm 7.3, i.e., an economy of six evaluations of
f(.,)! Thus, one writes:

_ Ynt1(h) — yrlLJrl(h)

o — 1 + O(h?T2) 4+ O(ly(xn) — ynl).

y(xn+1) - yn+1(h)

Let Err = %ﬂl“(h) Given that such term estimates an error expression
of the form ChP™ and as O(|y(z,) — yn|) = O(tol), then, with h satisfying
O(hP*2) = O(h? x tol), two situations may occur:

Case 1 If |Err| < h® x tol, we continue the computation with the same h.
Case 2 Otherwise, (|Err| > h® X tol), we repeat the computation with h/2.

Whenever we reach case 1, we end up with:
Y(@n+1) — Yns1(h) = R X tol + O(tol) = O(tol),

and continue the adaptive process based on the 2 embedded Runge-Kutta
methods M7 and M.

7.5 Adams Multistep Methods

When using higher order one-step Runge-Kutta methods, the number of
function evaluations increase significantly. This is particularly so when the
function f(.,.) is vector-valued. For example in case f : R” x[0,T] — R", then
using a fourth-order Runge-Kutta method would require 4n scalar function
evaluations at each step. Such necessity may be too time consuming.

Thus, use of multistep methods is precisely to avoid such issue of multiple
function evaluations when using one-step methods. In this chapter, we give
an overview of three types of multistep methods:

1. Adams-Bashforth multistep explicit schemes
2. Adams-Moulton multistep implicit schemes

3. Backward difference (BDF) methods, used to solve special “stiff” sys-
tems of ODEs. These are ODEs systems that have solutions with sharp
variations in short times.
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A major reference on multistep methods is [18]. In this section, we focus
mainly on Adams type methods. To present these methods, our starting point
is the sequence of integral equations (7.24) introduced above:

t;
Yi —Yi-1 = / flt,y(t))dt, i =1,...,N.
ti—1

Letting g(t) = f(t,y(t)), then obtaining an Adams type method consists in
replacing f:il g(t)dt by a numerical integration formula derived through the

replacement of g(¢) with a Lagrange interpolation polynomial p(t) (as intro-
duced in Chapter 3) based on a specific set of points {¢;}. Thus:

- To obtain a k-multistep explicit Adams-Bashforth p(¢) is of degree k—1 and
based on the data set of k pairs:

{(tic1,9(tic1)), ooy (ticks 9(tizk)), i —k >0,

while:
- Obtaining a k-multistep implicit Adams-Moulton p(t) is also of degree k —1
and is based on the k pairs:

{(ts, 9(t)), (tic1,9(tiz1)), -y (tick, 9(tizk41)), i —k+1 >0,

As a result, we obtain the following schemes, using the notation f; = f(¢;,v;).

7.5.1 Adams Schemes of Order 1

One obtains successively:
Yi=Yi—1 +hficii>1, (7.48)
for Adams-Bashforth and
Yi=Yi-1+hfii =1, (7.49)

for Adams-Moulton. These are respectively Euler’s explicit and implicit one-
step methods. The first was discussed earlier and the second requires solving
the (usually) nonlinear equation:

Yi — hf(ti, vi) = yi-1. (7.50)
Solving (7.50) is considered in the last section of this chapter, within the
context of Backward Difference Formulae (BDF) methods.

7.5.2 Adams Schemes of Order 2

3 1 .
Yi = Yi—1 + h[ifi—l - §f¢—2], i>2, (7.51)
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is the Adams-Bashforth version, and:
1 .
Yi = Yi—1 T+ ih[fi + fia], 0> 1. (7.52)

is the Adams-Moulton one. It is precisely the trapezoidal rule formula obtained
earlier in (7.32). As (7.49), (7.52) requires also solving a nonlinear equation:

1

1
Yi — §hf(ti7yi) =Yi-1+ ghfi—b (7.53)

However, an important point about Adams methods can be noted here.
Through a predictor-corrector approach that uses Euler’s explicit as a pre-
dictor scheme, followed for correction by the second-order Adams-Moulton,
one gets the following method:
i1>1:
P
yz( )= Yi—1 + hfi1
P P
P
Yi = yf J— g+ %h[fi( '+ fial

(7.54)

It is easily checked that (7.54) is precisely Heun’s second-order Runge-Kutta
method (RK2.H). This reveals the following points in the use of Adams meth-
ods:

a- The combination of Adams-Bashforth’s method of order 1, as predictor with
Adams-Moulton’s method of order 2 as corrector gives an explicit method of
order 2.

b- A first-order Adams-Bashforth method is thus embedded in a second-
order Adams-Moulton scheme, suggesting embedding the second-order (7.51)
in a third-order Adams-Moulton as is done in what follows.

c- This embedded predictor-corrector pair can be obviously used for control-
ling the step size h as explained in Section 7.4.4.

7.5.3 Adams Schemes of Order 3

On that basis, we couple (7.51) as a predictor scheme with the third-order
Adams-Moulton implicit formula:

5 2 1
Yi = Yi-1+ h[ﬁf(tuyz’) + gf(ti—la Yi-1) — Ef(ti—Qayi—Q)]v (7.55)

for i > 2.
As a result of the pair (7.51) - (7.55), one gets a two step third-order predictor-
corrector scheme:

1> 2

u =y 4 h[3fi— 1ol

fi(P) = f(t7,7yz(P))7

Yi = y§c) =yi1+ h[%fi(P) + 2fic1 — 15 fi—2)-

(7.56)
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One advantage of this two step method of order 3 over a third-order Runge-
Kutta procedure is in terms of function f evaluations when computing v;, ¢ >
2, which requires computing:

o fi1 = f(ti—1,yi—1) and

P P
L4 fi( ) :f(tiayI( ))'
Note at the same time some disadvantages of this method:

e Since the implementation of (7.56) begins at ¢ = 2 and given that yo =
y(0), it is necessary to obtain y; by using a one-step method of order 3.
For that purpose, we can use a Runge-Kutta method of order 3 such as
(RK3.H) or even simply a Runge-Kutta method of order 2, given that
the error coincides with the local truncation of the method at ¢t = 0 (see
Remark 7.6).

e On the other hand, (7.56) requires that after computing y;, i > 2, one
saves f;_1 for use when computing at the next step, y;+1.

7.5.4 Adams Methods of Order 4

On the same basis, we obtain higher order Adams method. We restrict
ourselves to a fourth -order Adams multistep method:

1>3:

y =y + A2 fio1 — 3fica+ 55 fis)

K = rty™)

yi =y =y + h[%fi(P) +2fi— 2 fiio+ 5 fims)

(7.57)

Similarly to the third-order Adams, (7.56), this Adams fourth-order predictor-
corrector, (7.57), requires also two f function evaluations, in addition to stor-
ing simultaneously f; and f;_1 to compute later on ;1.

On the other hand, starting the method requires in addition to yo = y(0), y1
and yo. These can be computed using a Runge-Kutta Heun method of order
3 or even 2 (as noted in Remark 7.6).

7.6 Multistep Backward Difference Formulae
Consider the Euler implicit scheme (7.49):

i>1:y, =vyi1+hf(ts, ) ©vi —hf(ts,yi) = Yi-1.
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At this point, there are two distinct cases that arise:

a. f linear in y:
In this case when f(t,y) = —a(t)y + b(t), and (7.49) becomes explicit in the
sense that Euler implicit formula becomes:

(I +ha(ti-1))y: = yi—1 +b(ti—1)
and y; can be found explicitly, provided:
1+ ha(ti_l) #0, Vi,

in which case one has:
Yol +b(tia)

T At ha(tis)

Such is the case:

1. For all h, whenever a(t) > 0, f(.,.) being then monotone decreasing
with respect to y.

2. Otherwise, one must put a restriction on h:

co
h<hy=——9 <l 7.58
° = macpm @] @ (7.58)

Such a condition is similar to that found in Theorem 7.2 for explicit
schemes.

b. f nonlinear in y:
In that case, we let r(y) =y — hf(t;,y) — yi—1 and obtaining y;, reduces to
solving:

r(y) =0.

Out of the methods studied in Chapter 2, we retain Newton’s method, on the
basis that it can be straightforwardly generalized when f is a vector function.
Newton’s iterative formula to solve r(y;) = 0 is given by:

{ () = ) = —r ), (7.59)

yEO) = y;_1 or using Euler’s explicit: ygo) =yi—1 + hfi1.

Now r'(y) =1 — hfy(ti,y). As when f(¢,y) is linear in y, we also distinguish
here two cases:
1. f(.,.) is monotone decreasing with respect to y.

2. If not, one must put a restriction on h:

Co
h<ho= ,co < 1. 7.60
maX(t,y)é[O,T]ny |fy(ta y)| ( )
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In either case Newton’s iteration becomes:

k
Wiy _ o)
Vi T ")y

The interesting property of the Euler implicit scheme is its strong stability
property when f(.,.) is monotone decreasing with respect to y. Specifically,
consider the distinct solutions {w;} and {z;}, obtained from:

i>1: w; —hf(ty,w;) = wi—1,

and
i>1: 2z —hf(ti,z) = zi-1,

Wo, 2o € Dy. Subtracting the second equation from the first yields:

i > 1wy — 2z; — h[f(ti,wi) — f(ti, zi)] = wis1 — 21
Multiplying this equation by w; — z; and using the monotony of f, yields:
i > 1 (i — 2) = h(wi — 2)[(f (ti,wi) — f(ti, 23)] = (wim1 — zio1) (w; — 2).

Given the positiveness of the left hand side of this identity, one obtains the
inequality:

i > 1 (w; — 2)? = h(w; — 20)[(f (s, wi) — f(ti, 20)] < |wimy — zima || (w; — 2]
This gives the following stability result:
Theorem 7.7 If:

(flt,w) — f(t,2)(w—2) <0,Vt € [0,T], w,z € Dy,

then:
|w1- — Zl‘ S "UJO — Z()|, V’L

This stability property applies when we consider multistep generalizations of
the Euler implicit scheme in the form of the Backward Difference Formulae
(BDF). Here are up to fourth oder BDF formulae:

- Order 2:
2 4 1
> 2y — Shf(te,vi) = syic1 — Y2
i> ygf(y) 3¥i-1 = g¥i-2
- Order 3:
6 18 9 2
>3 yi — —hf(ti,vi) = <Yi-1 — SYi—2 + Vi3
>3y 11 f(ti, vi) lly 1 11y 2+11y 3
- Order 4:
12 48 36 16 3
>S4 — 2 ) = 2 2 D 2
i>4:y; 25hf(tz,yz) o5 Yi-1— 5e¥i-2  oelies — Heli-a
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7.7 Approximation of a Two-Points Boundary Value
Problem

Let b be a real-valued function on an interval Q = (0, L), with b(x) > 0.
Consider the one-dimensional boundary-value problem:
Find v : Q — R, such that:

—u" (x) + b(x)u = f(x),Vz € (0,L), (1) u(0)=a, u(l)=8 (2) (7.61)

A finite-difference discretization consists in replacing the differential equation
7.61 (1) with a difference equation. Specifically, consider the discrete domain:

ﬁh={$i:ih|0:l‘o<$1<....<$N:1},Nh:1,

that uniformly partitioned 2. Le b; = b(z;). The discrete system corresponding
to (7.61) is defined as follows:

—02U; + Ui = fi=fi = f(x:),Vi,0<i<N, (1) Uy=a,U; = (2)
(7.62)
For this one-dimensional model, note that the solution to (7.62) depends on
N + 1 parameters, of which M = N — 1 [U; Us....Up]T are unknowns, since
[Uo Uyn| are given. Thus, the resulting system obtained from (7.62) takes the
following matrix form:

AU = F, (7.63)

the matrix A € RMM being tri-diagonal. In case, a(x) = 1 and b(x) = 0, A is
the well-known “central difference matrix”:

2 -1 0 .. 0 fi+a/h?
1 -1 2 -1 0 0 fa
A= 73 i i e | F =
.. 0 -1 2 -1 far—1
o 0 .. -1 2 fa + B/h?

It can be checked that:
e Ais a sum of a tri-diagonal matrix and a diagonal matrix.

e A is symmetric.

Remark 7.8 Note that the solution of the continuous problem is in a (fized)
vector space of the type C*(Q) while that of the discrete problem is in a (vari-
able) finite-dimension space RN | with lim;,_,o N = oc.

To provide a coherent framework for analyzing the finite-difference discretiza-
tion, one introduces the concepts of the “restriction” and “prolongation (ex-
tension)” operators.
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Definition 7.5 Given a function v: Q — R, such that v € C(Q), the restric-
tion rp,n(v) of v on Q is such that V =1y n(v) € RN with:

Vi =v(x;), Vi=0,...N.

Similarly, one defines the restriction of v on Q, 7, n(v) € R¥N 1. By conven-
tion we take: 7, = rp N
We now define the prolongation:

Definition 7.6 Given V € RN V = [V V1...Vy]T, a prolongation pn NV

of Vin C(Q) is a function v € C(), such that rp n(prNV)=V.

Note that there exist several prolongation operators for a vector V€ RV*1,
For example, one may use linear, quadratic or cubic spline interpolations. In
the case of finite-differences, it is sufficient to use piecewise linear splines:

v(x) =rpm(V)(z) = Vi(zit1 — ) + Vigr(x — 24)) /h, i =0, ..., N.
We consider now the convergence of the discrete solution ry, y(U) of (7.62) to

the solution u of Poissons’s equation (7.61). A preliminary result shall be first
stated.

Theorem 7.8 If the solution u to (7.61) is in C*(Q) N C(RY), then one has:
mas () — pa, v (s (1)) ()| < ch? maxu” (2)]
On the basis of this result and the inequality:
max |[u(z) = pa,nU(2)| < max|fu(z) = pa,n (ra,vu) (@) Fmax |pp,n (rp,xu(z)) = pr,nU(z)

then, it is sufficient to study the convergence of p, NU to pn n(rn.nu) to
obtain convergence of p, yU to u. Since:

max [pu,n (1, yu) () = pr, N U ()] = | max[u(zi) = Uil
one needs to estimate max; |u; — U;| to obtain the convergence of the discrete
solution pj U to the exact solution u. This requires first a stability result
(found in [21]):
Theorem 7.9 The matriz A in (7.63) is such that:
max |U;| < Cmax |F;l,
K3 7
where C' is independent from h.

Using the truncation error related to the second-order central difference for-
mula, we can then prove:
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Theorem 7.10 If the solution u to (7.61) is such that, u € C*(Q) N C(Q).
Then the approzimation Uy = {U;} to up = {u; = u(z;)} that solves (7.63)
satisfies the estimate:

max |u(z;) — U;| < Ch?,

C independent from h.

Proof. The proof is a classical procedure in numerical mathematics. It uses
Theorem 7.9 and the estimate associated with the second-order central differ-
ence formula:

uw(xl-) = 82u(w;) + h%e;(u), v € C* 1 <i < N.

where €;(u) = c‘;%‘(m)7 xi—1 <1 < xiy1. One checks € = {¢;(u)} satisfies:
max |e;| < C1,

with € independent from h and function of max, [u(*)(z)|. To complete the

proof, one uses:
A(u—U) = h?%,

Using the stability concept of Theorem 7.9, one directly obtains the estimates
of the theorem. ]
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7.8 Exercises
1. Show that each of the following (IV P) has a unique solution:
(a) ¥ =ysin(t), 0<t <1, y(0)=1
(b) o =et=¥/2 0<t <1, y0)=1
(c) y = 2% 0<t<1, y(0)=1

2. Verify that each of the following functions f(¢,y(t)) satisfies a Lipschitz
condition on the set:

D={(t,y)|0<t<1,—00 <y < +oo}

and determine the corresponding Lipschitz constant in each case.

(a) flt.y(1) =ty +1
(b) F(ty(t) =1y

(¢) Flty(t)) = et=0)/2
(@) f(ty() = —ty+3%

3. Consider the following (IV P):
y =—dy+t 0<t<1, y0)=1
Use Picard’s method to generate the functions y® (t) for i = 0,1, 2.
4. Use Euler’s method to solve the following (IV P)

(a) y'(t) =92 0<t<1, y(0)=1, h=0.25
(b) y'(t) = —y+ty¥2, 2<t<4, y(2)=0, h=0.25
() y(t)=1+y/t?, 1<t<2 y(l)=1, h=0.25

5. Use Heun’s method (RK2.H) to solve the following initial value prob-
lems:

(a) ¥'(t) =te® —2y%, 0<t<1, y(0)=0, h=02
b) yt)=t+(t—y)?* 0<t<2, y(0)=1, h=0.5

6. Consider the following initial value problem:

=124y te(0,1.5]

vor{ s

(a) Write first the discrete scheme of Euler’s method, (RK1), then use
2 steps of this scheme to approximate y(0.25) and y(0.50).
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e Discrete Scheme

e Express all the computed results with a precision p = 3.

1|t Yi ky Yitl
0
1

(b) Write first the discrete scheme of Heun’s method, (RK2.H), then
use two steps of this scheme to approximate y(0.75) and y(1).

e Discrete Scheme

e Express all the computed results with a precision p = 3.

1|t Yi k1 ko Yit1

0

1

(c) Write first the discrete scheme of the midpoint rule, (RK2.M), then
use two steps of this scheme to approximate y(1.25) and y(1.50).

e Discrete Scheme

e Express all the computed results with a precision p = 3.

|t Yi k1 ko Yit1

7. Repeat Exercise 5 using the midpoint method (RK2.M)
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7.9 Computer Exercises
1. Test Algorithm 7.3: function [t,Y]=myodeRK4Adaptive(T,h0,y0,to0l)

on the following initial value problems:
o y/(t) = sin(t)y'/? + cos(t)y, y(0) = 1.
e The Van der Pol equation:

’

y = (=9 +y=0,0<t<10,y(0) =1,y (0) =0,
after transforming it into a system of first-order equations.

2. Transform Algorithm 7.3 so as to have the control of the time step done
using the following pairs of embedded Runge-Kutta methods:

e (RK>(w)) obtained by taking w = 3 embedded in the third-order
Heun scheme (RK3.H).

e The pair of Runge-Kutta schemes of order 4 and 5, whose coeffi-
cients are shown respectively in Table 7.11 and Table 7.12.

e Test the resulting algorithms on the following initial value prob-
lems:

(a) ¥ (t) = ay(t) — be sin(bt), t > 0; y(0) = 1.
(b) The Van der Pol equation:

y —(1—9y +y=0,0<t<10,y(0) =1,y (0) =0,
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Answers to Odd-Numbered Exercises

Chapter 1

¢ Exercise 1:

l.a e~ (2.718)10 ~ (10.10110

1.b (0.875)10 = (0.111)s.
1.c (792)10 = (1100011000),

Exercise 3:

3.a (671.535)s = (441.681)10.
3.b (1145.32)s = (613.40625)10.

Exercise 5:

)2

5.- 2 = (0.6)19 = (0.46314)g = (0.1001)s.

5.- 2 = (0.6)19 = (0.T001)s.

Exercise 7:
7.a Incorrect
7.b Correct
7.c Correct
7.d Incorrect
7.e Correct

Exercise 9:

Exercise 11:

11.ax =40
11.bz=-0
11l.c x = NaN
11.d x = NaN

lllexz = +1 x 27126

| o+

c(8)

f(23)

10 000 101

000 000 000 001 000... 000
—_—

11— zeros

11.fz = +1.1111 x 22

11.g 2 = +1.0 x 2°

11.h z = +1.10011001100110011001101 x 2'23
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e Exercise 13:
13.a 6.573972 x 10!
13.b 2.979802 x 1083
13.c 3.301920 x 108!
13.d 8.128175418 x 10°
13.e 9.462402 x 10°
13.f 2.5281767 x 10°
13.g 3.506323 x 103
13.h 3.3027656 x 1080
13.i 2.508630 x 107

o Exercise 15:
15.a £ = —Zmin-
15.b succ(z) = [80711111}16; pre(z) = [80800001]16

e Exercise 17:
17.a b = [00480000]6
17.b sucec(b) = [00480001]44
17.c b = [1802000000000000]16
17.d pre(b) = [1801FFFFFFFFFFFF)4

e Exercise 19:
19.a

COS2 xT M m
. ifo~—-+2kr, keZ
First method: f(z) = { !™n® 2
1—sinx otherwise.
3

x . T
Second method: f(z) — 1—33—!—54—... 1fx_§—|—2k:7r,k€Z

1 —sinx otherwise.
19.b

sin? . ™

s ifox~—+4+2kn, kE€Z
First method: f(z) = { 'Teos® 2

1 —cosx otherwise.

4
22 X . -
Second method: f(xz) =<4 2! 41 to.. dzx0
1—cosx otherwise.
19.c - -
cos 2x fe~t+—4+k—, keZ
First method: f(x) = 4 2
2cos?z —1 otherwise.
. T
ifex~—
Second method: f(z) = 4
2cos2z —1 otherwise.
1—xz+ %T + o ifz~0
19.d f(z) = { (cosz — e~ %) .
- otherwise.
sin x
Zl)2 Is IG : ~
e’ —sinx — cosw otherwise.
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¢ Exercise 21:

=InZ if x ~0
21.a First method: f(z) = f(@) =Tn g ' i
Inz — 1, otherwise.
_ -1 e ? , €73 5
Second method: f(z) = fla)=e"(z—e) - T(x —e) + ?(55 —e)’+...
Inx — 1, otherwise.
2Inz ifz~1
21.b f(z) = .
Inz — In(—), otherwise.
-3-% ifx~0
21. = 3
° /) {xz(smiﬂ —€” 4+ 1), otherwise.
e
S@—-124—(z-1)+... fz~l
21.d f(z) = 2!(56 ) + 3!(37 ) + if x
e” — e, otherwise.
e Exercise 23: )
— if < 0, |[z| >>
1+ 2

23.a f(x) =

Tz ++vVz2—1  otherwise
23.b Directly with 3 significant digits, f(—102?) = 0. Using remedy with
3 significant digits, f(—10%) = 35 = —0.005000.
e Exercise 25: 5 5
2+§x2+§x4+... if £ ~0

25.a f(z) = o Le®

T

otherwise

25.b £(0.1) =2
25.c f(0.1) = 2.003
25.d 4.83 x 10~2; 1.672211587177143 x 10~*
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Chapter 2

e Exercise 1:
l.a f(z) =x — 2sinzx
The first bisector y = z and the function y = 2 sin x intersect at 3 points
with respective abscissas:

rootl =0, root2 > 0, root3 < 0

Therefore root1=0 is an exact root of f(z) = x—2sinx, while root2 and
root3 can be approximated by the bisection method.
o2 <root2 < 2 as f(Z) x f(2F) <0

n (079 bn 'rnJrl f(TnJrl)
0 | pi/2=1.5708 | 3pi/4=2.3562 | 1.9635 F
1 1.5708 1.9635 | -1.7671 -
2 1.7671 1.9635 | 1.8653 -
3 1.8653 1.9635 | 1.9144 +
4 1.8653 1.9144 | 1.8899 -
b) 1.8899 1.9144 | 1.9021 +
6 1.8899 1.9021 | 1.8960 +
7 1.8899 1.8960 | 1.8929

The bisection method took 7 iterations to compute root2 ~ 1.8960 up
to 3 decimals.(The 8" confirms that the precision is reached). Q_T?’” <
root3 < =F, as f(=3T) x f(5F) <0

n An, bn Tn41 f(rn+l)
0 | -3pi/4=-2.3562 | -pi/2=-1.5708 | -1.9635 -
1 -1.9635 -1.5708 | -1.7671 +
2 -1.9635 -1.7671 | -1.8653 +
3 -1.9635 -1.8653 | -1.9144 -
4 -1.9144 -1.8653 | -1.8899 +
5 -1.9144 -1.8899 | -1.9021 -
6 - 1.9021 -1.8899 | -1.8960 -
7 -1.8960 -1.8899 | -1.8929

The bisection method took 7 iterations to compute root3 ~ —1.8960 up
to 3 decimals.(The 8" confirms that the precision is reached).

1.b f(z) = 23 — 2sinz
The cubic function y = 2% and the function y = 2sinz intersect at 3
points with respective abscissas:

rootl =0, root2 > 0, root3 = —root2 < 0.
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Therefore rootl = 0 is an exact root of f(x) = 23 — 2sinz, while root2
and root3 can be approximated by the bisection method.

1 < root2 < 1.5, as f(1) x f(1.5) < 0.

The same table as in (a) can be constructed to obtain the sequence of
iterates:

{1.2500, 1.1250,1.1875,1.2188,1.2344, 1.2422,1.2383,1.2363}.

Thus, the bisection method took 7 iterations to compute root2 ~ 1.2363
up to 3 decimals.(The 8" confirms that the precision is reached).

l.c f(x) =e® —2® + 42+ 3

The exponential function y = e® and the parabola y = z2 — 42 — 3
intersect at 1 point with negative abcissa : root < 0. Therefore the
function f(r) = e® — 2% + 4x + 3 has a unique negative root, with:

e —1<root <0,as f(—1) x f(0) <0

n G, bn Tn41 f(rn+1)
0 -1 0 -0.5 +
1 -1 -0.5 -0.75 -
2 -0.75 -0.5 | -0.6250 +
3 -0.75 | -0.6250 | -0.6875 +
4 -0.75 | - 0.6875 | -0.7188 +
5 -0.75 | - 0.7188 | - 0.7344 +
6 -0.75 | - 0.7344 | -0.7422 -
71-0.7422 | -0.7188 | -0.7383 +
8 |-0.7422 | -0.7305 | -0.7363 -
91-0.7364 | -0.7305 | - 0.7354 +
10| -0.7364 | -0.7335 | - 0.7349 -
11]-0.7349 | -0.7335 | - 0.7351 -
121 -0.7349 | -0.7335 | - 0.7350

The bisection method took 12 iterations to compute rootl ~ —1.8960
up to 3 decimals.(The 13" confirms that the precision is reached).

1d f(z) =23 — bz — 22

The cubic function y = z® — 52 and the function y = 22 intersect at 3
points with respective abscissas:

rootl = 0, root2 > 0, root3 < 0.

Therefore rootl = 0 is an exact root of f(z) = 23 — 5z — 2%, while root2
and root3 can be approximated by the bisection method.

2 < root2 < 3, as f(2) x f(3) <0.

The same table as in (a) can be constructed to obtain the sequence of
iterates approximating root2 up to 3 decimals:

{2.5000, 2.7500, 2.8750, 2.8125, 2.7812, 2.7969, 2.7891, 2.7930}.
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Thus, the bisection method took 7 iterations to compute root2 ~ 2.7930
up to 3 decimals.(The 8" confirms that the precision is reached).

-2 <root3 < —1, as f(—2) x f(—1) <0.

One obtains the sequence of iterates approximating root3 up to 3 deci-
mals:

{-1.5000, —1.7500, —1.8750, —1.8125, —1.7812, —1.7969, —1.7891, —1.7930}.

Thus, the bisection method took 7 iterations to compute root3 =~
—1.7930 up to 3 decimals.(The 8" confirms that the precision is
reached).

e Exercise 3:
Based on the bisection method, the theoretical number of iterations to
approximate a root up to 4 decimal figures is k = 11.

3.a f(z) =23 —¢€®

The computed sequence of iterations is:

r1 = 1.500, 79 = 1.7500,r3 = 1.8750,r4 = 1.8125,r5 = 1.8438,

re = 1.8594,

r7 = 1.8516, 78 = 1.8555, 19 = 1.8574, 119 = 1.8564, 111 = 1.8569.
3.b f(z)=2>—4x+4—Inz

The computed sequence of iterations is:

r1 = 1.500, 79 = 1.2500,r3 = 1.3750,r4 = 1.4375,r5 = 1.4062,

r¢ = 1.4219,

rr = 1.4141, rg = 1.4102, 79 = 1.4121, 710 = 1.4131, 71, = 1.4126.
3.c f(x)=a%+42%2 - 10

The computed sequence of iterations is:

r1 = 1.500, 79 = 1.2500,r3 = 1.3750,r4 = 1.3125,r5 = 1.3438,

r¢ = 1.3594,

r7 = 1.3672,rg = 1.3633, 19 = 1.3652, 119 = 1.3643, 111 = 1.3647.
3d f(x)=2*—a23 -2 -1

The computed sequence of iterations is:

r1 = 1.500, 72 = 1.7500, 73 = 1.6250,r4 = 1.5625,

rs = 1.5938,
r¢ = 1.6094, 77 = 1.6172, 75 = 1.6211,79 = 1.6191,719 = 1.6182,71; =
1.6177.

3.e f(x)=a2° —23+3

The computed sequence of iterations is:

ry = 1.500, 72 = 1.7500, r3 = 1.8750, 74 = 1.9375,r5 = 1.9688,

r¢ = 1.9844,

r7 = 1.9922, rg = 1.9961, rg = 1.9980, 719 = 1.9990, 711 = 1.9995.
3.f f(x) = e7® — cosx The computed sequence of iterations is:
r1 = 1.500, 7 = 1.2500,r3 = 1.3750, 74 = 1.3125,r5 = 1.2812,

re = 1.2969,

r7 = 1.2891,rg = 1.2930, r9 = 1.2910,r19 = 1.2920,r;; = 1.2925.
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3.g f(x)=In(1+2z) — a:%—l

The computed sequence of iterations is:

r1 = 1.500, 72 = 1.7500, 73 = 1.8750,r4 = 1.9375,r5 = 1.96888,
re = 1.9844,

r7 = 1.9922,rg = 1.9961, r9 = 1.9980, 110 = 1.9990, r1; = 1.9995.

e Exercise 5:
f@)=In(1—2z)—¢"
f(z) = In(1—=x) is monotone increasing on (—oo, 1); y = €* is monotone
increasing on (—oo,400), = the 2 curves intersect at a unique point
which is the root of f.
—1 < root <0, as f(—1) x f(0) <0

n (079 bn rnJrl f(rn+1 )
0 -1 0 -0.5 -
1 -1 -0.5 -0.75 +
21-0.75 -0.5 | -0.6250 -
31-0.75|-0.6250 | -0.6875

o Exercise T7:
7.a Incorrect. For example for n =0, r > ao—;bo.
7.b Always correct since:

Vn, r € (an,by), therefore, b, —r < b, —a, =27"(bg — ag)-

7.c Incorrect on the basis that r,41 = % with r, being either a,, or
b, but definitely not always b,,.
7.d Incorrect on the basis that r, 1 =
b, but definitely not always a,,.

“";b” with r,, being either a,, or

¢ Exercise 9:
flx)=a%—a3 -3, 1 <root <2as f(1) x f(2) <O0.
rfbfriflﬁ

Tnil = T — 2o 1o = 142 = 1.5. The first 3 iterates by Newton’s
method are: r; = 1.4343; ro = 1.4263; r3 = 1.4262.

o Exercise 11:
z =1In3) = e -3 =0 = f(zr) = e* — 3; root = In(3), with
1<root<2as f(1) x f(2) <0
Tptl = Tn— 62—;3, with rg = # = 1.5. The iterates of Newton’s method
approximating root up to 5 decimals are:
ry = 1.16939; ro = 1.10105; r3 = 1.10106; r, = 1.09862; r; =
1.1.09861

e Exercise 13:
f(z) =z — £; roots of f: x = £ /e.
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—2 < Negative root < —1, as f(—2) x f(-1) < 0.

Tp41 = Tp — TZ/TZ"; rg = =—=2 = —15. The first 4 iterates by
Newton’s method are: r; = —1.7584068; ro = —1.5166588; r3 =

—1.7498964; ry = —1.5285389.

¢ Exercise 15:
15.a f(z) = % — 3; root = %
g
Tptl = Ty — 227 - rn(2 — 3ry,). Restriction: 0 < 7, < 2/3.
15.b
(i) 7o = 0.5 < 2/3 = r; = 0.2500; ro = 0.3125; r3 = 0.3320; ry =
0.3333 this = convergence to root = 0.3333333...
(ii)) 7o =1>2/3 = r; = —1; ry = =5; r3 = —85; ry = —21845 =
divergence.

e Exercise 17:
17.a f(z) = %2 — T;negative root = %
Tyl = 3(3 — 7r2); restriction: —\ﬂ3/7) < 7, < 0, with formula not
dividing by the iterate.

17.b Let ro = 045 = 7 = 0.356063; ro = —0.376098; r3 =
—0.377951;
rq = —0.377964.

e Exercise 19: To compute R, with R > 0, using Newton’s method:
19.a 1,41 = %(rn + £). No restriction on initial condition.

Tn

2
19.b ryp1 = 3r,(3 — Z2). Restriction on initial condition:

0<mr, <V3R.
19.crpy1 = }2%}1’;% . No restriction on initial condition, as for large values

of z, c(x) =~ x.

2
19.d 7,41 = (3 — 2). Restriction on initial condition:

R
0<r, <V3R.
19.e 7,41 = 2R="25. No restriction on initial condition, as for large

R+r2
values of z, ¢(z) =~ x.
2
19.f rpq1 = %(3 — 2). Restriction on initial condition:
0<r, <+V3R.

e Exercise 21:
21.a This function has 3 roots: 0 < rootl < 1, as f(0) x f(1) < 0,
1 < root2 < 2, as f(1) x f(2) < 0 and —3 < root3 < —2, as f(—3) x
f(=2) <.
21.b Using the bisection method:
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n (079 bn Tn+1 f(rn+1)
0 1 2 1.5 -
1 1.5 2 1.75 -
2 1.75 2| 1.875 +
3 1.75| 1.875 | 1.8125 -
41 1.8125 | 1.875 | 1.8438 +
5] 1.8125 | 1.8438 | 1.8281 -
6| 1.8281 | 1.8438 | 1.8359 +
71 1.8281 | 1.8359 | 1.8320

Using Newton’s method, the first iterates computing the root up to 3
decimals are:
r1 = 1.5000; ro = 2.1429;r3 = 1.9007; r4 = 1.8385;r5 = 1.8343.

e Exercise 23: f(x) = p(x) = cox® + 17 + ¢
23.a Since in Newton’s method:

1 I (cn)

- 71 2|CQ|
2 f(ra

20/ (r)

|(ra = 7)? (rn —7)? <

[Tny1 — 7]

ie., [rpy1 — 7| =C(ry, —r)? with C = I%l.
23.b Multiplying the last inequality by C and letting e, = C|r — 7|
yields e,+1 < ei.

For n = 0, eo:C|r—rO|<1ifandonlyif|r—7‘0|<%: d

Jeal”
Hence for such choice of rg eg < 1 implies e; < €3 < 1 and by recurrence
en < 1, i.e. the sequence {r,} belongs to the interval:

1 1
(r— 6,7’—4— 6) C (a,b).
23.cIfeg = 3 < 1thene; < e}, ex <ef <ef = 6(2)2. By recurrence,
assuming e, < eg", then e, 41 < €2 < (egn)2 = e%nH.
Thus, l‘:fg::f = %0 < 6(2)n71. Therefore, the smallest n, for which
lT:Op:TT‘ < 27P can be estimated using the inequalities:

9np _q —p np—1_1
€y <27P <ep .

For eg = %, this is equivalent to:

1
Np 1< n<ﬁ1—£ ) < Np,
implying that n, = ["Z50]

o Exercise 25:
The function f(z) = 2® — 22 + 2 has a unique negative root :—2 <
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root < —1, as f(—1) x f(—2) < 0. The initial conditions are obtained by
the bisection method applied twice on the interval (—2, —1). This gives:
ro = —1.5000, r; = —1.7500. The first 3 computed iterates using the
secant method are:

ro = —1.7737, r3 = —1.7692, ry = —1.7693

e Exercise 27:
27.a The function f(x) = e” — 3z has a unique root : 0 < root < 1, as
£(0)  f(1) <0,
The initial conditions are obtained by the bisection method applied twice
on the interval (0,1) =:ro = 0.5, r; = 0.75.
The first computed iterates by the Secant method are:
ro = 0.631975; r3 = 0.617418; r4 = 0.619078; 75 = 0.619061.
Therefore: 3 iterations are needed to compute root up to 5 decimals; the
4t" one confirms reaching the required precision.
27.b The function f(z) =  — 27% has a unique root : 0 < root < 1, as
£(0) x £(1) < 0.
The initial conditions are obtained by the bisection method applied twice
on the interval (0,1) =:rg = 0.5, r; = 0.75.
The first computed iterates by the Secant method are:
ro = 0.642830; r3 = 0.641166; r4 = 0.641185; r5 = 0.641185.
Therefore: 3 iterations are needed to compute root up to 5 decimals; the
4" one confirms reaching the required precision.
27.c The function f(z) = —3z + 2cos(x) — e*has a unique root : 0 <
root < 1, as f(0) x f(1) < 0.
The initial conditions are obtained by the bisection method applied twice
on the interval (0,1) =:ro = 0.5, r; = 0.25.
The first computed iterates by the Secant method are:
ro = 0.231462; r3 = 0.229743; r4 = 0.229731; r5 = 0.229731.
Therefore: 3 iterations are needed to compute root up to 5 decimals; the
4t" one confirms reaching the required precision.
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Chapter 3

e Exercise 1:

l.a
3 4 3 5

1/3 11/3 —2 —5/3
-15/11 | —19/11 —102/11

By Back substitution: x3 = 5.3684 = x5 = 2.4737 = x1 = —T.
1.b

3 2 5 0
4/3 ] —26/3 26/3 0
(/3] [-5/13] 4 4

By Back substitution: z3 =1= 2, =1= 21 =1

1.c
9 1 7 1

4/9 | 32/9 53/9  —4/9
8/9] | 73/32 | —437/32 9/8

By Back substitution: x3 = —0.082380 = x5, = —0.025733 = x; =
0.17804

e Exercise 3:
3.a
IV =11,2,3; V=[2,1,3]; IV =[2,1, 3]

11/3  58/9 —55/3

-5 132

9 6
118/11 72

By Back substitution: z3 = 6.7119 = x5 = —16.797 = x; = 29.593

3.b
IV =[1,2,3); IV = [2,1,3]; IV = [2,3, 1]

74/13  222/13
9 6 -5

132
1/9 13/9  62/9 101/3
By Back substitution: z3 = 222/74 = 3.0411 = zo = 8.8040 = z; =
10.487

3.c
vV =11,2,3; IV =[2,1,3]; IV = [2,3,1]
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—15/8 37/8
5 3 2 4
8/5 —13/5 —1/5

By Back substitution: x3 = —37/15 = —2.4667 = x5 = —233/60 =
—3.8833 = x1 = 4.11667

o Exercise 5:
5.a

IV =[1,2,3,4]; IV = [2,1,3,4]; IV = [2,4,3,1]; IV = [2,4,1,3]

Modified augmented matrix Scales
M M 65/12  7/12 2 6
7 6 7 9 0 9
3/7| |-1/3] [-8/65] —147/65 —49/65| 4
5/7| 1277 -5 11/7 0 8

By Back substitution: z4 = % =0.33333 = 23 = % =0.33333 = 29 =
2 =0.66667 = z; = 5+ = —1.3333

5.b
v =11,2,3; IV =[2,1,3]; IV = [2,3,1]
Augmented matrix Scales

3/5| |-3/7| —261/35 15 9

5 5 1 —20 5

o] 7 5 0 7
By Back substitution: zz = —% = —2.0115 = xo = % =
—1.4360 = z1 = =328 = — — 2.1609

87

5.c

IV =[1,2,3,4]; IV = [2,1,3,4]; IV = [2,1,3,4]; IV = [2,1,3, 4]

Modified augmented matrix Scales
M M 10/9 7/9 41/9 8
9 8 8 2 4 9
(0] 0 4 1 0 4
7/9] |-29/64] [105/288] —131/128 —131/64| 9

By Back substitution: 24 =2 =25 =—-1/2=20=1/2=2, =0

¢ Exercise 7:

-5
7.a The augmented matrix of the system is: A|b = < 101 } Z >
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The exact solution computed in high precision using Naive Gauss reduc-
tion or even Cramer’s rule leads to:

T=6, y="7

7.b In F(10,4, —25,26), (x = 0,y = 7).

107° 1 7
( ~10° —7x10° )
leading by back substitution to a wrong solution: (x = 0,y = 7).

< 1 11 )
7.c
17

leading by back substitution to the solution: (x = —6,y = 7) that is

very close to the exact one.

o Exercise 9:

1 0 0 0 4 2 1 2
14 1 0 0 0 5/2 T7/4 1/2
Slal=| 1y 35 1 o 0 0 27/10 1/5
12 0 5/9 1 0 0 0 17/9
9.1.b - Determinant of A = Determinant of A = 4. % ? 37 =51

9.1.c

0.3921 —-0.2941 0.1569  —0.2157

—0.0392 0.5294 —0.2157 -—0.0784,
—-0.0196 -0.2353 0.3922, —0.0392
—0.2353 0.1765 —0.2941  0.5294

AT =

e Exercise 11:

11.1.a
1 0 0 6 8 9
L= 1/6 1 0 |;U= 0 8/3 7/2
1/3 1/81 1 0 0 25/16
0 01
P= 1 0 0

0 1 0
11.1.b Determinant of A = (—1)?.Determinant of U = (6).(5).(32) = 25
11.1.c
(i) The Lower triangular system Ly = e3, gives y = [001]7by Forward
substitution
(ii) The Upper triangular system Ucy = y, gives ca = [4/25 —
21/2516/25]7 by Backward substitution
11.2.a
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1 0 0 0 6 6 4 2
oo | w1 0 0| ,_[06 163 263
| o2/3 12 1 o[’ [o0o o0 —133 —8/3
2/3 —1/31 —1/39 1 00 0 253/39
000 1
100 0
P=10 10 0
0010

11.2.b Determinant of A = (—1)2.Determinant of U = (6).($).(
11.2.c Solving successively:

(i) The Lower triangular system Ly = e3, gives y = [001]7 by Forward
substitution

(ii) The Upper triangular system Ucy = y, gives ca = [4/25 —
21/2516/25]7 by Backward substitution.

»—A‘N)
ot

) =25

e Exercise 13: B is not diagonally dominant as in the first row: |8 <
| — 1|+ [4] +19].
The 3 matrices A, B and C satisfy the Principal Minor Property as all
their Principal submatrices have a non zero determinant.

o Exercise 15:

15.1 ) }
ay b1 0 0 0
C1 ag bg 0 0
0 Co Qs bg 0

Cp—2 0an-1 bn—l

O “ee O 0 Cp—1 Gn,

15.1.a At each reduction k¥ = 1 — (n — 1): 1 multiplier is computed:
¢k = ¢ /ar, and 1 element is modified:ag+1 = ag+1 — ck.be.

15.1.b
[ aq b1 0 0 0 i [ 1 0 0 0
0 a bg 0 0 1 0 0
O 0 as bg O O 1 O
0 Ap—1 bn—l Cl—2
0 .. 0 0 0 Qn 0 0 0

15.1.c To compute the (n — 1) multipliers: (n — 1) flops are used and to
modify the (n — 1) elements: 2(n — 1) flops are used. = Total number
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of flops: 3(n —1).

15.2

U@n

a1
C1

by  dy

ax by

C2 as
Cn—3

0

do

Ap—2
Cn—2

o

bn—2 dn—2
Gp—1 bn—l

Cpn—1 Qp

15.2.a At each reduction except the last, k =1 — (n —2):
1 multiplier is computed: ¢, =
Ap+4+1 = Qkg4+1 — Ck.bk and bk+1 = bk+1 — Ck.dk.
At last reduction: 1 multiplier is computed: ¢,—1 = ¢p—1/an—1 and 1

element is modified: a,, = a,, —

15.2.b

b1
a

ba

as

b3

Gp—2

bn72

291

cr/ar and 2 elements are modified:

Cn—1~bn—1

1
0

0

0
1
C2

[e2] 1

15.2.c To compute the (n — 1) multipliers: (n — 1) flops are used and
to modify the [2(n — 2) + 1] elements: [4(n — 2) + 2] flops are used. =
Total number of flops: 5n-7.

15.3

LQn

al
cl
dl

b1 0 0
a2 b2 0
2 a3 b3
dn73 Cp—2
0 dn—2

0

0

0
ap—1 bnfl
Cp—1 Gp

15.3.a At each reduction except the last k =1 — (n — 2): 2 multipliers
are computed: ¢x = ¢x/ay and dy = dy/ag, and 2 element are modified:
Ap+1 = Ak+1 — Ck.bk and Ck+1 = Ck+1 — dkbk
At last reduction: 1 multiplier is computed: ¢,—1 = ¢,—1/an—1 and 1
element is modified: a,, = a,, — ¢p—1.bp—1-
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15.3.b
[ al b1
0 a9
0 0
U =
| O

0 0 0
b O 0
as b3 0

0 Ap—1 bn— 1

0 0 0 an,

1 0 0 0
@) 1
1

0 .. 0

15.3.c To compute the [2(n — 2) + 1] multipliers: [2(n — 2) + 1] flops are

used and to modify the [2(n —
number of flops: 6n — 9.

used. = Total

¢ Exercise 17:

— Column-Backward substitution:

Total number of flops: 37,1+ (Z? ) Zj_
as: 32101 2=2(j —1) and 37, 33001 2= 307 ,2( — 1) =

1).

— Row-Forward substitution:

Total number of flops: 1+ (>, Z;;ll
2=2(j—1)and Y1 , 311 2=

as: 23;11

© 2014by Taylor & FrancisGroup,LLC

2) + 1] elements: [4(n — 2) + 2] flops are

1 )_1_1:,”‘27

n(n —

2) + Z?:2 1= n27
Diss

2(i — 1) = n(n—-1).
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Chapter 4

o Exercise 1:
D3 = {(07 7)’ (2a 10)7 (37 25)7 (43 50)}
lo(z) = Ze=2E3)@=D) . () = w)(w—?:l)(w—ll); ly(z) = —2E=2@=0 gy

- 24 ’ 3 ’
z(z—2)(z—3) .

po123(w) = 7710(3:) + 1001 (z) + 2515 () + 5013()

(o)

. Exercise(3: y Y ) ( )( DI )
lo(x) = (z07z11)(zofz22)(zoj;63) shi(r) = (xlfroo)(m*;z)(xlfiﬁ;
12(3;) —. (e—x0)(z—z1)(x—2a3) .l (x) __(z—=mo)(xz—m1)(z—x2)

To—a0)(To—11)(T2—x3) "3 T (z3—w0)(zz3—z1)(T3—72)

Po123(x) = yolo(z) + y1li () + yala(x) + y3ls(x)

e Exercise 5:
D, = {(17 71)3 (27 71/3)7 (25, 3)7 ('?’a 4)7 (47 5)}

5.a
i x| v [ | Toese] [ Loesord | Toserenend
0 1 -1
2/3
1| 2 | -1/3 4
20/3 ~13/3
2025 3 —14/3 19/9
2 2
313 4 —2/3
1
41 4 5
5.b
- Quadratic interpolating polynomial: pios(z) = =1+ 22 (z—2) — L (z —

- Best Cubic interpolating polynomial; p1234(2) = p12s(z) +2(x —2)(z —

e Exercise 7:
p(x) = por234(z) + Az — z0)(z — 21)(z — 22) (2 — 23) (T — 24)
q(z) = porzsa(z) + B(x — zo)(x — 21)(z — w2)(z — 23)(z — 24)
= q(z) —p(x) = C(x —xo)(x — 1) (x — 22) (¥ — x3) (x — 24). Substituting
z by 4 in the identity above = C' = —132 = q¢(z) = p(z) — I35 (v +
D(x)(z = 1)(z = 2)(x = 3).

¢ Exercise 9:
e Neville’s polynomial:
po1(x) =2z +1; pi2(x) = x+2 = po12(x)
—a? 45242
R,

_ (@=zo)p1a(@)—(z—a2)por(®) _
To2—XQ

© 2014by Taylor & FrancisGroup,LLC



294 Introduction to Numerical Analysis and Scientific Computing

e Newton’s polynomial:
2
po12(x) = [zo]+[xo+1](x—z0)+ [0, 21, X2) (2 —m0) (£ —21 ) = =EAPEE2

e Exercise 11:
11. a D5 = {(-2,1),(-1,4),(0,11), (1,16), (2, 13), (3, —4) }.
poi2sa(®) = [wo] + [70 + z1](z — xo) + [wo, 21, T2](z — o) (x — 21) +
[0, 21, 22, 3] (z — x0)(x — 1) (T — ®2)+ [x0, 21, T2, X3, T4](x — o) (z —
z1)(2 — z2) (2 — x3) =
porzsa(z) = 1 +3(x +2) +2(z + 2)(x + 1) — (z + 2)(x + 1)z, since
(70, 21, 22, 23] = [T0, 21, T2, 23, 24] = 0
11. b g(x) = qo12345(z) = qo12354(x) = po123s(x) + A(x —x0)(x — 1) (2 —
z2)(r — 23) (7 — 25)
( ) = poi2sas(z) = p012354(96‘) = p01235($) + B(x —x0)(x — z1)(z —
xo)(x — x3)(x — x5) =
q(fﬂ) —p(x) = Clx — x0)(x — 1) (2 — x2)(x — 23) (T — 25).
Substituting x by 2 in the identity above = C = % =
q(z) = p(x) + g(z +2)(z + 1)(2)(z — 1)(z - 3).

e Exercise 13:

13.a
ilx |yl ] o) | Lo
0|—-21| -1
2
1-1]1 1/2
3 —37/21
2l 0| 4 ~17/3
—8/3
3115] 0

piza(a) = 1+ 3(z +1) = F(z + Dz

13.b p(z) = poiaa(z) = piaso(w) = pias(x) + [20, 71,22, 73)(x +
Da(a. 5)

p123(z) — E(z + 1)z(z — 1.5).

13.c Let (x4,y4) = (—0.5,2), then:

q(7) = qo1423() = qo1234(7) = qo123(7) + C(x +2) (v + 1)z (x — 1.5) =

q(z) = p(x) + C(x + 2)(z + 1)x(x — 1.5) Substituting x by —0.5 in the

identity above = C' = [2 — p(—0.5)]/ =

q(z) = p(z) + (z + 2)(z + 1)z(z — 1.5)

¢ Exercise 15:

i 2z |y | 2, 2iq4)
0] 0 |1 2/3
11152 8/3

21 2 |6 —6
31253
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So(x):1+§x70§m§1.5
S(x) =4 Si(z)=2+3(x—-15),15<r <2
Sa(x) =6—6(x—2),2<2x<25

e Exercise 17:

il o |y | (v, 2] | 2
0|-1]3 -3 0
110 |0 1 —6
211 |1 1 8
31 2 |2 —6

So(x) = =3z +1)?+3,-1<z<0
S(x)=<¢ Si(z)=T72>—-62,0<2<1
So(z) =Tz -1 +8x—-1)+1,1<z2<2

¢ Exercise 19:

i) o |y | [ i) | 2

0-110 1 1

11 0 1 -2 1

211/2] 0 2 -5

3] 1 1 -1 9

41 2 0 —11
So(x)=2x—1,1<x<2

S(x) = Si(z)=1+(x—-2)—6(r—2)%,2<x<25

So(z) = —5(z —2.5) + 14(z — 2.5)%, 25 <z < 3
S3(x) =3+9(x—3)—10(x —3)%,3<x <4

o Exercise 21:
a=2;b=1;c=0;d=1;e=—1.

o Exercise 23:

1% |Y; Zq Ws
01110 8/3 0
1121 —10/3 -8
213 |0|—-304/63 | 128/63
314 |1]|-167/63| 20/3
41510 —148/63 0

) 31<x<25

— Oz —25)—4(z —2)2+ Z%(x—?ﬁ)?’, 25<2<3
—3)? - 22(z—3)% ,3<x <45
=1-1T(z—45)+ 2(z—45)° - L(x—45)% 45<x <5
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¢ Exercise 25:

T Yi Zq W;
—0.2 ] 0.7121 | 1.759 0
—0.1 | 0.8790 | 2.574 16.29

0.1 | 1.0810 | 3.1186 | —10.844

0.2 | 1.1279 | 2.5764 0

W N = O e

S(z) =

0.7121 4 1.759(z + 0.2) 4 13.575(z + 0.2)3, —0.2 < z < —0.1
0.8790 + 2.574(x + 0.1) + 8.145(x + 0.1) + 4.5383(x + 0.1)3, 0.1 < 2 < 0.1
1.0810 + 3.1186(z — 0.1) — 5.422(z — 0.1)2 — 9.0367(z — 0.1)3, 0.1 < z < 0.2

e Exercise 27:

So(z) =22% 0<a<1
S(z)=1{ Si(z)=322-2x+1; 1<x<2
So(x) =052 442 —3; 2<x<3

¢ Exercise 29:

1. As shown below, the given set of data D, verifies the following set
of values:

0 1 —0.69088 0
0.25 | 0.7788 | —1.2726 | —4.654
0.75 | 0.4724 | —2.0055 | 1.7226

1 0.3679 | —1.7903 0

W N = Of e

hl = 0.25; h2 = 0.5; hg =0.25.
e Using the Naive Gauss reduction, solve first the augmented sys-
tem:

([ 0.75/3 05/6 02720 B . -
Alr = ( 0.5/6 0.75/3 o.47347> = wy = L7226;w; =
—4.654

® 20 =[x, 71] — %(wl + 2wp) = —0.69088.

e Solve z;41 = 2z + %(u)z + wiy1), for i=0,12= 2z =
—1.2726; 25 = —2.0055; 23 = —1.7903.
e The equations of the Cubic spline are as follows:

So(x) =1 — 0.69088z — 3.102723; if0<z<0.25
Sy (z) = 0.7788 — 1.2726(x — 0.25) — 2.327(z — 0.25)2

+2.1255(z — 0.25)3; if 0.25 <z < 0.75
So(x) = 0.4724 — 2.0055(x — 0.75) + 0.8613(z — 0.75)?

—1.1484(z — 0.75)3; if0.75 <z <1
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2. [ emw dp = 0,2212 & [V §y(x) dz = 0.225385.

3. £/(0.5) ~ S1(0.5).

e Exercise 31:

- From the first criterion of the Definition of Spline function of degree 4,
, each of the s;(z) is determined by 5 parameters. Hence, full obtention
of s(x) requires 5n unknowns.

- The second, third and fourth criteria impose now respectively 4(n —
1) continuity conditions for s, s ,s”, and s at the interior nodes, in
addition to the n + 1 interpolation conditions

Hence for a total of 5n unknowns, one has a total of 4(n — 1) +n +
1 = 5n — 3 constraints. Obviously, to allow unique determination of the
interpolating spline of degree 4, there appears to be a deficit of three

constraints!

e Exercise 33: Upper Bounds on error terms for interpolating f(z) =
ﬁ over [—5, 5]:

1. Lagrange interpolation:

10%0
max_ |70 (a)

_ _ < - -
Vo € [-5,5], |f(z) — po..10(x)] < 111 2ol

2. Linear spline:

Vr € [-5,5], |f(z) — S(x)| < Ch? n[la;(s] fP ()], h=1,
xe|—9H,

3. Quadratic spline:

Va € [-5,5], |f(z) - S(z)| < Ch® max, f@ ()], h=1,
xre|—9,

4. Lagrange interpolation:

Vi € [5.5], () = S@)| < b max /() h=1
re|[—95,

C a generic constant independent from h.

o Exercise 35:
35.a

1 [—26/15] 0
7/15 | 22/5
1| —2/15 | —28/5
1| —44/15| 0

W R O
Tl w NS
o

© 2014by Taylor & FrancisGroup,LLC



298 Introduction to Numerical Analysis and Scientific Computing

So(x) =1—(z—2) %(m—2)3,2<x<3
S(x) = Sl(x):%(m—?))—&—%(x—S)Q—%(;E—S) 3<zr<4
Sg(x)zl—%(x—4)—15)—4(x—4)2+15(;v—4)3,4§:r§5
F(3.4) ~ S1(3.4) = 0.1181
35.b
1|7 Yi Zi W;
0[2[1]-16/9] 2
1130 —4/9| 2/3
24| 1 |-22/9|-14/3
3|5 |—1|-43/9 0
So(r) =1—L(x —2) + (v — 2)?

Chapter 5

¢ Exercise 1:
F.D.: f(0) ~ 4960=5 — _(.400

0.1
iy ~ 4.842-5

CD.: f{(O.l) ~ \ 6012 . 960—0 .790

C.D.: f/(0.2) = "0;2 = —1.545

CD.:f (0.3) =~ 43930& = —2.245
. 4.393—4.651 __

B.D.: f (0.4) T = —2.580

e Exercise 3:
h=0125: 2200 — 91260, h=0.25: 220 — 29580, h =0.375:
Al — 9 4026
h=05: 25O — 95681, h=0.625: 2019 — 27646

e Exercise 5
(i) D = ¢(h) + c1h1/2 + coh?/? 4 c3h3? 4 .. ie. D = ¢(h) + O(h'/?)
)

(D = 0(5) + 1 (4)1/2 + dy (2)2/2 + dy (2)3/2 +

.. . hy_
L0 . p = [7f¢(ﬁ)_l¢(h)]+d2h2+d3h3+...; ie. D = [VEAP-00) 4
O(h?)

e Exercise 7:

C.D. & s (f(m/4)) = cottmAbn/Y—cosr/Aon/3) — (5847,

o (f (/4)) = LA s A0 — —0.6752
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!f’ (7T/4) ~ ;/6( (7_‘,/4)) 41%/6(]”(77/4)) ’([),\,/3(]0(71'/4)) 070547
f(m/4) = —sin(r/4) = —0.7071; Relatlve Error=0.0024.

e Exercise 9:
9.a ®go5(f(0.25)) = 2232122 — 444 1 x05(f(0.25)) = 2121 =

4488 0.25 0.25
\1/025( (0.25)) = 3233—1 — 4 466

9.b Woos(f(1)) = =155 = —10.91; Wos(f(1) = =R25228 =
—4.488;

T (f(1) = 5L —-L5
1 1
UL, (f(1)) = 4‘1’0.25(-)3—‘1/0.5() —13.051;W2 ,.(f(1)) = 16‘1’0.25(1-)5*‘1’0.5(-) _
—13.555
ast Uh5(f(1)) = Peslh=tl) — 5484

9.c F.D.: f(0) ~ 2322-1 — 4488 ; B.D.: f(2) =~ 252 = 08
1" 2 — — —
9.d F.D. - f'(1) = @oa(f(1) = Bgg7 = = gmmp o =
100.9760 N
11 . . —2(4.4 2
F.D.: f7(1) & 9oas(F(1)) = 3558 = 00502 = —1.7760
o Exercise 11:
1l.a ¢o25(f(0.5)) = et = —0.61861280;%0.125(f(0.5)) =

ye(ﬁ% = —0.70367360

F7(0.5) 2 g 195(f(0.5)) = Loazsl)—vo2s() — () 73202720.

11.b (1) ~ x0.125(f(1) = 6[wi 3, 2i o, 7 1,2] = % =
0.57845760

e Exercise 13:
Xo.5(f(1)) = L5244 = 0.20223700; x0.25(f(1)) = %52 = 0.12491040;
Xo.125(f(1)) = %812@’; = 0.09103000
X5 (F(1)) = 2x0220=x050) — (. 04758380; b 10 (f(1)) = 2Xe12s0)=x025()
0.0571496 . )
X2.125(f(1)) = Doazst)=xa2sl) — 00603382

¢ Exercise 15:
Dtl) 105 (0) = 4D.155(0)=Do.25(0) _ 4(1.9624)—1.8880

, since:

3 3
Doips(0) = AI9-80-13919  Zyg60) g Dyas(0) =
4(1.1979)-3(1)—~1.3196 _ 1 ggg(

0.25

e Exercise 17:
I~ M(0.125) = (y1 +y3 + ys + y7)0.25 = 1.2866

e Exercise 19

1
- / L jd ~ M) = [f(3) + 7 + )2 = 078771
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19. b I = tan~'1 = n/4 = |Error| = |5 — 0.78771| = 0.0023118

" maxo<g 62%—2
f@) =i f (@ ):mvand\f (2)] < eSS ey = 4
= |Error| < g = 0.018518.
e Exercise 21:

2 " 2
fl@)=e" and f (z) =" (4332—2) <2 h=1
= Error = %%f (c); |Error| < 513 < 10
n = 82.

o Exercise 23: ,
The definite integral I = [ f(z)dx is approximated by:
— Yopy @k — 2p—1) f(@r—1) for “left composite rectangular” rule and
— Yopy (@k — 2p—1) f(xx) for “right composite rectangular” rule.
o Exercise 25:
25.ah=05=1T~ T(O 5) [f(0)+2(f(0.5)+f()+f(1. 5)+f(2)+f(2 5)+f(3)+f(3.5)+f(4)] (

21.8566 \
25. b Exact Value: I = 2=1 = 21.6404. | Error| = 0.2162.

1,1
|Error| < E.(i)Q.(Zn2)2.l6 = 0.1601.

o Exercise 27:
I= f06 sin(x?) dx
n+1:55:>n=54:>h=1/9.
f(z) = sinz? :> f(2 (z) = 2cos 2z; f{4)(x) = —8 cos 2x;
o|Errory| < £ (L ) 2 =1.2345 x 1072
o|Errory| < g (5)%2=4.1152 x 1073
o|Errorg| < 55.(3)*.8 = 4.0064 x 107°

o=

o Exercise 29:
1t column: T(1) = %f¥s = 1.2104; T(0.5) = (LF2ts)(5) =
1.2650;
7(0.25) = (Lt2lztyitve)ltus) () 95) = 1.2793;
T(O.125) — (y0+2(y1+y2+y3+y4+95+y6+y7)+y8)(0.125) =1.2830;

2
2" column: R'Y(0.5) = AOITM - — q9832; RY(0.25) =
4T(O‘25)37T(0.a) 1.2841; RY(0.125) = 47(0. 1203 T(0.25) — 1.2842;
374 column: R2(0.25) = SHO2-R05) _ 984160000 ; R?(0.125) =
LOR'(0:125) - R(0:25) _ 1 9849206666 ;
4 column: R3(0.125) = MO0 R2025) _ 1 984907407 ;

e Exercise 31:
Let h = {hi,h2,....,h,} and |h| = maxyhi. then, the composite
trapezoidal rule for a non-uniform partition is obtained from: T'(h) =
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ST =>4 %(f(;z:k_l) + f(xg), where hy, = xp — xp_1.
As for the error term:

/abf(:c)d:z:— Z/x“ z)dx — Ty.

Using:
Tht1 1 Tht1 .
[ s =Ty [ @m0 - o) elo))da, o) € an i),

and the second mean value theorem:

n

b
/ f(z)de —T(h) = 1 Zh ), hie = o — Tp—1.

Hence using the intermediate value theorem:

1 17
I—T(h)| < —Ih]*(b— .
\ (M) < 12Ihl (b—a) xgl(gf;)lf ()]

o I=[a?In(z?+1)da; h=0.5;
15t method: 5(05) [£(0)+4(f(0. 5)+f(1 5)+2f(1)+£(2)] ( ) 3.1092
274 method: 5(0.5) = %M(Oﬁ) T(l) = §(2.7078) %(3.9120) =
3.1092

o I=[laVda; h =025
5(0.25) [f(1)+4(f(1 25)+f(1 75))+2f(1.5)+f(2)] ( ) = 0.6932;

3
fl@) =3 = fD(2) =2, maxl<x<z\f( (z)| = 24;
|Error| < 1;—0.24.(0.25) =5.2083 x 1074,

° Exerc1se 33:
I= 222z + 1) dz; h = 0.5
1% method: §(0.5) = LOHATOHILIF2IMHICN ((.5) = 3.1092
2" method: S(0.5) = 2M(0.5) + +T(1) = 2(2.7078) + £(3.9120) =
3.1092

o I= [ 2" dz; h =025
5(0'25) [f(1)+4(f(1 25)+f(1 75)+2f(1.5)+f(2)] ( ) = 0.6932;

3
flz)= 1= D)= 2§7maX1<m<2\f()( )| = 24;
|Error| < ﬁ.24.(0.25) = 5.2083 x 1074

¢ Exercise 35: )
35.a I = erf(z) = % [le " dt; THML < (0.5).10173; f(t) =
2 " 2_
—t ;f (t):%Mat?Q

where |f” ()] < % = |Error| <

ﬁ.# <(0.42).1072 = n? > 44.7 =
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n>66~7.
Therefore the number of required partition points is 8.
35.b If the Romberg process has to be applied following the composite
Trapezoidal rule, then: n = 2¢ = 8, meaning that one should start with
9 partition points.

Chapter 6

Exercise 1: s, ; s
T—M(h) =, 5 ) = £ T
11— M) < (E[f () =2 (c)|(b—a)

Exercise 3:
I = 5(h) + ah* + O(h®) leads to T = 26525 | O(p6) = §(h/2) +
S(h/Ql)gs(h) +O(h6)

Exercise 5:
The estinbate follows from the identities: ,
F(l’) = fc f(xvy)dyv I= % Zil(F(xifl) + F(xz)) - %fzz(gvn) and

2
F(z;) = %Z};l f(iyj—1 + f(xiy;) — %fyy(xiaCj) and through re-
peated applications of the intermediate value theorem.

Exercise 7:

7.a f24 ff In(2zy) dydr = %f24[1n(2.5m) + In(3.5z)]dz = 1[In(6.25) +
In(12.25)] = 2.1691

7.b [J [1/(2% + ) dyde = [} (22 + 58.5) dx = T1.1250

Exercise 9:
9.a [ [l evdyde = [ [ eVe " dydz = [} T.0157e~" dz = 18.1071
9.b foTr fow ycoszdy dx = foﬂ 2mcosxdr =0

Exercise 11:

11.a

(Midpoint)fi1 ff fol ydzdydx = fil ffydydaz = fil 1.5dx =1.5
(Trapezoid)f_l1 ff fol ydzdydr = f_ll ff ydydr = f_ll Sde=3

11.b

(Midpoint)fi1 fol f12 zyzdxr dydz = fil fol 1.5yzdydz = fil 0.75zdz =
0

(Trapezoid)f_l1 fol ff zyzdrdydz = f_ll fol 3yzdydz = f_ll 32dz=0
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Chapter 7

e Exercise 1:
La |f(t,y1) — f(t,y2)| = |sin(t)|.[y1 — ya| < [y1 — y2l.
Hence, Vt,y, the function f(¢,y) is Lipshitz and the IVP has a unique
solution for all values of initial conditions.
Lb |f(t.yn) = f(ty2)| = |2 ]e /2 —emv2/2| = [e!/2][e/? ][y, —
ya2|, ¢ € (—y1, —y2) or ¢ € (—ya2, —y1). Hence:
For a < yg < b, a, b arbitrary and 0 < ¢ < T, T arbitrary:

|f(tyn) — f(t,y2)| < T 2|y; — g,

The function f satisfying a Lipshitz condition, the IVP has a unique

solution for yg € (—00,00), 0 <t < T < oo. L |f(t,y1) — f(t,y2)| =
2 2

|25 ]-ly1 — 2| < Lly1 — yal, where L = maxy, |25z .

Hence, Vt,y, the function f(¢,y) is Lipshitz and the IVP has a unique

solution for all values of initial conditions.

e Exercise 3:
Picard’s iteration for y = —4y+¢, 0 <t <1, y(0) = 1.

t2 15 23
yrt) =1 —dt+ —; y*(t) =1 —dt—t* — =
2 2 3
o Exercise 5:
Results of Heun’s method to solve:
Say(t)=te3 —2y% 0<t<1, y(0)=0, h=0.2
ti yi k1l k2
0.00] 0.00000E+00| 0.00000E+00|  3.64424E-01
0.20] 3.64424E-02| 3.61768E-01| 1.30437E+00
0.40] 2.03057E-01] 1.24558E+00| 3.22087E+00
0.60] 6.49702E-01| 2.78556E+00] 5.90574E+00
0.80| 1.51883E+00| 4.20484E+00| 8.94822E+00
1.00] 2.83414E+00] 4.02086E+00| 1.74433E+01

/

5by(t)=t+(t—y)? 0<t<2 y0)=1, h=0.5
ti yi ki k2
0.00 1.0000E+400 1.0000E+00 1.5000E+00
0.50 1.6250E+00 1.7656E+00 3.2735E+00
1.00 2.8848E+00 4,5524E+00 1.4903E+01
1.50 7.7486E+00 4.0545E+401 6.7909E+02
2.00 1.B766E+02
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e Exercise 7:

Results of Modified Euler’s method to solve:
Tay ()=t —2y% 0<t<1, y(0)=0, h=02

Introduction to Numerical Analysis and Scientific Computing

ti yi k1 k2
0.00{ 0.00000E+00{ 0.00000E+00 1.34986E-01
0.20] 2.69972E-02| 3.62966E-01]  7.29869E-01
0.40| 1.72971E-01| 1.26821E+00| 2.06109E+00
0.60| 5.85190E-01| 2.94489E+00| 4.16865E+00
0.80( 1.41892E+00| 4.79188E+00 6.18614E+00
1.00] 2.65615E+00] 5.97530E+00| 8.65107E+00

Thy (t)=t+(t—y)?2, 0<t<2, y(0)=1, h=05

ti yi ki k2|
0.00 1.0000E+00 1.0000E+00 1.2500E+00
0.50 1.6250E+00 1.7656E+00 2.4829E+00
1.00] 2.8665E+00| 4.4837E+00 8.7433E+00
150 7.23B1E+00 3.4426E+01 2.0041E+02
2.00 1.0744E+02
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Mathematics

Designed for a one-semester course, Introduction to Numerical Analysis
and Scientific Computing presents fundamental concepts of numerical
mathematics and explains how to implement and program numerical
methods. The classroom-tested text helps students understand floating
point number representations, particularly those pertaining to IEEE simple
and double-precision standards as used in scientific computer environments
such as MATLAB® version 7.

Drawing on their years of teaching students in mathematics, engineering,
and the sciences, the authors discuss computer arithmetic as a source
for generating round-off errors and how to avoid the use of algebraic
expressions that may lead to loss of significant figures. They cover nonlinear
equations, linear algebra concepts, the Lagrange interpolation theorem,
numerical differentiation and integration, and ODEs. They also focus on the
implementation of the algorithms using MATLAB®.

Features

e Helps students understand floating point number representations,
particularly those pertaining to IEEE simple and double-precision
standards used in computer environments such as MATLAB®

e Explains how computer arithmetic is a source for generating round-off
errors

e Presents iterative methods for obtaining accurate approximations to
roots of nonlinear equations

e Covers numerical linear algebra concepts, the Lagrange interpolation
theorem, and formulae for numerical differentiation and integration

e |llustrates the solution of ODEs using Runge-Kutta methods

e Expresses each numerical method using either pseudo-code or a
detailed MATLAB® program

e Includes a large number of exercises and several computer projects

Each chapter ends with a large number of exercises, with answers to odd-
numbered exercises provided at the end of the book. Throughout the seven
chapters, several computer projects are proposed. These test the students’
understanding of both the mathematics of numerical methods and the art
of computer programming.
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